Thomas Aquinas: 
Mathematical 
Realism 


JEAN W. RIOUX 


palgrave 
macmillan 


Thomas Aquinas’ Mathematical Realism 


Jean W. Rioux 


Thomas Aquinas’ 
Mathematical Realism 


palorave 


macmillan 


Jean W. Rioux 
Benedictine College 
Atchison, KS, USA 


ISBN 978-3-031-33127-5 ISBN 978-3-031-33128-2 (eBook) 
https://doi.org/10.1007 /978-3-031-33128-2 


© The Editor(s) (if applicable) and The Author(s), under exclusive licence to Springer 
Nature Switzerland AG 2023 

This work is subject to copyright. All rights are solely and exclusively licensed by the 
Publisher, whether the whole or part of the material is concerned, specifically the rights of 
translation, reprinting, reuse of illustrations, recitation, broadcasting, reproduction on 
microfilms or in any other physical way, and transmission or information storage and retrieval, 
electronic adaptation, computer software, or by similar or dissimilar methodology now 
known or hereafter developed. 

The use of general descriptive names, registered names, trademarks, service marks, etc. in this 
publication does not imply, even in the absence of a specific statement, that such names are 
exempt from the relevant protective laws and regulations and therefore free for general use. 

The publisher, the authors, and the editors are safe to assume that the advice and information 
in this book are believed to be true and accurate at the date of publication. Neither the 
publisher nor the authors or the editors give a warranty, expressed or implied, with respect to 
the material contained herein or for any errors or omissions that may have been made. The 
publisher remains neutral with regard to jurisdictional claims in published maps and 
institutional affiliations. 


This Palgrave Macmillan imprint is published by the registered company Springer Nature 
Switzerland AG. 
The registered company address is: Gewerbestrasse 11, 6330 Cham, Switzerland 


To Maria 
“Da mihi basia mille, deinde centum.” 


PREFACE 


Anyone who studies pre-Enlightenment philosophy will be struck by an 
obvious difference—it begins with knowing, whereas doubt seems to have 
characterized efforts at philosophizing from Descartes to our day. That 
this was not—at some point—zniversally so was due in large part to math- 
ematicians, or it at least seems that mathematics was the last area to be 
challenged. But challenged it was—and philosophers of mathematics are 
still reeling from it. We are very much in agreement with the spirit of 
mathematical realism, which insists that there still are necessary truths to 
be found in the mathematical realm—which is also the realm of the real. It 
is one thing to prescind from the question whether there is a real founda- 
tion for mathematical truths, and quite another to deny that basis 
altogether. 

This book is a contribution to the effort of restoring confidence in the 
mind’s capacity to know. The sense that 2 + 2 = 4 is an eternal verity is still 
out there—which is to say that the tendency to anti-realism has not yet 
become a pervasive frame-of-mind. It is our contention that some of the 
difficulties inclining contemporary philosophers of mathematics to anti- 
realism can be illuminated, and possibly avoided, by a careful and judicious 
return to earlier views and methods. We see in the philosophies of Aristotle 
and Thomas Aquinas much of value—both in itself and with a view to 
clearing up some of the confusion surrounding mathematical foundations. 
We hope you will find it worth your efforts. 

I most gratefully acknowledge the help I have received in writing this 
book—it is the culmination of a lifetime of wondering. To begin at the 
beginning, many thanks to my tutors at Thomas Aquinas College, who 


vii 
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instilled in me a love for the great works and the truths which can be 
found within, especially my mentor and friend, Thomas Aquinas 
McGovern, S.J., who showed me more clearly than anyone how brilliant 
his namesake—albeit a Dominican—could be, and Dr. Ronald Richard, 
who introduced me to the wonders of modern mathematics. I wish also to 
thank Dr. Patrick Lee, who directed me through the writing of my dis- 
sertation at the Center for Thomistic Studies—a man who well knew the 
enduring universality of Thomas Aquinas’ thought. Among my colleagues 
in the philosophy department here at Benedictine College I would be 
remiss not to mention Dr. Donald Scholz, whose love for mathematical 
philosophy was and has been an inspiration, and Dr. James Madden, who 
persuaded me that a lingua franca does indeed exist between traditional 
Thomism and the analytic school. To my family and departmental col- 
leagues generally I also wish to convey my gratitude. Though I would not 
go so far as to call it distracted, my work on this book over the years has 
meant some sacrifice on their part, from a father whose grapplings with a 
subtle problem or distinction did not wait, to late reports and recommen- 
dations from a department chair. Thank you all. 


Atchison, KS Jean W. Rioux 
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CHAPTER 1 


Introduction 


What Henry Veatch once observed of philosophy as a whole seems appli- 
cable to the philosophy of mathematics in our day—thou art in a parlous 
state!’ While mathematical realism was—more or less—presumed by those 
either engaged in, or talking about, mathematics in centuries past, in mod- 
ern times questions about why we are compelled to mathematical conclu- 
sions and upon what basis this occurs have given rise to a new, critical 
discipline within philosophy as a whole. This is not to say that there have 
not always been philosophers of mathematics of a sort—one would not 
expect philosophers with such widely ranging interests as Plato and 
Aristotle, on the one hand, and Sextus Empiricus, on the other, to have 
left such questions untouched, nor did they.” Nevertheless, it is not 
uncommon to hear of an ongoing crisis in mathematics today, something 
which earlier thinkers would have found puzzling. Why the difference? 
The development of non-Euclidean geometries in the early nineteenth 
century raised fundamental questions for mathematicians and 


'Henry Babcock Veatch, “Philosophy, thou art in a parlous state!” in Thomistic Papers 1, 
ed. Victor B. Brezik, C.S.B. (Houston: Center for Thomistic Studies, 1984), 9-44. 
?Platonism is among the oldest and most hotly debated philosophies of mathematics. 
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philosophers of the twentieth century and beyond.* While Euclid’s paral- 
lel postulate had been a matter of debate for centuries, only through the 
work of Gauss, Bolyai, Lobachevski, and others did non-Euclidean geom- 
etries gain acceptance among mathematicians in general.* Importantly, 
mathematicians themselves seem to have gradually distinguished their 
own work from that of their more philosophical colleagues. Aristotle him- 
self adverted to this difference, when he said that denying the actual infi- 
nite does not hamper mathematicians at all, as they do not need it.° One 
can find corresponding sentiments expressed by mathematicians and phi- 
losophers throughout the history of mathematics.° So, when I say that a 
crisis occurred, it is not a crisis necessarily recognized as such by mathema- 
ticians: most of the anguish surrounding the downfall of the most certain 
of the sciences seems to have been on the part of philosophers and not 
mathematicians, which latter went about their work as they have always 
done. Indeed, mathematicians began to enjoy a new sort of freedom in 
their investigations and in these unexpected avenues for exploration and 
application. However much the development of non-Euclidean geome- 
tries led to troubling metaphysical questions about the nature of the uni- 
verse, mathematicians and scientists found in them opportunities for 


3One source of this view is Morris Kline, for whom “no more cataclysmic event has ever 
taken place in the history of all thought.” Morris Nine, Mathematics in Western Culture 
(London: George Allen and Unwin, 1956) 428. To be fair, others, for example, Hillary 
Putnam, are not so sure the crisis is real. Still, real or not, the perception of one occasioned a 
great deal of foundational work by mathematicians and philosophers alike and a splintering 
of that part of philosophy into a dozen or more schools of thought. See the excellent and 
varied selection of readings in modern mathematical philosophy compiled by Benacerraf and 
Putnam. Paul Benacerraf and Hillary Putnam, eds., Philosophy of Mathematics: Selected 
Readings (Cambridge: Cambridge University Press, 1983). 

* Morris Kline observes that the work of the later non-Euclideans, Bolyai and Lobachevsky, 
did not begin to receive attention until posthumously published accounts defending non- 
Euclidean systems, from the hand of the better-known and already-respected Gauss, came to 
light. Kline, Mathematics in Western Culture, 441-515. 

5“This argument [against an actual infinite] does not deprive mathematicians of their 
study ... for, in fact, they do not need the [actual] infinite (since they do not use it).” 
Aristotle, Physica (Oxford: Oxford University Press, 1982), II 7207b27-30. ov« dpapeitar 
8 6 Adyos ovde tobs HaOnpaTIKOUs THv BEewptav ... Ode yap viv dS€ovtat Tod ameipov (ov yap 
xp@vtat). [This translation and all subsequent translations of Greek passages from Aristotle 
and Latin passages from Thomas Aquinas are my own. | 

© One clear example of this divide is found in Heyting’s account of a discussion between a 
classical mathematician and an intuitionist regarding the twin primes problem. Arend 
Heyting, “Disputation,” in Benacerraf and Putnam, Philosophy of Mathematics, 66-76. 
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solving real problems which the idea of such spaces made possible. In a 
similar vein, the development of transfinite numbers made it possible for 
mathematicians to imagine fruitful comparisons between and distinctions 
among infinite sets, despite the opposition thinkers like Georg Cantor met 
from neo-scholastic philosophers and even some of his own colleagues. 

What we propose in this volume is a reconsideration of one mathemati- 
cal philosophy which seems to have been marginalized or even severely 
misunderstood along the way: that of the medieval philosopher Thomas 
Aquinas. We think some of the confusion confronting modern discussions 
of the crisis in mathematical foundations can be averted by a careful review 
and application of Aquinas’ account of human knowledge in general and 
of the sciences of mathematics in particular.’ We plan to show that this 
account supplies possible avenues for decisive solutions to the difficulties 
which have dogged modern philosophies of mathematics just as they 
began to develop. 

Aquinas’ own mathematical education was apparently unremarkable.® 
It is his reflections upon the nature of mathematics itself which begin to 
distinguish him—reflections taking us directly back to the man he named 
The Philosopher. It behooves us, then, to begin our forward-looking review 
with a careful account of the key features of Aristotle’s own philosophy of 
mathematics. This, in turn, requires that we begin with a brief account of 
Plato, whose own school was reputed to have displayed a Dante-esque 
warning to the uneducated: undeic dyewpetpntos eicitw pov trv oteynv.? 

The crisis in mathematical foundations has two facets: the nature of 
mathematical reasoning and the classification of mathematical objects.!° We 


7 Of course, even his use of the word sciences will need to be qualified, given the view of 
science dominating the minds of mathematical and philosophical thinkers of the last two or 
so centuries. 

SHis biographers barely mention what mathematics the teenage Aquinas would have 
learned in the studium generale at Naples, except to say that he learned quickly and well. 
Weisheip! suggests that he would have read Boethius’ De Arithmetica, Euclid’s Elements I- 
VI, the Almagest of Ptolemy, and Boethius’ De Musica. James Weisheipl, O.P., Friar Thomas 
D?’Aquino (Garden City, New York: Doubleday, 1974) 13-7. 

°“Let no one ignorant of geometry enter within.” 

10 Analytical vs. synthetic would be a way to divide the first, for example, while the various 
realisms and anti-realisms is a possible division of the second. Of note, in his articles “What 
Numbers Could Not Be” and “Mathematical Truth,” Paul Benacerraf presents realist math- 
ematicians with a dilemma patterned after this same distinction, a dilemma which became the 
focal point for a further splintering of views in the last twenty-five years or so. In Benacerraf 
and Putnam, Philosophy of Mathematics, 272-94 and 403-20, respectively. 
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will begin our review of Aristotle with his account of the speculative and 
middle sciences (mathematics occupies a place within each grouping), fol- 
lowed by his account of mathematical objects. As these two considerations 
form the stable points of an organic account, we will also investigate 
Aristotle’s understanding of how one arrives from object to science, here 
as elsewhere, which consideration brings us foursquare into questions of 
mathematical abstraction. 

While Aquinas’ own mathematical account is fundamentally Aristotelian, 
there are developments and qualifications which he himself brings to the 
question. One of these is his insistence upon mathematics as both science 
(one of three) and an art. Furthermore, Aquinas sees specifically mathe- 
matical abstraction as bearing upon what the human imagination brings to 
the picture. Finally, while Aristotle finds in his distinction between potency 
and act a solution to the precision problem of his day and ours, Aquinas 
gives us both the language and distinctions necessary to develop that into 
a full-blown solution. The key is his notion of virtual existence. 

While sufficient for a historical account of mathematics in the peripa- 
tetic tradition, we bring a reconsideration of Aristotle and Aquinas to the 
modern mathematical view in order to fruitfully address the parlous state 
we mentioned earlier. If the confusion inherent in the differing and diverg- 
ing accounts we face is to be at least diminished, perhaps it would be help- 
ful to see what these men would have said about such difficulties as we face 
today. No doubt, some will think the introduction of such an account as 
this might only worsen the situation. We disagree and offer in its place a 
Thomistically based solution to problems arising in number theory, Kine’s 
revolution in geometry, the difficulties inherent in a mathematics of the 
infinite, and the more recent controversies between realists and anti- 
realists. We think there is something to be gained in rejecting the type of 
all or nothing reasoning we see prevailing in the mathematical thought of 
our day. On the other hand, philosophy of mathematics is not the same as 
mathematics (both Aristotle and Aquinas would have included it under 
metaphysics) and we know that the present volume will not end the 
debate. Still, we think it is an important step in bringing the philosophy of 
mathematics back to a reasonable state of health, and if it achieves some 
part of that outcome, it will have been worth the writing of it. 
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PART I 


Mathematical Realism in Plato and 
Aristotle 


CHAPTER 2 


Plato on Mathematics and the Mathematicals 


PLATONISM AS MATHEMATICAL REALISM 


We cannot settle a controversy ranging from Plato the realist to Plato the 
idealist in this brief chapter on his mathematical views. Better to focus 
upon Plato as he has come to be understood by many mathematicians— 
there is some force in speaking of Plato as a realist among people for 
whom mathematical realism is nearly synonymous with platonism.' 

Two loci classici for Plato on mathematics are the Timaeus and the 
Republic? 

In the Timaeus, Plato supplies us with an account of the mathematical 
structure found in natural things. Indeed, as Timaeus relates, though they 
are not originally natural, nature is shot through with mathematicals. 
Literally following Socrates’ account of the ideal polis from (presumably) 
the Republic, and with a view to extending the political account given 
there, Critias relates the history of the fabled state of Atlantis and its 
ancient commerce with Athens. At one point, however, Critias passes the 


'Jonathan Lear makes much of a helpful distinction between platonism, positing the reality 
of abstract mathematical objects independently of our knowing them, and Platonism, Plato’s 
historical account of mathematics. Jonathan Lear, “Aristotle’s Philosophy of Mathematics,” 
The Philosophical Review 90, no. 2: 161-92. 

?While the Meno also explicitly includes a discussion of mathematics, it has more to do 
with general epistemology and not mathematics proper. We will be looking more closely at 
passages from this dialog in a later chapter. 
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role of narrator on to Timaeus, who reaches back even further, to the ori- 
gins of the natural world and humankind themselves. As he says: 


The city and citizens, which you yesterday described to us in fiction, we will 
now transfer to the world of reality. It shall be the ancient city of Athens, and 
we will suppose that the citizens whom you imagined, were our veritable 
ancestors, of whom the priest spoke; they will perfectly harmonise, and there 
will be no inconsistency in saying that the citizens of your republic are these 
ancient Athenians. Let us divide the subject among us, and all endeavour 
according to our ability gracefully to execute the task which you have 
imposed upon us.* 


The task, we learn earlier, is to bring to life the abstract republic of the 
previous day’s discourse—to “transfer [it] to the world of reality.”* 
Arguably, Socrates is asking for, and Critias and Timaeus are supplying, 
the very thing Timaeus eventually credits to God Himself: transferring the 
eternal and unchangeable world of forms to the imperfect and changeable 
world of nature. Beginning with the distinction between these two 
worlds—and in parallel with the divided line from the Republic—Timaeus 
supplies an account of God’s introduction of order and beauty to the dis- 
ordered and changeable world of earth, air, fire, and water. Importantly, 
for our purposes, this order includes mathematical proportions and geo- 
metrical shapes—again, the realm of the necessary and unchangeable is 
entering the changeable, material realm. 

If we take this account to represent Plato’s view, the mathematicals are 
immaterial realities, eternal and unchangeable, and serve as patterns 
whereby God has infused order within the material universe. As to math- 
ematics, as Timaeus famously says, “As becoming is to being, so is belief 
to truth.”® The opinions we have of the natural universe (again, “the likely 
story”® we have concocted—we, including Timaeus and his own account 


3Plato, “Timaeus”, trans. Benjamin Jowett in The Collected Dialogues of Plato, eds. Edith 
Hamilton and Huntington Cairns (New Jersey: Princeton University Press, 1978), 26d, 
1160. tovc d5€ noAitas Kai trv MdAW Hv X8EG NIV Ws Ev UUOW SijetoBa ov, viv HETEVEYKOVTEG 
eri taAnOéc Sedpo Orfoopev Wwe exetvyv trvd_e ovoav, Kal tobs MoA{tac oc Sievoob ~Pricopev 
éxetvous tobs dAnPtvovs Eivat mpoydvous Huadv, obs eAeyev 6 iepets. Mdvtws &ppdoover Kat 
obk dracdpeba Agyovtes adtovs eivar tovs év TH tote Svtac xpsvw. Koi sy 5é SadapPevovtec 
dmavtes neipacdueOa tO mpérov eic Siva oic énéta€ac dnod5obvar. 

*Tbid. 

5Thid., 29c, 1162. dtimep mpdc yéveow ovoia, todto Tpdc TMioti GAN OeEIa. 

°Ibid., 29d,1162. tov eixdta pdOov. 
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of natural things) do not rise to the knowledge we possess of the eternal, 
immaterial, and unchangeable realm of patterns—the Forms. The so- 
called mathematical precision-problem’ is no surprise to Plato; indeed, it is 
the imperfection in and changeability of material reality—including the 
dynamic quantitative structures of things—that renders our understanding 
of such things imperfect and changeable.’ On the other hand, perfect 
mathematical knowledge must be about perfect mathematical realities. 

A similar account of the objects of mathematics and mathematics itself 
is found in several sections of the Republic. The general structure of the 
dialog lends itself to addressing the study of mathematics as a part of polit- 
ical life, as well as questions regarding the nature of mathematical objects 
and whether, and how, we know them. 

As with many of the dialogues, the Republic begins with a central ques- 
tion, in this case, ‘what is justice?”? In the course of the discussion that 
ensues, Socrates proposes that the rulers of the ideal (i.e., most just) city 


7 The precision-problem arises from the obvious difference between physical instances of 
things like lines and surfaces and their abstract mathematical counterparts. As Jonathan Lear 
points out, it is generally thought that Plato’s mathematicals are not physically instantiated 
and that mathematicals do not physically have the character the mathematician proves of the 
objects of math. By this account the precision problem would mot be a problem for mathe- 
matical platonists. On the other hand, as to whether Plato himself would or would not have 
been troubled by it, see especially Part Two of Pritchard’s Plato’s Philosophy of Mathematics. 
Paul Pritchard, Plato’s Philosophy of Mathematics (Sankt Augustin Germany: Academia 
Verlaag, 1995). 

8Cf. Thomas Aquinas, Summa Theologiae (Ottawa: Commissio Piana, 1953), I 84 1, here- 
after Summa Theologiae. Aquinas argues for an epistemology midway between ancient mate- 
rialism and platonism, pointing out that each view makes the same mistake, that of ascribing 
an object’s properties to our awareness of that object. His is an application of the famous 
dictum “whatever is received is received according to the mode of the receiver” to our acts 
of knowing. 

° Cephalus introduces the topic of justice early in the dialogue. Trans. Plato, “Republic”, 
trans. Paul Shorey in The Collected Dialogues of Plato, eds. Edith Hamilton and Huntington 
Cairns (New Jersey: Princeton University Press, 1978), 331a, 580. “For a beautiful saying it 
is, Socrates, of the poet that when a man lives out his days in justice and piety ‘sweet com- 
panion with him, to cheer his heart and nurse his old age, accompanies Hope, who chiefly 
rules the changeful mind of mortals’. That is a fine saying and an admirable.” yapiévtws yap 
TOL, @ LWkpates, toot’ éxetvos einev, St bc dv Sixatwe Kal dciws tov Piov daydyn, 

yAvxeid ot Kapdiav 

atdAAooa ynpotpdpos ovvaopei 

eAttic & pdArota Bvatav moAvotpo~ov 

yvopav Kupepva. [Pindar fr. 214] 

eb ovv A€yet Bavpaotas wc opddpa. 
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must be philosophers, whose education must be the best.'° But what sort 
of education will this be? Philosophical, of course—which is to say, having 
the good as its object.'! It is at this point we hear how knowledge of the 
good is to be obtained, the course plotted by Socrates by way of famous 
analogies: the sun, the divided line, and the cave.!* As to details, he 
sketches out “the study that would draw the soul away from the world of 
becoming to the world of being”!* which includes, in turn, music, gym- 
nastics, and the arts,!* pure arithmetic and geometry, astronomy,!® 
harmonics,!’ and, finally, dialectics.!® 

Politically, then, the realm of the mathematicals—rather our study of 
them—supplies us with an insight into the unchangeable, the eternal, the 
world of what is as opposed to the world of what is coming to be. One can 
keep true justice in one’s sight only when once accustomed to discerning 
and working with eternal realities. In this way mathematics is a path to 
recognizing that veal order among us whereby human thriving is achieved. 

Plato’s overall point seems clear—to rule justly, rulers must have a clear 
notion of the nature of justice itself. It is no surprise that realist 


Tbid., 502c-d, 738. “This difficulty disposed of, we have next to speak of what remains, 
in what way, namely, and as a result of what studies and pursuits, these preservers of the 
constitution will form a part of our state, and at what ages they will severally take up each 
study.” obxobv eme1di todto pdyic téAog goxev, ta Enthorna Sr peta todto AeKtéov, tiva 
Tpdmov piv Kal Ex Tivwv paOnudtwv TE Kal Emitndevudtwv ol owthpEes Evéoovtar TiS 
ToAiteiag, Kai Kata Motas NAIKtas EKaoTOL EKKOTWY ATTOHEVOL; 

'Tbid., 505a, 740. “For you have often heard that the greatest thing to learn is the idea 
of good by reference to which just things and all the rest become useful and beneficial.” émei 
tt ye 1 to dyabod idéa péyiotov pdOnua, NoAAGKIC dKrKoaGc, St Kal Stka1a Kai taAAA 
TIPOOXPHoduEva Xproa Kol wWePeArpa ytyvetor. 

2 Tbid., 507c-509d, 742-5; 509d—-51le, 745-7; and 514a-517c, 747-50. 

8 Tbid., 521d, 753. 

4 Tbid., 522b, 754. 

15 Socrates relies upon the distinction between pure mathematics and applied mathematics 
(after all, a soldier also needs ‘to reckon and number’). In their search for a knowledge of the 
true, philosopher-kings would look beyond the world of the changeable and perceptible to 
the eternal. In one place Socrates says “...[ reckoning and the science of arithmetic] would be 
among the studies that we are seeking. For a soldier must learn them in order to marshal 
[ua8eiv, mathein] his troops, and a philosopher because he must rise out of the region of 
generation and lay hold on essence or he can never become a true reckoner.” Ibid., 525b, 
757. “noAguiK® pév yap dia tag thes dvayKoiov pabeiv tadta, piroodpw Sé€ di tO tis 
obotac antéov eivar yevéoews sEavadivti, | undémote Aoyiotik@ yevéoOar.” 

16Tbid., 528d-530d, 761-2. 

'7Tbid., 530d-531c, 763. 

'8Thid., 531c-535a, 763-7. 
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mathematicians identify their own views with Plato—perhaps not 
Platonism (i.e., with the very account of the Forms and Mathematicals 
one finds here) but with platonism generally, i.e., the view that the sort of 
precise and unchanging knowledge which we hope for or obtain in math- 
ematics requires that its objects be separate, abstract, unchangeable. After 
all, if beauty is unchanging, it is not an individual face which constitutes 
beauty—one only Jorrows beauty for a brief time.’® All the more so, then, 
for mathematics, since no physical instance of the number two (e.g., two 
eyes) has that permanent, unchangeable character which we expect the 
subject about which we predicate ‘even number’ always to have. There is 
good reason, then, to classify Plato’s account of mathematics as a realism. 


THE JUSTIFICATION FOR, AND PLACE OF, PLATO’S 
MATHEMATICALS 


Delving more carefully into one of the aforementioned analogies—the 
divided line—we can further specify the kind of existence Plato ascribes to 
these abstract entities.”° 

Aristotle supplies a helpful indication of why Plato’s mathematicals, 
though abstract and real, must differ from the abstract forms (like the 
Good) to which he makes repeated references. 


[Plato] says the mathematicals exist mid-way between sensible things and 
the Forms, differing from sensible things in being eternal and immovable 
and from the Forms in there being more than one [mathematical] the same, 
whereas each Form is itself only one. 


The need for the abstract forms of Beauty, Truth, and Goodness, is found in many of 
Plato’s dialogues. This particular example, and discussion, occur in the Cratylus. 

20We emphasize once again that historical developments in how mathematics is regarded 
by philosophers and mathematicians themselves was predicated, in part, upon a certain way 
of understanding Plato. Plato scholars are deeply divided as to whether Plato himself ever 
ascribed to mathematicals the intermediate status which forms the basis of this section. For a 
sense of the controversy and the range of views see the summaries from John A. Brentlinger, 
“The Divided Line and Plato’s ‘Theory of Intermediates’,” Phronesis 8 no. 2 (1963): 
146-66—whose status quaestionis goes back to the latter part of the nineteenth century— 
J. M. Rist, “Equals and Intermediates in Plato,” Phronesis 9 no. 1 (1964): 27-37, and Julia 
Annas, “On the ‘Intermediates’,” Archiv fiir Geschichte der Philosophie 57 no. 2 
(1975): 146-66. 

21 Aristotle, Metaphysica (Oxford: Oxford University Press, 1957), 1 6987b14-18, hereaf- 
ter Metaphysica. €t1 5é rapa ta aioOyta Kai te efdy TA paOnpatiKd TOV TpaypHatwv eivat prot 
petakd, Siapgpovta tav pév aioOntdv tH didia Kai dxivyta eivon, tov d eidHv tH ta pév 
TOAA Gitta Spore eivat tO Sé cido¢ abtd Ev Exactov pdvov. 
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The genesis of Plato’s Forms is epistemological. It is significant that the 
accounts from both the Timaeus and the Republic are rooted in questions 
about knowing—knowing for a political end, in fact, but still knowing. 
What is it about our knowing that prompted Plato to posit separate 
abstract substances? We believe the Cratylus supplies a clear reason. Near 
the end of this dialogue about the origin and usage of words, Socrates 
raises a question about the basis for our naming things. 


There is a matter, master Cratylus, about which I often dream, and should 
like to ask your opinion: Tell me whether there is, or is not, any absolute 
beauty or good, or any other absolute existence?” 


Surely the beautiful-itself and the good-itself are unchangeable, though 
beautiful and good things among us are not. If beauty were in a face, what 
of our knowledge of beauty when that face ceases to be so? 


Then how can that be a real thing which is never in the same state? for obvi- 
ously things which are the same cannot change while they remain the same; 
and if they are always in the same state and the same, then, without losing 
their original form, they can never change or be moved. 


The beautiful-itself and the good-itself are, then, eternal and unchange- 
able, else we could not explain our knowledge of them. 


Nor yet can they be known by anyone; for at the moment that the observer 
approaches, then they become other and of another nature, so that you 
cannot get any further in knowing their nature and state, for you cannot 
know that which has no state.”# 


This interplay between Plato’s epistemology and his ontology is ubiq- 
uitous. To return to the analogy of the divided line, why should mathe- 
maticals be regarded differently from the Forms themselves if, as Aristotle 


2 Plato, “Cratylus”, trans. Benjamin Jowett in The Collected Dialogues of Plato, eds. Edith 
Hamilton and Huntington Cairns (New Jersey: Princeton University Press, 1978), 439c—d, 
473. oxéWar yap, @ Savpdcore KpatvAc, 6 Zywye MoAAdKI OvelpOTtTW. MdtEpov PApEv ti etvar 
avTO KaAOV Kal dyabov Kal Ev ExaoTov TMV Svtwv OUTW, HUN; 

3 Thid. ; 

*4Tbid., 440a, 473. dAAGd pny ovd av yvwobetn ye Um ovdevdc. “Aya yap av Emdvtos tod 
yvwoouevov GAAo Kal dAAoiov yiyvorto, Wote ovK dv yvwoEty Ett Omotdv yé TI EotIV 1} TG 
Exov: yvGors Se Srjtov ovdepta yryvwoxer 6 yryvwoxer undayds Exov. 
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contends, Plato does so regard them? Because mathematics proceeds dif- 
ferently from other areas of study. 

Julia Annas references this difference as a response to the so-called 
uniqueness problem. 


Intermediates are thus required for the mathematical sciences in order to 
preserve the apparent sense of mathematical statements without having to 
admit that these statements are about either Forms or physical objects. ... 
The intermediates are the answer to a specific problem which arises only 
with the mathematical Forms. I shall refer to this as ‘the Uniqueness 
Problem.’?5 


As are others who investigate the status of mathematicals in Plato and 
Aristotle, Annas is understandably puzzled by Aristotle’s characterization 
of Plato’s view via Metaphysics 1 6, given that Plato does not seem to have 
explicitly described them in these terms. So why would he do so? The 
argument is made that Aristotle is either drawing out what is implicitly 
contained in Plato’s literal accounts or is developing the platonic view 
along these necessary lines. Thus Brentlinger: 


It is hardly necessary to go into the intricacies of an interpretation of 
Aristotle's interpretation of Plato in order to accept these distinctions as 
true; the overwhelming amount of evidence in the Metaphysics and the 
almost universal agreement of scholars on the matter, makes the existence of 
a Platonic theory of intermediates, along with ideas and sensibles, highly 
probable.’® 


The received wisdom up through the larger part of the twentieth- 
century—until mathematicians themselves began to distinguish mathe- 
matical platonism from historical Platonism, perhaps—is that Plato’s 
account of mathematics requires that mathematicals also be intermediates 
between the Forms and sensible things. Brentlinger supplies the desired 
connection, notably, in relation to how mathematics is done: 


Cook Wilson has shown, in my opinion conclusively, that the view of the 
ideal numbers as cobubAntor apiWuot, and the theory of intermediates, of 


25 Annas, “On the ‘intermediates’,” 151. 

?6Brentlinger, “The Divided Line and Plato’s ‘Theory of Intermediates’,” 146. As to the 
evidence, Brentlinger references David Ross, Plato’s Theory of Ideas (Oxford: Oxford 
University Press, 1953), 151-3. 
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which Aristotle speaks, are required by Plato’s theory of ideas from the very 
beginning. According to his discussion, which is adequate for my purpose, 
the ideal numbers and figures are not quantities at all, but are rather quali- 
ties, such as square-ness and triangularity, or twoness and threeness. Aristotle 
calls these entities dovuPAntot, ‘incomparable,’ or in the case of numbers 
‘inaddible’; they are so, of course, because as squareness, or as twoness, they 
have no determinate properties that are usable in mathematical studies. One 
does not inscribe triangularity inside circularity: the ideal circle has no area, 
no diameter, no circumference, no center; the ideal square is not a four- 
sided entity with an incommensurate diagonal.’” 


So, too, Annas: 


There is, however, a special problem with numbers which does not arise in 
the case of the other Forms. In everyday life we talk of adding numbers, and 
of performing other repeatable operations on them. This is clear from the 
simplest arithmetical statement, like ‘2+2=4',’ or indeed as soon as we begin 
to talk about ‘twice two.’ What we say seems to have a clear sense and a 
satisfactory use. But what are we talking about when we use such a state- 
ment? Not groups of physical objects, for the truth of such statements does 
not depend on the observable behaviour of physical groups. But surely not 
the Form number Two either, for this is unique, and it can make no sense to 
talk of adding it to itself. Similarly it makes no sense to talk of Twoness 
being part of Threeness, or of getting Twoness by adding two Onenesses. 
Surely, however, ‘2+2=4’ must be about numbers? So it appears that it must 
be about a third kind of number, distinct from numbered groups and also 
distinct from Forms. This will be mathematical number, the number we do 
mathematics with.?* 


This distinction, which seems to be brought to Plato’s account of 
mathematics despite Plato himself, as Cook Wilson says, “...embodies a 
truth which depends on nothing peculiar to Platonism.””? Mathematics 
itself—the science and discipline practiced by such persons—seems to have 
led to an observation regarding Plato’s own account of it which he may 
not have explicitly made, though which seems presupposed to any work- 
able account. 


?7Brentlinger 1963, p. 159. He references J. Cook Wilson, “On the Platonist Doctrine of 
the dovubAntor dpWyot,” Classical Review 18, no. 5 (1904): 247-60. 

8 Annas, “On the ‘intermediates’,” 150. 

?° Wilson, “On the Platonist Doctrine of the dovuAntor appt,” 250. 
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Why Is PLATONISM ATTRACTIVE TO SOME PHILOSOPHIES 
OF MATHEMATICS? 


If we are now content to call platonism that account of mathematics which 
insists upon abstract, real objects of which there can be more than one the 
same, it is fairly easy to see why working mathematicians, as well as some 
philosophers of mathematics, would espouse such a view. 

In the latter part of the nineteenth century, Gottlob Frege wrote his 
highly influential®® Foundations of Arithmetic, arguing for mathematical 
realism in the face of those who would explain mathematical claims, such 
as 2 x 2 = 4, as mere by-products of the human brain rather than eternally 
true descriptions of objects existing in a separate realm.*' As he says in his 
Introduction: 


A proposition may be thought, and again it may be true; let us never confuse 
these two things. We must remind ourselves, it seems, that a proposition no 
more ceases to be true when I cease to think of it than the sun ceases to exist 
when I shut my eyes. Otherwise, in proving Pythagoras’ theorem we should 
be reduced to allowing for the phosphorous content of the human brain; 
and astronomers would hesitate to draw any conclusions about the distant 
past, for fear of being charged with anachronism, with reckoning twice two 
as four regardless of the fact that our idea of number is a product of evolu- 
tion and has a history behind it. It might be doubted whether by that time 
it had progressed so far. How could they profess to know that the proposi- 
tion 2 x 2 = 4 was already in existence in that remote epoch? Might not the 
creatures then extant have held the proposition 2 x 2 = 5, from which the 
proposition 2 x 2 = 4 was only evolved later through a process of natural 


30That is, ultimately. It took the efforts of Bertrand Russell, Guiseppe Peano, and others 
to drive home the importance of Frege’s works. 

31 Cf. Gottlob Frege, The Foundations of Arithmetic, trans, J. L. Austin (New York: Harper, 
1960). Frege references this realm in a later work, Thoughts. “So the result seems to be: 
thoughts are neither things of the outer world nor ideas. A third realm must be recognized. 
What belongs to this corresponds with ideas, in that it cannot be perceived by the senses, but 
with things, in that it needs no bearer to the contents of whose consciousness to belong. 
Thus the thought, for example, which we expressed in the Pythagorean theorem is timelessly 
true, true independently of whether anyone takes it to be true. It needs no bearer. It is not 
true for the first time when it is discovered, but is like a planet which, already before anyone 
has seen it, has been in interaction with other planets.” Gottlob Frege, “Thoughts,” trans. 
P. T. Geach, Mind 65 no. 259 (1956): 302. 
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selection in the struggle for existence? Why, it might even be that 2 x 2 = 4 
itself is destined in the same way to develop into 2 x 2 = 3!” 


Frege was struck, not by the complexity of the mathematics of his day, 
but by the simplest claims—foundational claims. As he says, if we cannot 
even explain what a number is, what we mean when we say 1 + 1 = 2: 


...[q]uestions like these catch even mathematicians for that matter, or most 
of them, unprepared with any satisfactory answer. Yet is it not a scandal that 
our science should be so unclear about the first and foremost among its 
objects, and one which is apparently so simple? Small hope, then, that we 
shall be able to say what number is. If a concept fundamental to a mighty 
science gives difficulties, then it is surely an imperative task to investigate it 
more closely until those difficulties are overcome. ..*° 


As an objective basis for the timeless truths of mathematics, as Frege 
sees it, platonism supplies the only alternative to both the empirical (and 
so revisable) sciences and the subjectivity consequent upon of psychological 
explanations for mathematics and its claims. The mathematicals, after all, 
are objects: 


Now, in the case of @ it is quite right to decline to answer [what is a? ]: a does 
not mean some one definite number which can be specified, but serves to 
express the generality of general propositions. If, in a + a —a =a, we put for 
a some number, any we please but the same throughout, we always get a 
true identity. With one, however, the position is essentially different. Can 
we, in the identity 1 + 1 = 2, put for 1 in both places some one and the same 
object, say the Moon? On the contrary, it looks as though, whatever we put 
for the first 1, we must put something different for the second. 


Georg Cantor, like Frege,** was also concerned both with mathematics 
and the philosophizing needed for its justification. We shall deal with 
Cantor other more-contemporary mathematical realists in Part Three. 


32 Tbid., xviii-xix. 

33 Tbid., xiv. 

34Tbid., xiii-xiv. 

35 For Frege on the need for philosophy in mathematics, see ibid., xvii. 
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CHAPTER 3 


Aristotle on the Objects of Mathematics 


WHERE Do THE MATHEMATICALS EXIST? 


We have briefly presented the sort of account of the mathematicals and 
mathematics with which Aristotle would have been familiar by way of 
Plato, as well as its importance in the development of mathematical 
thought to this day. As we approach the distinctive form of explanation 
Thomas Aquinas supplies, it is necessary to turn to Aristotle himself— 
both as to what he supports and as to those aspects of Plato’s thought he 
contests—if we wish to have a solid understanding of the medieval thinker. 

We have divided our treatment of Aristotle into four chapters, the pres- 
ent one concerned with the mathematicals, the very objects under consid- 
eration by the mathematician, a second dealing with the nature of 
mathematical claims, both individually and as a united body of knowledge, 
a third touching upon intellectual acts which serve most sharply to distin- 
guish Aristotle from Plato and which connect mathematical object to sys- 
tematic mathematical thought,' and, lastly, how one must characterize 
Aristotelian mathematical realism in its distinction from other such 
realisms. 

From the time of Plato and Aristotle through Frege, Cantor, and even 
Quine, the existence of mathematical objects has been a matter of specula- 
tion and philosophical debate. It has all the earmarks of a perennial 


' Sometimes called the access problem among mathematical platonists. 


© The Author(s), under exclusive license to Springer Nature 21 
Switzerland AG 2023 

J. W. Rioux, Thomas Aquinas’ Mathematical Realism, 

https: //doi.org/10.1007/978-3-031-33128-2_3 


22 J. W. RIOUX 


question. Mathematics is an attractive target for the skeptically minded 
since it has the reputation of supplying universal and necessary claims 
which are beyond question,’ while there will always be those who insist— 
and perhaps some who over-insist—upon the timelessness, and even god- 
like character, of the mathematical realm.’ 

Now, mathematics is about something, at least, so math as a system 
would require that we first know its principles, for example, ‘when to 
equals are added equals the results are equal,’ and the like, as well as the 
meaning of terms such as ‘prime,’ ‘square,’ and so on. We would finally 
(which is really to say firstly) need to know both what its objects are and 
that such things exist. 

But where? Could they possibly exist in physical bodies, like other acci- 
dents which substances have? Following Aristotle’s account, numbers, tri- 
angles, circles, and suchlike are found in the category of quantity.* But 
quantities are accidents of substances, and so mathematicals must also be 
said to exist 77 substances. 

But how is this possible? Suppose a dozen cows. By this account the 
number twelve belongs to them. Not to one of the cows as, for example, its 
color belongs: for that does not depend upon the other cows in the group. 
While the others might leave, a brown cow would remain brown—not so 
with twelve. Moreover, it is simply false to say that the number twelve 
belongs to a single substance. One is not twelve—beyond false, that is 
demonstrably a contradiction. It remains that twelve belongs to ai/ the 
cows assuming (as Aristotle does, it seems) it does belong. Also to each? If 
not, in what substance does tivelve inhere? 

Now suppose half of the cows are standing to the north of a tree. We 
have argued that tvelve belongs to all the cows: but those north of the tree 
are six. By equivalent reasoning, six belong to those. Thus, the six are both 
six and tvelve. 

Of course, these claims presuppose relative differences. Tivelve inheres 
in the larger group and sx in the smaller—nothing difficult in this. What 
number inheres in all possible groups of cows? As many as there are cows, 
of course. Yet how could cows possess so many real and distinct attributes? 
If twelve belongs to the larger group and six to the smaller and so on, and 
we recognize that these numbers change only according to our perspec- 
tive, it seems much more reasonable to say that these numbers are due to 


? Pace Sextus Empiricus and René Descartes. 

3 Cf. what we said of Cantor, above. 

4See Aristotle, Categoriae (Oxford: Oxford University Press, 1980) 6 4b23-25, hereafter 
Categoriae, and Metaphysica V 71017a23-28. 
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thought and not to reality. Far more reasonable to conclude that each 
animal is merely one and groups are numerable, in virtue of our mind’s 
ability to understand and take note of yet one more unit. 

It is entirely unclear, then, where mathematicals exist, if they exist in 
physical substances. 

On the other hand, Aristotle (and Thomas Aquinas, for that matter) 
insists, and quite plainly, that the objects of mathematics exist outside the 
mind. Quantity is a logical and metaphysical category, divided into the 
continuous and the discrete, the continuous in one, two, and three dimen- 
sions, and the discrete as number or speech. But the other nine categories 
(besides substance) name attributes which are present in things (namely, in 
physical substances). 

Following Aristotle, Thomas Aquinas makes the point clear in his 
Commentary on the Metaphysics: 


...there are even principles, elements, and causes of mathematical things, for 
example, of figure and number and others of this sort which the mathemati- 
cian considers. In general, every intellectual science, howsoever much it has 
a share in intellect [has principles, causes, and elements] ... even [sciences 
which are about] sensible things to the extent that there is a science of them, 
such as mathematics and natural science.* 


Moreover, however strange it may sound to hear Aquinas claim that 
mathematics studies sensible things, he and Aristotle both maintain that the 
objects of mathematics are in fact the same as those of natural philosophy. 
So clear is this to them, that it raises a question whether the two sciences 
even differ. As Aristotle says in Physics: “We must next ask how the math- 
ematician differs from the philosopher of nature, for physical bodies have 
surfaces and volumes and lines and points, about which the mathematician 
is concerned.”° 


5Thomas Aquinas, In Duodecim Libros Metaphysicorum Aristotelis Expositio (Rome: 
Marietti Editori Ltd., 1964), VI 1 1145, hereafter In Metaphysicorum. “Et similiter etiam 
mathematicorum sunt principia et elementa et causae, ut figurae et numeri et aliarum huius- 
modi quae perquirit mathematicus. Et universaliter omnis scientia intellectualis qualiter- 
cumque participet intellectum ... et etiam sensibilia prout de his est scientia, sicut in 
mathematica et in naturali.” 

° Aristotle, Physica (Oxford: Oxford University Press, 1982), Il 2 193b23-24, hereafter 
Physica. wera tobto Sewpnytéov tivi Siapéepet 6 paOnpatiKos tod PuorKkod (Kal yap Enineda Kat 
OTEPEC EXEL TA PVOIKA OWLATA kal UNKN Kal oTlyUds, TEpl Wv oKoTEt O UaONUATIKdS). 
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This point is driven home by way of Aquinas’ comments upon the 
passage: 


Any sciences considering the same subjects are either the same, or one is a 
part of the other: but the mathematical philosopher considers points, lines, 
surfaces, and bodies, and so does the natural philosopher (since he proves 
that natural bodies have planes, that is, surfaces, and volumes, that is, solids, 
and lengths and points; and it is necessary that the natural philosopher con- 
sider all the things that are in natural bodies); therefore it seems that either 
natural science and mathematics are the same, or that one is a part of 
the other.” 


What an intellectual system is about distinguishes it from other such 
systems. Mathematicians are not natural philosophers or metaphysicians— 
they are about numbers, solids, lines, points, and surfaces—it is about 
these things that they prove certain properties. The problem remains, 
since philosophers of nature and even metaphysicians are about these 
things, too—evidence this book, for example. 

Aristotle solves the difficulty by noting that /ow one systematizes one’s 
thought makes all the difference: “geometry considers the physical line, 
but not as physical, whereas optics [considers] the mathematical line, yet 
not as mathematical but as physical.”® 

The mathematical sciences are about mathematical things, yes, but only 
considered apart from certain aspects of the substances in which they are 


?Thomas Aquinas, In Octo Libros Physicorum Expositio (Rome: Marietti Editori Ltd., 
1965), II 3 158, hereafter In Physicorum. “Quaecumque scientiae considerant eadem subi- 
ecta, vel sunt eaedem, vel una est pars alterius; sed mathematicus philosophicus considerat de 
punctis, lineis et superficiebus et corporibus, et similiter naturalis (quod probat ex hoc quod 
corpora naturalia habent plana, idest superficies, et firma, idest soliditates, et longitudines et 
puncta; oportet autem quod naturalis consideret de omnibus quae insunt corporibus natu- 
ralibus); ergo videtur quod scientia naturalis et mathematica vel sint eadem, vel una sit pars 
alterius.” . 

* Physica, 11.2.194a9-12. ) pév yap yewpetpia mepi ypappiic puorKiis oKonei, GAA ovy ff 
voikn, 1 8 ontixy poOnpatiKry HEV ypapury, GAA ody Hf UaONUaTIKY GAA 1 PuoIKT}. So, too, 
Thomas Aquinas: “Geometry considers the line which has being in sensible matter, which is 
the natural line: nevertheless, it does not consider it insofar as it is in sensible matter, accord- 
ing as it is natural, but abstractly, as was said.” In Physicorum, 11.3.164. “Nam geometria 
considerat quidem de linea quae habet esse in materia sensibili, quae est linea naturalis: non 
tamen considerat de ea inquantum est in materia sensibili, secundum quod est naturalis, sed 
abstracte, ut dictum est.” 
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found.? In traditional terms, mathematics is about things abstracted from 
physical matter.!° Even so, we are driven to the same conclusion: what is 
abstracted from physical matter must exist 77 physical matter. Physical 
things fave quantities. Those quantities, once we ignore their physicality, 
is what mathematics is about. 

Our first real problem, then, is that, on the one hand, following the 
instance of counting cows, mathematicals cannot exist in physical sub- 
stances, for we could not say where they might be found other than in the 
mind of the one counting them. On the other hand, Aristotle (and Thomas 
Aquinas) maintains that that is precisely where such things must be found.!" 

Aristotle divides ‘being’ in many ways, one of which is into essential and 
accidental: 


Being is said to be accidental or essential. Accidental, as when we say that a 
just man is musical or that a man is musical or that a musician is a man, just 
as we might say that a musician builds because a builder happens (ovpbebnxe) 
to be a musician or a musician a builder. For ‘this is that’ here means ‘this 
happens to be that.’ 


Accidents in this sense are complex—not quantities or qualities or 
somesuch, but two or more things united in a certain manner, like the 
predicable relation which is also called an accident. Musicality and the art 
of building are not mutually essential: not every builder is also a musician, 
nor vice versa. Musical builder is an accident, or, perhaps better, is acciden- 
tally a being. Unlike categorical accidents, such accidents are not opposed 
to substance, rather, they are opposed to what is essential: 


° Note that we are still operating under the assumption that Aristotelian mathematical real- 
ism sees the mathematicals as attributes of physical substances. 

10 As we will see, this sort of abstraction differs from the sort that drove Plato to posit the 
Forms and the Intermediates. 

1! As seems reasonable. After all, how can we get multiplicity of any sort without number? 

22 Per se and per accidens are Latin transliterations of Kad abtd and Kate ovubebrykdc. 
Aquinas reminds us that categorical accidents are not beings per accidens. 

13 Metaphysica, V7 1017a7-13. To ov Reyeran TO HEV KATH oupBeBnKos 10 58 a8 abtd, Katk 
ovpBeBnKds pv, oiov tov Sikatov povolkdv eivar mapev kal tov &vVOpwnrov poUVoIKOv Kal TOV 
Hovolkov dvOpwrov, tapanAnotws AEyovtEs WoTEpEl TOV LOVOIKOV oikodopEiv Sti ovppEebnKE 
TH oiKoSd6uUW LovoIK eivar TH povorK@ oikoSduw (tO yap td5e eivar t65e onpatver td 
ovubeBnkevar tHde Tdd¢). 
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What is said to be essentially signifies just as the figures of the categories do: 
in howsoever many ways these are said, in so many ways does being signify. 
Now since, of these categories, some signify what it is, others of what sort, 
others how much, others in relation to what, others what it does or suffers, 
others where, and others when, to each of these there [corresponds] a being 
which it signifies.!* 


Essential being equates to a definite nature—be it a substance or an 
accident.!® 

What of the mathematicals? Clearly, for Aristotle, they must be beings 
per se—they fall into quantity, one of the ten categories, each of which 
signifies essential being of one sort or another. Importantly, they are not 
accidents (in this second sense), as if we were to say that each is a compos- 
ite whose members may or may not be present, or whose members are 
merely accidentally related, the musical builders of the mathematical 
world. Each mathematical is a complete nature. 

We arrive at the same: the Aristotelian answer to the question “where 
do mathematicals exist?” is “in physical substances.”!° 

Earlier, we noted that the number of cows in any given group is reck- 
oned arbitrarily, subject to our frame of reference. Two possibilities then 
arose: (1) twelve is in all or (2) twelve is in each. Yet neither case implied a 
real twelve. 

Applying the being per se and being per accidens distinction, frelve is 
not in all the cows essentially. Categorical accidents (like the mathemati- 
cals) belong to substances, not to groups. Even supposing that telve is 
still in the cows, but mediately—through being in the group, which is a 
group of cows—it remains that a group is not itself'a being per se (it is like 
musical builder, not like musical or builder). Twelve, then, is not in all the 
cows per se. Nor, obviously, is it in each of them per se. 

Let us restrict our discussion to two cows but consider only their legs. 
The statement ‘the cows’ legs are eight in number’ is of the same form as 
‘the cows are twelve in number’ and would give rise to similar difficulties. 
Yet let us compare our new claim to another, ‘the spiders’ legs are eight in 


“4 Tbid., V 7 1017a23-28. kad abtd 8& elvan héyetor doanep onuaiver to oxryata tis 
Katnyoptas: doaxa> yap A€yetat, tooavtay@s tO eivar onpativer. Enel obv TOV katnyopovpévwv 
Ta EV Ti Eott onpatver, ta SE ToLdv, ta SE Moody, ta SE MPdG TL, TH SE ToLEiV 7} MéoXEV, TH SE 
Tov, ta SE mot, Exckotw ToUTWV TO Eivat TAdTO ONPatveL. 

‘5 Bearing in mind that accidents are essentially dependent upon substances. 

16 Aristotle points out that one of the senses of im is as a form is in matter. See Physica, IV 3. 
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number.’ This last is ambiguous. We could mean ‘the legs of all the spiders 
under consideration collectively number eight’ (such that some have fewer 
than eight) or ‘the legs of each of the spiders under consideration number 
eight.’!” What of the second form, that each spider has eight legs? Is eight 
in the legs of a spider—in the legs of each spider—differently than in the 
legs of two cows? 

If we allow ourselves to argue from the form of these expressions, we 
might expect to see the same difficulties arise here as well. As with the 
cows and their legs we might say ‘each spider’s legs are both eight and 
four, in that they are eight on the spider itself, yet four on the left side,’ 
and be led to the same absurdities as before. Yet here there is a preferred 
frame of reference, so to speak, for we may say that the spider naturally has 
eight legs, meaning thereby that there would be something /ess in a spider 
with fewer legs (and not Jess as fewer in number) or in a spider with a 
greater number of legs. Furthermore, here we can say where (in which 
physical substance) it is: the individual, physical spider. 

Now, perhaps we are speaking of an arbitrary—albeit convenient— 
whole when we speak of a spider. After all, we are not numbering the 
spider but its legs. Enter the same difficulties. Ezght is not in any leg, nor 
in all the legs for, in removing a leg (changing its place) one reduces the 
number to seven. Substituting spider legs for cows achieves nothing. 

Or does it? There is a difference in the two cases still. On the one hand, 
a group of cows has no essential w#ity—any collective unity was given to 
them by us, which is accidental to the cows themselves. Is this difference 
sufficient to show that eight really is here but not elsewhere? 

One of the ancient philosophers, Democritus, approximates a distinc- 
tion between the essential and accidental which is similar to Aristotle’s 
own. He maintains that the first principles of all natural things are atoms 
and the void, where atom equates to indivisible bodies. Aristotle develops 
Democritus’ principle along these lines: 


If substance is one, it will not be constituted of substances in this way [as 
actually present in it], as Democritus rightly says. For it is impossible (he 


17*The cows’ legs are eight in number’ is of the first form. Two cows have eight legs only 
collectively. 
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says) for one to come from two or for two to come from one: for he makes 
his atoms substances.1® 


If atoms and nothingness are all there is, a compound body is not a real 
thing. This is what Democritus means when he says “it is impossible for 
one to come from two.” No compound body is a real thing, for no com- 
pound is an atom, (it is, rather, a collection of atoms,) and oly atoms are 
real things. As Democritus has it, there is a real thing (like Aristotle’s 
essential being), and what is not really a thing at all, a collection (like 
Aristotle’s accidental being). A collection of atoms, though many in num- 
ber, is not one thing. In short, wherever there is number, there is no unity. 
Taking it one step further, number itself is merely an accidental collection 
of units—not a real unity and not a real thing. 

Aristotle’s point in introducing this account by Democritus is to criti- 
cize it. Of course, as we have seen, the Aristotelian mathematicals exist and 
exist per se—which is some support for their having their own unity as 
well. It is obvious that numbers, at least, are some sort of plural—arguably, 
mathematics itself is about plurality—does this require that they are there- 
fore not one? 

Apparently, we can only measure and count things having some unity. 
Each of these activities, once begun, can stop only upon our having 
reached a (non-arbitrary) limit, and to limit is, in some way, to make things 
one. Inevitably, we group objects we intend to count if they are not already 
so grouped. This is analogously true for measures. Apparently, unity and 
diversity are presupposed in what we count and measure. Essential unity? 

As with being, unity is necessarily of many sorts: for unity means undi- 
vided being.'? No wonder that Aristotle includes both unity per se and 
unity per accidens among its various senses.” If the mathematicals have 
unity of some sort, of which sort? 

We have already noted that a group of cows is one accidentally. Their 
unity does not reside in them but is wholly external, in the mind of the 


18 Metaphysica, VII 13 1039a7-11. ei 1 ovota Ev, odK Zotar EF odo1dv EvuTapxovowv Kat 
Katt Todtov tov tpdmov, Sv Agyet AnudKpitos dpOGc: &Sbvatov yap eivat pnow ek Svo Ev i €& 
évoc dbo yevéoOar: ta yap pEyéOny Ta dtopa Tas Ovotas MoLet. 

See Ibid., X 3. Aristotle has already distinguished this transcendental sense of ove from 
the numerical unit in [bid., V 6. 

2Tbid., V 6. 
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one counting them. A spider, however, is not accidentally but essentially 
one. It is a living thing, unified by its soul, the form of its substance.?! 

But what do we mean by saying that the spider is essentially one? 
However true it might be to say that it is one thing by nature, the notion 
of essentially one remains ambiguous. One in number? If so, it is many, too, 
for numerically it has many parts and each part is itself one part, and a 
whole is equal to the sum of its parts. Whatever incremental progress we 
make in distinguishing the eight legs of two cows from the eight legs of a 
spider, many puzzles remain.” 

As to what ome can mean, Aristotle describes things which have unity 
per accidens in much the same way as those which have being per acci- 
dens—his examples are virtually identical. 


‘One’ is said accidentally or essentially. For example, ‘Coriscus’ and ‘the 
musical’ and ‘musical Coriscus’ are accidentally [one] ... It is the same 
whether the accident is said of a genus or of some universal name, for exam- 
ple, that ‘man’ and ‘musical man’ are the same: for this is either because ‘the 
musical’ happens to belong to ‘man’, which is one substance, or because 
both happen to belong to some individual, as Coriscus (except that they do 
not both belong [to him] in the same way, but perhaps one as a genus and 
in his substance and the other as a possession or characteristic of his 
substance).?° 


Musical man both is, and is one, per accidens, which makes sense. After 
all, everything accidental is complex, though the converse is not true, 
since what is one per se may be so in virtue of a kind of continuity within 
its parts. Aristotle continues: 


Of things that are called one essentially, some are said to be [such] by con- 
tinuity, as a bundle by a bond and pieces of wood by glue; and a line, even 


?1 Substances have unity per se. Again, see Ibid., V 6. 

?2We recall Socrates’ declaration, upon recounting his own like considerations of unity and 
plurality, that he was wholly incapable of such investigations. 

3 Metaphysica, V 6 1015b16-18, 29-34. Ev Agyetou TO pEv Katd ovpPebnKos tO Se Kad 
abtd, Katd ovpPeBnKds HEV olov Kopiokos Kal td yovolk6v, kal Koptoxoc povoikédc... WoaTWS 
5 Kav emi yévoug Kav éni tHv KaOdAov tivdc dvopétwv A€yntar td cvuBEBNKds, olov Sti 
GVvOpwIOG TO AvTO Kal HOVvOLKOG &vOPwTOS: FH yap StL TH AvOpHnw wa ovo ovoia ovpEBNKE 
TO HOVOIKOV, 1} OTL duPH THV Kad &kaotov tt oupBébnkev, oiov Koptokw. mAryy ov tov adtov 
Tpdrov duPw vomdpxet, GAAA tO pEv tows wo yévoc Kal Ev TH ovoia TO SE wo EEI¢ H MéBOG 
Ths ovotac. 
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if it be bent, but continuous, is said to be one, just as each of [our] parts, as 
the leg or the arm.”* 


A difficulty arises here, since Aristotle supplies examples of things essen- 
tially one which are not essential beings. A bundle is not an essential being, 
nor are pieces of wood, even if they happen to be glued together. These 
examples also seem to differ from those of the bent line and the parts of a 
living thing. Aristotle continues: “Of these [continuous] things, that is 
more one which is continuous by nature than by art.”?5 What could he 
mean by this? Continuity does not seem to differ in degree. 

Importantly, Aristotle defines the continuous otherwise here than he 
does elsewhere. Most properly, the continuous is “that whose parts have a 
common limit,” as opposed to what is contiguous, or touching, whose 
limits are merely together.”° Here, however, he says: “That is called con- 
tinuous whose motion is one through itself and cannot be otherwise: and 
[motion] is one when it is indivisible, that is, indivisible according 
to time.”’” 

Sticks tied or glued together in a bundle,”* then, as well as a bent line 
or the parts of a living thing,”’ are continuous in being moved as a whole. 
Given this sense of continuity, Aristotle’s grouping together things which 
are continuous by art and things which are continuous by nature makes 
more sense. Furthermore, Aristotle himself, as we just noted, makes an 
additional distinction between the unity of the sticks and the parts of a 
living body: for what is one in this way by nature is more one than what is 
so by art. Aquinas elaborates in his Commentary: 


In things which are naturally continuous, the unity, through which continu- 
ity comes about, is not extraneous to the nature of the thing which becomes 
continuous through it [the unity], as happens among those things which are 
one by means of art, in which the chain, or the glue, or some such thing, is 
altogether extraneous to the nature of the things which have been joined 


4 Tbid., V 6 1015b3-1016a2. tov 5é Kad gourd Ev Aeyopevwv ta yev A€yEeta TH ovvEXi 
eivat, olov pdKedos Seou@ kai EVAa KOAAN- Kal ypayun, Kav Kekappevn H, ovvexric Sé, pla 
hEyetar, Womep Kal THV pEpav Exaotov, otov okEAos Kal Ppaxtwv. 

5 Tbid., V.6.1016a3-4. abtav S€ tovtwv paAAOV Ev Ta PUoEL oVVEXH TN TEXVN. 

26See Categoriae, 6. 

Y Metaphysica, V 6 1016a5-6. ouveyés 5& A€yetor ob Kfvyoic pia Kad abtd Kal ur oidv te 
GAWS: pio § ob adiaipetoc, adiaipetos dé Kata xpdvov. 

8 These are continuous, and so one, by art. 

2? These are continuous, and so ome, by nature. 
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together. And thus those which have come together naturally are more like 
things which are essentially continuous, which are one to the high- 
est degree.*” 


We said this above: certain things are one in virtue of themselves*! (as 
the parts of a spider’s body), while others are so only in virtue of some- 
thing extrinsic to them (as a group of cows, whose only unity consists in 
their being considered as a group.) 

In line with Plato (and in the spirit, more recently, of Frege), Aristotle 
distinguishes between what some would regard as a number—a collection 
or aggregate of units (a eap)—and number as a unified reality, as itself a 
one. Of course, there is a real difficulty in insisting that what is necessarily 
many (a number is, after all, a plurality) as one. Aristotle would be the first 
to insist that nothing can be actually one and actually many at the same 
time and in the same respect. 

An aggregate, group, or heap, is not really one. Democritus was cor- 
rect: it 7s impossible to get one from two. If number itself were a mere 
plurality of units, if lengths, surfaces, and mathematical solids were parts 
added to parts and nothing more—if the mathematicals had no intrinsic 
unity of their own, they would not be per se at all. An Aristotelian philoso- 
phy of mathematics makes a sharp distinction between quantities as collec- 
tions made up of actually distinct parts and quantities which are their own 
realities. Partitive, yes, but also one in the strict sense. By Aristotle’s 
account, the mathematicals must be, and each must be essentially one. 

Where can the quantity we call muwmber be found, then? Where such a 
one-in-the-many is found.” A bundle of sticks tied together is undeniably 
a single bundle, so much so that we also count bundles, which would be 
impossible had they not some kind of unity.** Yet this is not the ove-in-the- 
many we are looking for. Its parts are simply touching and do not form an 


3° In Metaphysicorum, V 7 851. “In his quae sunt continua per naturam, illud unum, per 
quod fit continuatio, non est extraneum a natura rei quae per ipsum continuatur, sicut accidit 
in his quae sunt unum per artificium, in quibus vinculum, vel viscus, vel aliquid tale est 
omnino extraneum a natura colligatorum. Et ita ea quae sunt naturaliter colligata, prius 
accedunt ad ea quae sunt secundum se continua, quae sunt maxime unum.” 

*!Let us recall that essentially one is our way of rendering the more literal one according 
to itself, in place of Aristotle’s original ka® abté (and Aquinas’ per se). 

32Not as celebrated as the one-in-the-many which leads us to the Forms, but analo- 
gous to it. 

33 This is Aristotle’s point in saying that bundles have unity in the first place. 
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intrinsically continuous whole. In other words, the parts being actually 
present, we do not have something one in the strictest sense but a simple 
many. Number is not present here.** Granted, the sticks are less discon- 
tinuous than if they were scattered, but this is extrinsic. In contrast, things 
which are essentially one (like living substances) have parts which are uni- 
fied intrinsically. Are two cows one body? Clearly not. They even lack uni- 
fied motion. What, then, of a spider? How are the parts of a spider one? 

Ifa spider is one substance, and if parts are actually distinct in virtue of 
substances being actually distinct, then the spider’s parts are essentially 
one. Such unity is lacking in a bundle of sticks, and, a fortior, in a group 
of cows (or cows’ legs) which are not even in contact—after all, they are 
not naturally a group at all, we group them. 

Beyond addressing what is one per se, mathematics must deal with and 
consider unity of another sort, namely, the mathematical unit.*° If we are 
to establish the properties of numbers in arithmetic, for example, we need 
to know both that the numbers in question are one, as well as how its units 
are a distinct kind of ove in their own right. 

The meaning of ove suited to our purpose here is the indivisible, the 
most proper sense of the term. 


In general those things which cannot be divided, insofar as they cannot, are 
said to be one, for example, if something cannot be divided as man, it is one 
man, and if [it cannot be divided] as animal, it is one animal, and if [it can- 
not be divided] as a magnitude, it is one magnitude ... In every instance the 
one is indivisible either in quantity or in kind.*° 


34For more on Aristotle’s insistence that a number be essentially one, see Metaphysica, VIII 
3 and XIII 8. 

35 How and to what extent mathematicians do this will become clear soon. 

36 Metaphysica, V 6 1016b4-6, 25. KaOdAov yap Soa pr Exer Siatpeow, fh pw Exe, tabty Ev 
Agyetan, ofov ei f &vOpwroc un exer Siaipeoty, eic dvOpwoc, ei d f Gov, &v Cov, ei 8 fj 
péye8oc, Ev péyeBocg. ... mavtayod 5é TO Ev TH mooM H tH elder ddiaipetov. Cf. In 
Metaphysicorum, V 8866, 874. “Things which are altogether indivisible are said to be one in 
the highest degree: for all the other ways [in which something is said to be one] are reduced 
to this way, since it is universally true that whatever things do not have division are said to be 
one insofar as they do not have division ... Among all of these [different types of unit] there 
is this in common: that the first measure is indivisible according to quantity or in species.” 
“Tlla quae sunt penitus indivisibilia, maxime dicuntur unum: quia ad hunc modum omnes alii 
modi reducuntur, quia universaliter hoc est verum, quod quaecumque non habent divisio- 
nem, secundum hoe dicuntur unum, inquantum divisionem non habent. ... In omnibus 
tamen istis hoc est commune, quod illud, quod est prima mensura, est indivisibile secundum 
quantitatem, vel secundum speciem.” 
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As to what is properly quantitative there are two such: the principle of 
continuous quantity and that of discrete quantity. “That which is in no 
way divisible in quantity is the point or the unit: if without position, the 
unit, if having position, the point.”*” 

Focusing on the mathematical unit, Aristotle notes that there is more 
to it than indivisibility: for it is naturally also a measure. Thus Aristotle: 


Now the one is opposed to the many, among numbers, as a measure [is 
opposed] to what is measured: but these [are opposed] as correlatives which 
are not such through themselves ... Plurality is in a way the genus of num- 
ber, since number is a plurality measured by the unit.** 


Aquinas elaborates upon Aristotle’s observation, setting our consider- 
ation of tis sense of the one alongside its other senses: 


Plurality or multitude taken absolutely, which is opposed to the one which 
is converted with being, is, as it were, the genus of number; for a number is 
nothing else than a plurality or multitude measurable by the unit. Therefore 
the unit, according as it simply is called an indivisible being, is converted 
with being. But according as it takes on the notion of a measure it is deter- 
mined to a certain genus of quantity, in which the notion of measure is 
properly found.*? 


37 Metaphysica., V 6 1016b29-31. tO dé undapf diaipetov Kata [30] tO moody otiypr] Kal 
povas, 1 ev detog povas 1 SE OEtOc otLypN. 

*STbid., X 6 1056b33-34, 10573. dvtikeitar 57 tO Ev Kal te MOAAG tH Ev ApLOLOIG we 
pétpov petpnt@: tadta 5 wo th mpdg ti, Soa ur Kab adtd THV Mpdc TL. ... TO 5E TAFOOG oiov 
yévoc Eoti Tod aprOpod: Eot1 yap apiWuds MAHGOG Evi yEtpNtOv. 

3° In Metaphysicorum X, 8, 2090. “Pluralitas sive multitudo absoluta, quae opponitur uni 
quod convertitur cum ente, est quasi genus numeri; quia numerus nihil aliud est quam plu- 
ralitas et multitudo mensurabilis uno. Sic igitur unum, secundum quod simpliciter dicitur ens 
indivisibile, convertitur cum ente. Secundum autem quod accipitur rationem mensurae, sic 
determinatur ad aliquod genus quantitatis, in quo proprie invenitur ratio mensurae.” 
Aristotle’s text: “Nothing prevents the unit from being less than something, for example, 
two: for if it is less it need not also be a few. Plurality is in a way the genus of number, since 
number is a plurality measured by the unit. And the unit and number are opposed somehow, 
not as contraries, but as certain relative terms were said to be: for they are opposed as a mea- 
sure and what is measured. Whence not everything which may be one is a number, such as 
something which is indivisible.” Metaphysica, X, 6, 1057a2-8. 16 8& &v EAattov eivat tivéc, 
oiov toiv Svoiv, obSEv KwAUEL: od yap, Ei ZAattov, Kai dAfyov. 16 5é MAAO0¢ oiov yévoc Eoti Tod 
aprWpod: Zott yap apropos NAMV0s Evi pETNTSV, Kai dvttkertai Mws TO Ev Kai ApLO"dc, OVX WG 
évavtiov GAA Womep eipytat Tv mpdc tI Evia: fy yap Wetpov tO Sé petpntdv, tavty dveikertat, 
510 ob nav 6 dv H Ev dpiOudc gotty, olov ef ti dStaipetdv éottv. 
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Aristotelian quantities are similar both to the (mathematical) contin- 
uum and to physical compounds. The continuum must have parts for cer- 
tain results to obtain, even if these parts are not actually present.*° A 
physical compound must contain its elements in some way yet not actually 
(otherwise there would be no difference between the properties we 
observe in mixtures and those we observe in compounds having the same 
elements). So, too, for mathematicals. For example, a number does not 
actually contain the units of which it is composed, otherwise, as we have 
said, it would be a heap, arbitrary, and one merely extrinsically. This is the 
metaphysical insight into unity and plurality that undergirds Aristotle’s 
distinctive account of the mathematicals: 


Substance cannot be made up of substances as actually present: for what is 
actually two can never be actually one, though if it is potentially two it will 
be [actually] one, for example, the double is made up of two halves only 
potentially: for the actuality would separate [the halves]. So that if substance 
is one, it will not be constituted of substances in this way [as actually present 
in it], as Democritus rightly says. For it is impossible (he says) for one to 
come from two or for two to come from one: for he makes his atoms sub- 
stances. This is likewise clear with number, if, in fact, a number is a composi- 
tion of units, as is said by some: for either two is not one, or one is not 
actually present in it [two].*! 


Spiders’ parts are distinct-though-unified naturally, not arbitrarily, fur- 
ther support of which is that their bodies are organic—each part (or kind 
of part) serves as an instrument for a distinct purpose.” It is not surprising 
that living things provide us with the clearest instances of substances 
having number as an accident—perhaps the first, best examples we have of 
numbers are found in the digits on our hands. 


#0 Among the consequences of assuming that a continuum is composed of actual parts are 
the many paradoxes associated with actually infinite quantities. 

“| Metaphysica, VU 13 1039a3-14. adbvatov yap obotav && oboidv ivan Evunapxovody «6 
évteAexeta- tk yap 500 obtwo évteAexeia oddSénote Ev evteAeyxeia, GAA édv Svvéeper So F, 
Zotar Ev (otov 1 Simdaota éx S00 Hpicewv Svvdper ye: yap évtedgxera xwpiler), dor’ ei 4 
ovoia Ev, obk Zora €& ovo1Hv EvuTapXovov Kai Kata tobtov tov tpdmov, dv A€yet ANudKpITOG 
dp0Gc: adbvatov yap eivat prow &x [10] S00 Ev H&E Evdc Svo yevéoOar: ta yap peyéOn ta 
&toua tas Ovatas MoLet. Spoiws totvuv SfAov Sti Kai Ex AprByod eer, einep gotiv 6 apiOpydc 
obvOeo1g Hovddwv, Wonep Aveta Ud TIvwv: T} yap ob Ev 1] Sud T} OK ZotL LOVaG Ev avTH 
évtehexeia. See also Ibid., VII 3.1044a3-5 and In Metaphysicorum, VII 3 1725. 

” Organon (dpyavov) equates to instrument or tool. 
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Finally, then, is the spider eight in number, or are its legs? From what 
we have said, as the legs are not distinct substances, then number cannot 
separately exist in them: hence it must exist in the spider. But clearly, it 
does not exist in the spider according to all that it is, otherwise we would 
be compelled to say that a spider, having eight legs, is eight spiders. We 
might be pale, but not according to all that we are (else human nature 
itself would be pale). We are pale only in virtue of the surface of our skin. 
In a similar way, eight is in the spider, not according to everything that it 
is, but still intrinsically—in virtue of the distinction to be found among 
its legs. 

This analysis is Aristotelian: as we have seen, the mathematicals are not 
collections of parts, rather, each is essentially, not accidentally, one.*? 
Numbers differ from one another in kind. However true it is to say that 
someone who has six has more than someone who has five, six is not more 
five: the numbers are specifically distinct.** An implication of this doctrine 
is that a number, though equal to, is not identical to, the sum of its units. 
Five equals but is not identical to1 + 1+1+1+1. The latter is a collection 
of actual units, one only accidentally, while the former is a single thing, an 
essential unity, which contains its units only virtually.** 

It remains to point out that some countable things (e.g., the cows in 
the field,) do not contain number, since they lack the unity requisite for 
number itself. Others, having parts which are countable, also appear to 
have number as an accident, for they are parts of a substantial whole, and 
the parts of a substance are not actual substances themselves. The count- 
ability of arbitrary groupings (or the measurability of merely contiguous 
lengths, surfaces, and solids) has definite implications for later chapters, 
especially as regards mathematical realism as up against anti-realist 
accounts. 


*8 Hence the seemingly paradoxical statement that two is one. 

4 As Aristotle says: “Just as a number from which a component is subtracted or added is 
no longer the same number, but different, even if what is subtracted or added be very small, 
so a definition or essence from which something is subtracted or added [is no longer the 
same].” Metaphysica, VIII 3 1043b36-1044a3. kai Wonep ovd dit aprduod dparpeSEvtoc 
tivdg H mpooteBevtos && Ov 6 apiOuds got, odKETI 6 AUTOS AplOpds gottv GAA EtEpoc, Kav 
TOVAGXISTOV AParpEdf]| 7} MpootEOf}, oUTWS OVSE 6 Spiopds OvSE TO TI HV Eivor obKETI ZoTaL 
apaipeBEvtos tIvd¢ fH MpoOTEVEVTOS. 

“We will directly address the importance of virtual presence for Aquinas’ philosophy of 
mathematics in Chap. 7. 
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This, then, is Aristotle’s account of the mathematicals, that is, with his 
own answer to the questions whether the mathematicals really exist and 
where they can be found. Three points remain to be briefly introduced 
here. Their final resolution carries with it what remains in our account of 
Aristotle’s mathematical philosophy. 


IDEALIZING THE MATHEMATICALS 


The mathematicals are accidents belonging to physical substances. Barring 
platonism, this seems the only way to support Aristotle’s contention 
(which we will directly address in the next chapter) that systematic thought 
about the mathematicals takes the form of sciences—episteme—in a very 
strict sense. Episteme is only about real things. But is it those quantities the 
mathematician studies? Earlier arguments suggest so.*° On the other hand, 
some mathematical objects as we find them physically do lack the character 
we ascribe to them in mathematics—Aristotle himself observes this: 


...sensible lines are not of the sort of which the geometer speaks (for no 
sensible thing is straight or curved in that way: for a [sensible] circle does 
not touch a bar at a point, but as Protagoras said [it did] in refuting the 
geometers).*7 


Likewise, later in the Metaphysics: 


...about what sort of thing ought we to reckon the mathematician is con- 
cerned? Certainly not things here [in this world], for none of these is the 
kind of thing the mathematical sciences study.*® 


This observation, in this context, takes the form of the so-called preci- 
sion problem. Why the need to establish the reality of numbers, lengths, 
surfaces, and mathematical solids, as accidents of physical substances— 
with all the associated problems and distinctions—if those attributes are 


46 Recall the problem he raises as to whether mathematics and natural philosophy even dif- 
fer, given that they are about the same things. 

“7 Metaphysica, IIL 2 998al-4. odte yap ai aioOytai ypaypat toiadtat eiow otac Agyer 6 
Yewpetpns (obGEv yap Ev0 TOV aioOntOv obtw¢ ovdE otpoyyUAov: dntETaL yap TOD Kavdvos 
Ov Kata oTIyUTV 0 KUKAOG GAA Wonep Mpwtaydpacs edeyev EAEYXWV TOUS YEWLETPAGC). 

‘8 Metaphysica, XI 1 1059b11-12. mepi moia Oetéov npaypateveoBar tov paOnuatiKdv; ob 
yap 51) nepi ta Sebpo: tobtwv yap ovOv gotiv otov at paOnpattKal Cntodo tHv émotnEd. 
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not really what mathematics is about? We even observed (at the end of the 
last section) that counting does not presuppose that some substance really 
has that number, existing and having unity per se. The arbitrariness of such 
acts of counting, that is, their wholly contingent basis, does seem ill-suited 
to the sort of rigor and certainty we claim for the mathematical sciences. 
On the other hand, perhaps that is the very point: there is something arti- 
ficial, too human, in such acts of counting and subsequent systematic 
thought about the numbers we have actually produced. The precision- 
problem is a major point in favor of mathematical anti-realism. 


How Do THE MATHEMATICALS Exist MATERIALLY? 


The last two books of Aristotle’s Metaphysics supply his answer to the fifth 
aporia trom Book Three: “Is there one kind of substance or more than 
one, as those who speak of the Forms and the intermediates, which the 
mathematical [sciences] are about, claim?”*? While Aristotle devotes the 
major portion of these final books to a consideration, and refutation, of 
Plato’s mathematical views, he does supply an indication of his own reso- 
lution early on: 


Man, as man, is one and indivisible: and [the arithmetician] supposes he is 
one and indivisible, and then investigates whether something is attributed to 
man as indivisible, while the geometrician [investigates man] neither as man 
nor as indivisible but as a solid. For, clearly, whatever would have belonged 
to man even if he somehow were not indivisible can belong to him apart 
from these things. For this reason geometricians speak rightly and treat of 
things which exist. And they do exist: for beings exist in two ways, namely, 
actually, and materially.*° 


Aristotle believes he has refuted one of Plato’s claims, that the mathe- 
maticals are substances, existing separately from sensible ones. The 


 Tbid., III 2997a35-b2. kai métepov povaxas fH mAgiw yévn tetbynKev Svta TOV ovoIdv, 
oiov of Agyovtec té te Ei5n Kal Ta pETAEL, MEpi & Tac paOnpocrKas eivat maoww émotrpac; 

5° Metaphysica, XII 3 1078a23-31. Emphasis mine. év pév yap Kai ddiatpetov 6 évOpwmos 
| &vOpwros: 6 8 &€eto ev adiatpetov, eit eBewpnoev ef TL T@ _GvOpwmw ovpBéBnkev fh 
dducpetoc. 6 8 YEWMETPNG 088 n dvOpwnog 088 n adtaipetos GAA q OTEpEOY. a yap Kav et uh 
Tov rv adiatpetog Umipxev adt@, dfjAov Sti Kal d&vev tobtwv evdexetar avtTM vmdpxerv [TO 
Svvatdv], Wore did todto SpOac oi yewpEtpar AEyovol, kai mEpi Svtwv d1ahEyovtat, Kal Svta 
gotiv- Sittov yap tO Gv, to pev Evtedexeta to 8 LAIKA. This Chapter in Book Thirteen reveals 
much of what is to follow in our account of Aristotle. 
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implication, however, (assuming the mathematicals are real) is not without 
its own problems. One is the precision problem. Here, another surfaces: 
the distinction between actual and material is meant to resolve a difficulty, 
but it is not immediately apparent, in the context of Metaphysics XIII 3, 
what that problem is. What could it mean to say that the mathematicals 
exist, not actually but materially, in sensible things? Saying this is certainly 
compatible with what we have said so far, that the mathematicals, for 
Aristotle, are accidents inhering in sensible substances. Moreover, Aristotle 
does have a coherent account of Jeing in multiple senses, one of which, 
being potential, he does contrast with being actually.*! The need for the 
distinction, at this point, however, is unclear. 


REALIST OR NON-REALIST? 


That all scientific knowledge proceeds from preexistent knowledge is the 
first claim Aristotle makes in his ex professo treatment of episteme (of which 
the mathematical sciences are one sort).** Before we can conclude, we 
must already know that our premises are true, whether our subject exists, 
and the subject and predicate terms are. 

Here is the problem. Apart from whether straight lengths and plane 
surfaces—whether absolute quantitative regularity of any sort—obtain 
among physical substances (the precision problem), is it necessary that 
there (1) be some substance which actually contains twenty-eight parts, 
for example, that we (2) know of this substance, and that we (3) consider 
the number twenty-eight while ignoring its sensible aspects in that sub- 
stance, before we can prove that twenty-eight is a perfect number? 

This example may even understate the difficulty. Consider René 
Descartes’ famous discussion of the chiliagon—a polygon with one- 
thousand sides. It is easy to prove that a regular chiliagon has bilateral 
symmetry, but we certainly do not wazt for that conclusion until we have 
discovered a substance having that particular shape. 

Construction is necessary to the mathematical method. Aristotle 
observes this in several places, for example, in his treatment of the infinite 
in the Physics, he says: “It is always possible to think of a greater [number]: 


51 See, for example, Metaphysica, V 7 for the distinction and especially Ibid., IX entire for 
its elucidation. 

Cf. Aristotle, Analytica Posteriora, (Oxford: Oxford University Press, 1982), I 1, here- 
after Analytica Posteriora. 
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for the bisections of a magnitude are infinite.”°* Both his proposed solu- 
tion to the Meno dilemma and his treatment of potentiality in geometry 
focus upon the necessity of mathematical constructions.** 

Much as we observed that even substances not containing a number can 
be counted (along with the troubling question as to why an account of the 
mathematicals as accidents of physical substances is needed), so, too, here. 
If constructability is necessary to mathematical discoveries—at least to 
some, that is, to those attributes we demonstrate of quantities we have 
never seen—why say mathematics is not ultimately fictional? That same 
aspect of we make to which Plato and the other platonists from Chap. 1 
objected seems foursquare within the mathematical realm. As we said 
above, what need for us to verify the reality of a substance having twenty- 
eight natural parts before we conclude that twenty-eight is a perfect num- 
ber? Such a thing seems entirely unnecessary. 

Beyond the nature of the mathematicals themselves (a metaphysical 
question, as it were) we now turn to the second major requirement for 
Aristotle’s—for anyone’s—coherent account of mathematical thought: 
mathematical epistemology. How do we have intellectual access to such 
realities and what form does such thinking take? 
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5*Cf. Analytica Posteriora, 1 1 and Metaphysica, 1X 9, respectively. 


CHAPTER 4 


Aristotle on the Speculative and Middle 
Sciences 


THE PRACTICAL AND SPECULATIVE SCIENCES 


Aristotle famously presents us with one of the earliest, systematic accounts 
of what, and to what degree, we are able to know.! As he sees it, this natural 
drive gives rise to observations, claims, and complete systems of thought, 
each having varying degrees of support or evidence and certitude in the 
result. While he makes mention of this fundamental capacity throughout his 
writings, it is in his logical works that we see his account worked out most 
systematically. We begin with his observation that, among the things we can 
know, one such body of truths, mathematics, is distinguished from some 
others in being called a sczence.? First, then, we turn to Aristotle’s account of 
episteme, that is, science or scientific knowledge. 


'Not surprisingly, the man whom Dante calls the master among those who know and Aquinas 
the Philosopher famously begins his Metaphysics with the observation that all men naturally 
desire to know. 

at waOnpatikal tHv emiotnu@v Explicit references are common. Cf. Analytica Posteriora 
11, 14 and Metaphysica, 111 2, TV 1, VI 1, XI 1 and 7, XII 8, and XIII 2-3. 
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Aristotle’s most direct treatment of episteme is found in Posterior 
Analytics. After offering his solution to the so-called Meno dilemma’ in the 
very first chapter, Aristotle turns to enumerating the conditions under which 
we can be said to know in this special way: 


We think we know [éniotac8a1] some thing simply speaking (not accidentally, 
as a sophist does,) when we think we know the cause of that thing, that it is 
the cause, and that it cannot be otherwise.* 


As for the construct whereby we know, Aristotle terms it a 
demonstration: 


I call such a ‘scientific’ syllogism [ovAAoytopov emotnpovikdv | a ‘demonstra- 
tion,’ and by ‘scientific? I mean [a syllogism] whose very possession 
makes us know.° 


To this point, Aristotle envisions a type of syllogistic reasoning, a demon- 
stration, which yields necessary knowledge of some thing through its causes.” 
Still, as Aristotle himself notes, “all rational teaching and learning come 


3 The term itself, or one of its forms, appears dozens of times in the course of the treatise. 
*Meno’s dilemma is famously raised in the dialogue of the same name. 


Meno: How will you inquire, Socrates, into that about which you do not know at all what it is? 
What sort of thing will you be looking for among the things you do not know? And even if 
you were to find it, how can you know that this is the thing which you did not know? 


Socrates: I know what you are trying to say, Meno. You do realize what a contentious argument 
you are introducing, that a man can inquire neither into what he knows nor into what he 
does not know: for he inquires either into what he knows, and so has no need to inquire, or 
into what he does not know, and is looking for he knows not what.” Plato, “Meno”, trans. 
W.K.C. Guthrie in The Collected Dialogues of Plato, eds. Edith Hamilton and Huntington 
Cairns (New Jersey: Princeton University Press, 1982), 80d-e, 363. Socrates, of course, 
responds with his famous account of recollection. Aristotle’s own solution differs, as we will 
see, which difference has implications for his philosophy of mathematics. 

5 Analytica Posteriora, 1 2 71b9-12. ’Entotao8at 5é oidued Exaotov anAdc>, aAAG uN TOV 
OOPLOTIKOV TPOTOV TOV Kata ovEPEPNKdG, Stav trv T aitiav oimpeBa yrvwoKel Oi’ Hv TO 
Tpayud Eotwv, Sti Exetvov aitia gor, Kai uy EevdexeoOar tobt’ GAAwe exer. 

°Ibid., 1 2 71b17-19. dmdderew 5€ AEyw ovAAoyiopov Emtotnpovikdy- EmtotnpoviKoy dé 
héyw ka8 Ov tdi EXE avtov emotdpeda. 

7To know in this way is to provide an answer to the question why, the fourth (and last) 
among the questions Aristotle enumerates later in the Posterior Analytics, and to which he 
refers in other works. See, for example, Ivid., If 1-2 and Physica, II 3 for Aristotle on the 
character and importance of causal knowledge. 
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about through preexistent knowledge.” Indeed, Aristotle spends the whole 
of the first chapter in Posterior Analytics establishing this proposition and set- 
ting out the conditions for, and types of, preexistent knowledge needed to 
teach and learn. Since demonstration is also a type of teaching and learning, 
it follows that such necessary and causal knowledge itself presupposes that we 
know other things, and even that we know them otherwise than 
demonstratively.’ 

What must we already know in order to teach and learn? We must already 
know that some things are so, that is, are true, we must know what certain 
terms mean, and we must know that the subject under consideration exists. 


It is necessary to have preexistent knowledge of two sorts: for in some cases 
it is necessary to assume that something is, in others what the term is, and in 
still others both. For example, of concerning everything, either the affirmation 
or the denial is true [we assume] that it is, of triangle [we assume] what it 
means, and of wnit [we assume] both what it means and that it is.!° 


Recalling that a demonstration is a kind of syllogism, then, Aristotle sets 
out the kinds of preexistent knowledge required for it in syllogistic terms: 


Now, if scientific knowledge [16 étotao8a1] is as we have said, it is necessary 
that [the premises | of demonstrated knowledge be true, first, and immediate, 
as well as better-known than, prior to, and causes of, the conclusion.'! 


Aristotle next justifies each of the conditions in light of his definition of 
demonstration. One very important point, for our purposes, is that the first 


8 Analytica Posteriora, 1 1 71al-2. Néoa didacKaAta Kai mioa pdOnoig SiavontiKn eK 
Tpotmapxovons yivetar yvwoews. 

°Tt turns out that this other way is induction: “So it is clear that we must come to know the 
first [principles] by induction.” Analytica Posteriora, 1 19 100b3-4. dijAov 84 6tt Hiv to 
TPAtTa emaywyit yywpilew avayKaiov. ; 

10 Analytica Posteriora, 1 1 71a11-16. dyx@¢ 5 avayKatov mpoyw@oxet: to pEV yap, Sti Eot1, 
mpotmoAaubdvew d&vayKaiov, ta dé, ti tO Aeyopevov got, Evvievan Sei, to § &upw, otov St yév 
Gnav 7} Pro h dnogrjoat dAnBEc, Sti Eot1, tO SE Tptywvov, Sti Todi onatver, trv 5é povdda 
dupw, Kai ti onuaiver kai Sti Eottv. It is in the course of his argument for this contention that 
we find Aristotle’s answer to the above-mentioned Meno dilemma. 

"1 Tbid., 12 71b19-22. ci totvov goti 10 Entotacat oiov Lepev, &vayKn Kai tiv anoSerktiKi}Vv 
émotypny && GAnO@v 7 eivar Kal Tpwtwv Kal épgowv Kal yywplLwtépwv Kal Mpotépwv Kal 
aitiwv tod ovpmepdopatos. 
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principles of demonstrations must be true.'? He argues that what is not 
true cannot be known: 


[The premises] must be true, because it is not possible to know [éntotac8at] 
what does not exist, for example, [it is not possible to know] that the diago- 
nal [of a square | is commensurate [with its side]. 


While Aristotle is not insisting that knowledge is possible only when we 
speak of things that are real,'* still, this type, episteme, does require that 
what is in our mind conform to the way things are.!® 

Not surprisingly, then, Aristotle is a realist when it comes to scientific 
knowledge, episteme—it is a kind of speculative knowledge, after all, so 
truth itself is a condition which it must meet to be knowledge of this sort. 

In Nicomachean Ethics V1, Aristotle gives a precise account of virtues 
which do not make us good people, as such but only good in some way or 
other—the intellectual virtues: 


Virtue is also divided according to this difference: for we call some of the 
virtues ‘intellectual’ and others ‘moral,’ wisdom, judgment, and prudence 
being intellectual, generosity and temperance, moral. For when speaking of 
[someone’s] character we do not say that he is wise or has good judgment 
but that he is mild or temperate. Still, we praise the wise man on account of 


[the knowledge] he has, and such praiseworthy things we call ‘virtues’.'° 


Indeed, much of the modern controversy surrounding the philosophy of mathematics 
comes down to this question. 

3 Tbid., I 2 71b25-26. éAnOF ev odv Sei civan, Sti obk Zot Td pr} Sv ExfotacOa1, oiov St 
1] Siduetposg oUELETPOG. 

Indeed, he says, of the conditions just laid out, that “there can be a syllogism without 
these, but it will not be a demonstration: for it will not produce scientific knowledge.” Ibid., 
I 2 71b23-25. ovdAdoyiopos pév yap Zotar Kai &vev tobtwv, andderé¢ 8 odk Zora: ob yap 
TOUOEL ETMLOTH UNV. 

15Cf. Aristotle’s well-known definitions of falsity and truth: “To say that what is, is not or 
that what is not, is, is false, while to say that what is, is and that what is not, is not, is true.” 
Metaphysica, IV 7 1011b26-28. 6 pév yap A€yetv TO Sv pn Eivat Hf tO pn dv Eivat WEddoc, td 
5é 10 Ov eivar Kal TO pr] Sv pn Eivar dANOéc. 

16 Aristotle, Ethica Nicomachea (Oxford: Oxford University Press, 1979), I 13 1103a3-10, 
hereafter Ethica Nicomachea. diopifetat $€ Kai Hy dpety Kata trv diapopav tavthv: Agyopuev 
yap avt@v tag pév diavontikac tag S€ NOiKdc, copiav HEV Kai obvEoIV Kai Ppdvrotv 
Siavontikds, EAevBeprdtnta SE Kal cw@Ppoovvny NOrKdc. A€yovtes yap mEpi tod HBouc ov 
AEyouEV Sti GOPds TH ovvETos GAA Sti MPO fH OWPPwV: EratvodpEV SE Kal TOV GOMOV KATA THV 
ew: tov eewv dé tac Emaivetas apetag A€youev. 
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As to intellectual, Aristotle elaborates: 


Let it be supposed that there are two parts having reason: one by which we 
contemplate things whose causes cannot be otherwise, the other by which we 
contemplate things [whose causes] can: for according to this difference in 
kind the parts of the soul naturally also differ in kind, since each has knowl- 
edge on account of a certain similarity and conformity. Let one of these be 
called ‘scientific’ and the other ‘calculative’: for to deliberate and to calculate 
are the same, but no one deliberates about what cannot be otherwise. 
Therefore the calculative is one of the parts [of the soul] having reason. Now 
we must decide what is the best habit of each: for this is its virtue.!” 


Aristotle eventually associates both the scientific part and the calculative 
part with truth,'® though the truths themselves differ as being ordered, or 
not being ordered, to action. In this way, he comes to a division of the 
intellectual virtues in chapter three: 


There are five [habits] whereby the soul speaks the truth when affirming or 
denying, namely, art, scientific knowledge, prudence, wisdom, and under- 
standing (for supposition and opinion can speak falsely.)? 


NECESSARY AND SUFFICIENT CONDITIONS FOR EPISTEME 


Episteme”® is distinguished from two other virtues among the kinds of spec- 
ulative knowledge, whereas art and prudence are types of practical knowl- 
edge. In sum, through episteme, one possesses the truth concerning 


7Ibid., VI 1 1139a6-16. kai brokeioOw S560 tk Adyov éxovta, Ev HEV @ Sewpodpev ta 
ToLadta THV SvtwV Sowv ai dpxal pH} EvSExovtat KAAwe exer, Ev SE @ ta Evdexdpevar: mpd yap 
To TH VEvEL ETEPA KA TOV THIS WUXTIG HOptwv EtTEpov TH YEvEL TO TPdG ExATEPOV TEDPUKOG, EinEp 
Kad OpoLotytad tia Kai oiKELdTYTA 1 yvGo1g Umdpyxer avtois. AeyéoOw SE ToUTWV TO HEV 
eMotnuoviKov tO S€ AoylotiKdv: TO yap PovAEveoOar Kai AoyileoBar tavtdv, ovdEiGg SE 
PovAevetar mEpi Tv un] EvdexouEvwv cAAWGS Exel. Hote TO AoylotiKdv oti Ev TL HEPOG TOD 
Méyov Exovtos. Anntéov up’ Exatépov tovbtwv tic 1 PeAttotn EE1c: abty yap &petr) Exatépov. 

18 This is the conclusion of Ibid., VI 2. 

9 Tbid., VI 3 1139b15-18. gotw 81 oig dANGever 1} Woy] TH Katapavanr 7} dropaven, wévtE 
TOV apiudv: tadto 8 gori téxvn Emtotrn Ppdvnyoic copia vods: bnoArwWer yap Kai 56&y 
évdéxetar Srapevddeobar. 

20We shall customarily use this term in place of science or scientific knowledge for the sake 
of clarity. As is commonly known, the modern sciences do not meet the conditions Aristotle 
sets out for episteme. 
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invariable matters by way of affirmation and denial. On the other hand, this 
is also true of understanding (ows) and philosophic wisdom (sophia), so 
there remains a further difference to discover, distinguishing episteme from 
all other forms of knowledge: 


Whence it is clear what episteme is (if, that is, one is being precise and not 
following similarities.) For we all suppose that what we know scientifically 
[émtotépe8a] cannot be otherwise: of things which can be otherwise, we do 
not know whether they [even] exist or not once they are out of our sight. 
Therefore what is scientifically known [16 éntotytdv] is necessary. It is also, 
then, eternal: for all things that are necessary, simply speaking, are [also] 
eternal; eternal things are also ungenerated and incorruptible. Further, it 
seems that all episteme can be taught, and what we can know in that way can 
be learned. Now all teaching begins with what is already known (as we also 
say in the Analytics also): for it comes about either through induction or 
through a syllogism. Now induction is a principle of the universal itself, while 
a syllogism proceeds from the universal. Therefore, there are principles from 
which a syllogism proceeds for which there is no syllogism, and so [such 
principles are known] by induction. Episteme, then, is a demonstrative habit, 
having also the conditions we specify in the Analytics. For when one has 
episteme, he believes in a certain way and the principles are known to him: if 
they are not more [known] to him than the conclusion, he will have episteme 
only accidentally.”! 


To summarize. First, mathematics is identified as a kind of episteme by 
Aristotle.” Episteme itself is demonstratively knowing the truth concerning 


21Tbid., VI 3 1139b18-35. émotryn pev obv ti gotw, évtedOev qavepdv, ci Sei 
ak piPoAoyetoBar kat ph} &KoAovGetv taic Spordstnow. mé&vtEs yap UTOAGPdVOLEV, 6 EmothpEda, 
und evddxeo8an dAAws exer: ta 8 Evdexdpeva GAAwe, Stav £Ew tod Gewpeiv yévintan, AacvOdver 
ei Zor 7 ph. € dvayns dpa oti to Emotytdv. didiov dpa: te yap €F dveyeng Svta anrde 
névra dtd1a, ta 8 atdia dyévrnta Kal KpOapta. tt SiSaKti} &naca émorrjn Soxei eivar, Kai to 
EMOTHTOV UAONTOV. EK MpoytwwoKoHEvwv dé Moa SidaoKaAta, dome Kai Ev Toig dvaAvTIKOIC 
A€éyouev: f wEev yap br Emaywyiis, 1 SE ovAAoylon®. nH pev Sr Emaywyr apy Eott Kal tod 
Kabdrov, 6 5é ovAACyLopds Ek THV KaBdAoV. Eiclv &pa dpyai £E Ov 6 ovAAoytoysds, dv obK ott 
ovAAoylopés: exaywyn gpa. r pév Gpa emrotriyn eotiv e1¢ dnoderktikr, Kal Soa c&AAa 
TpoodiopiGoueba év toig avadvtikoic: Stav yap nwo MotevH Kal yprpyot abt How at dpxat, 
éntotatat: el yap wr] WAAAOV tod ovpTepdopatoc, Kata ovpPebnKds eer trv emotHuny. 

2 Of course, it is the implications of this claim for mathematics which is our primary aim 
in this chapter, as well as the work as a whole. 
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some matter or, when not actually considering it, the capacity to so dem- 
onstrate.?* The matter under consideration is necessary, that is, it cannot be 
otherwise, nor can I be in error as long as I have episteme. 


Pure MaAtTHematics Is EpIsteEME 


We have already noted that Aristotle often explicitly speaks of mathematics 
as being among the sciences: ai paOnuatiKal Tov Emtotnu@v.** This, then, 
is where Aristotle’s philosophy of mathematics begins. Mathematics con- 
sists of demonstrations, syllogisms bringing us to necessary knowledge of 
mathematical conclusions, about which we already know a number of 
things even before we learn it—we know the truth of the principles upon 
which it is based—not in the sense that we have assumed their truth, but in 
the sense that we have seen their conformity with the ways things are. 
Again, one cannot know what does not exist. Such principles also lead us 
to see why mathematical conclusions are so, insofar as through them we 
come to see the causes of mathematical things, that they are their causes, 
and that they cannot be otherwise. 

This account becomes even more clear when we consider the other areas 
of study Aristotle includes among the sciences—the types of episteme. We 
find his division in Metaphysics VI 1: 


Therefore there are three theoretical philosophies: mathematics, physics, and 
theology (since it is obvious that, if the divine exists anywhere, it exists in 
such a nature.)?° 


With physics likely being the most familiar example among these, we get 
a better sense of what Aristotle conceives mathematics to be. In short, its 
objects are real, out there, independent of our minds.”° 


?3We nearly always think of a ‘habit’ as an internal tendency resulting from repeated like 
actions, but it has a much broader meaning for Aristotle, including what we mean by posses- 
sion. Thus, before I know that 2 + 2 = 4, I cannot be said to know in any way other than 
potentially. At the moment I see its truth, I have knowledge (note the etymological connec- 
tion to habit here,) nor do I cease to have it subsequently, as evidenced by my capacity to 
recall it as necessary. Of course, if I am unable to subsequently recall what I once knew but 
no longer know, I am again in the state of a learner. 

24 Romanized as hai mathematikai ton epistémoOn. 

25 Metaphysica, VI 1 1026a17-20. Wote tpeis av ciev Prrocogiat Sewpntikat, uaOnpatIKN, 
voikr, VeoAoyiKn (ov yap &SnAov St1 Et MOV TO OEiov Umdpyxel, Ev TH ToravtH PvoEL UMdpXEl). 

?6 Recall the efforts of the mathematical realists (Chap. 1) to show precisely that. 
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Thinking about the mathematicals can fulfill the conditions Aristotle 
lays out for episteme—indeed, he explicitly includes at pabnpatikai tov 
émlotnu@v among the ways we, in fact, do so. 

Let us now recall the three difficulties we introduced at the end of the 
last chapter. We see and feel physical things in the course of our daily lives, 
but when has one ever encountered straight lines and circles??? Need the 
mathematicals which we are about actually exist, or does their mere possi- 
bility suffice? Does the need for constructive methods in mathematics ren- 
der the claims and efforts of mathematical realists moot from the very start? 

To continue in the same vein, one commonly proposed solution to the 
problems besetting mathematical realism is to insist that mathematical 
truth is achieved, not through the observation of independent realities, but 
through the successful application of these mental creations (numbers, 
lines, circles, and so on) to the real world.”* In such an account, mathemati- 
cal claims and conclusions are seen as successful fictions, their truth consist- 
ing in this very utility.”? 

Mathematics is useful. Indeed, between the two sorts of science Aristotle 
mentions, the scientific and the calculative, it seems to violate common 
sense to insist that mathematics, of all things, is not calculative. And yet, 
intent upon his claim that mathematics studies the real world, that the 
truth or falsity of mathematical claims lies in their conformity with some 
independent reality, Aristotle sees mathematics as scientific, as episteme.*° 
How does the utility of mathematics not warrant its inclusion among the 
calculative virtues? 


27 The precision problem. 

8 There are many different sorts of mathematical anti-realists. Some believe the successful 
application of mathematics to physical problems implies nothing about the existence of 
mathematical objects, while others, though still unwilling to say that mathematical objects 
are real in the same sense as the physical objects they describe, believe it does. 

? This is the view of Hartry Field, for example, whose Science Without Numbers is often 
taken as a point-of-origin for mathematical fictionalism. We will address fictionalism more 
directly in a later chapter. 

30 Bear in mind Aristotle’s division of the intellectual virtues, first into scientific and calcula- 
tive, then, respectively, into (properly) scientific knowledge, wisdom, and understanding, 
and then art and prudence. The question before us is: why would Aristotle not have placed 
the eminently useful mathematical sciences alongside art and prudence, themselves also emi- 
nently useful? 
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THE MIDDLE SCIENCES 


One possibility is that mathematics, as episteme, can be applied to the physi- 
cal world. Indeed, at least at first glance, Aristotle seems to be speaking of 
such an application (and so an associated utility) in the Physics. In the course 
of distinguishing physics from the coordinate science of mathematics, 
Aristotle speaks of a sort of middle ground between the two disciplines: 


The more physical among the mathematical sciences, for example optics, 
harmonics, and astronomy, also [make this difference] clear. They are, in a 
certain way, just the opposite of geometry. For geometry considers the physi- 
cal line, but not as physical, while optics [considers] the mathematical line, 
not as mathematical, but as physical.*! 


Among the mathematical sciences, some are purely scientific in Aristotle’s 
sense, in that their object is to learn what necessary conclusions can be 
known about their proper subject. Others, however, are mixed in with the 
physical sciences, in that their concern is not properly mathematical, but is 
rather an application of mathematical conclusions to the physical world. 
This becomes clear as we consider Aristotle’s own examples. 

Geometry is about coming to know the properties and attributes of 
continuous quantity (lines, surfaces, solids,) whereas optics, harmonics, 
and astronomy are inherently about light and sight, sounds and hearing, 
and heavenly bodies and their movements, respectively. Whereas the geom- 
eter would be interested in establishing the equality of angles about a cer- 
tain line, say, one studying the properties of light would be more directly 
concerned with proving that the angle of light’s incidence upon a surface is 
equal to its reflected angle. So, too, the arithmetician would be about 
establishing the truth of the composition of ratios (e.g., that the ratio of 
2:3 when composed with the ratio of 3:4 yields the ratio of 1:2), whereas 
the musician would apply that truth to harmonies of sound, discovering 
that the musical interval called the fifth, whose essence consists of a ratio of 
2:3, when compounded with the fourth, whose essence consists of a ratio 


31 Physica, IL 2 194a7-12. Sndoi SE kai ta PuowKMtEpa TOV pabnUdtwv, otov dmtIKr Kal 
ApLOviKl] Kal dotpoAoyta- dvamaAw yap tpdmov tiv’ Exovow TH YEWHETPIG. 1 MEV yap yewpETpta 
TEpL YPALUNS PvorKt|s oKoTET, GAN’ ody f QvorKn, 4 8 SntiKy PaOnpatiKhy LEV ypapr, GAN’ 


ovx fH paOnuatiKy GAA’ H PuorKn. 
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of 3:4, yields an octave, whose essence consists of a ratio of 1:2.*? The 
application of geometrical principles in astronomy is, likewise, an applica- 
tion of so-called pure mathematical conclusions to a particular, physical 
subject matter, in this case, the real or apparent movement of the planets 
and stars. Finally, an excellent and clear example can be supplied from expe- 
rience, for anyone who has applied the Pythagorean theorem to assure that 
a building’s foundation or walls have been set square, or at right angles to 
one another. 

Aristotle does take stock of our thinking about the mathematicals i” a 
practical way, something about which we all have an intuitive and clear 
sense. It is a valid question whether “the more physical among the mathe- 
matical sciences” are even scientific, in Aristotle’s sense, that is, ordered to 
truth itself, and not to action or production.** 

While we recognize the tendency to make the successful application of 
mathematical systems, the sole measure of their truth, in the manner we 
mentioned above, it is not the seemingly inherent utility of mathematics 


That is, one will discover in producing a musical fifth that it consists in a ratio of 2:3 in 
string lengths, volumes of vibrating air, or, even more fundamentally, vibrations per second. 
Similarly for the fourth and the numerical ratio of 3:4. The fifth added to the fourth pro- 
duces an octave, an interval of sounds consisting in a ratio of 1:2 in string lengths, and so on. 
Aristotle gives the octave as his example of a formal cause when he treats of the four causes 
in [bid., II 3. 

33 Aquinas has an interesting observation under this heading: “The speculative and the 
practical intellect differ in this respect, that the speculative intellect looks at truth absolutely 
speaking, whereas the practical intellect looks at truth in an order to doing some work. Now 
it sometimes happens that the truth, considered in itself, cannot be regarded as a measure of 
doing some work, as happens in mathematics and in those which are separate from motion; 
so it happens that a consideration of this sort of truth is only in the speculative intellect. But 
other times a truth, considered in itself, can be regarded as a measure for doing some work: 
and in this case the speculative intellect is practical by way of extension to the doing of that 
work.” Thomas Aquinas, Scriptum Super Libros Sententiarum, eds. P. Mandonnet and 
M. F. Moos, (Paris: Lethielleux, 1929, 1956), lib. 3 d. 23 q. 2 a. 3 qc. 2 co., hereafter 
Scriptum Super Sententiarum, “Ad secundam quaestionem dicendum, quod intellectus spec- 
ulativus et practicus in hoc differunt quod intellectus speculativus considerat verum absolute, 
practicus autem considerat verum in ordine ad opus. Contingit autem quandoque quod 
verum ipsum quod in se considerabatur, non potest considerari ut regula operis, sicut accidit 
in mathematicis, et in his quae a motu separata sunt; unde hujusmodi veri consideratio est 
tantum in intellectu speculativo. Quandoque autem verum quod in re consideratur, potest ut 
regula operis considerari: et tunc intellectus speculativus fit practicus per extensionem 
ad opus.” 
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that would sufficiently justify such a conclusion. Rather, one would natu- 
rally expect the mathematical sciences, as understood by Aristotle, to be 
successfully applied to that same physical reality which is the source of that 
truth. Indeed, the successful application of the mathematical sciences is 
among the best and most-enduring arguments im favor of mathematical 
realism.** In other words, Aristotle’s insistence upon the strictly scientific, 
or pure, character of the mathematical sciences in no way diminishes their 
utility. It does raise the question, however, whether utility is a sufficient 
condition for the truth of a mathematical system of thought. Some math- 
ematical philosophers point to utility as t##e marker of mathematical truth.* 
Here, though, Aristotle’s account of “the more physical among the math- 
ematical sciences” allows both mathematics of the pure sort and mathemat- 
ics of the applied sort to be true, albeit in different ways. We return to 
Aristotle’s distinction between the scientific and calculative sciences, this 
time focusing more closely upon how the truth of the one differs from the 
truth of the other with respect to agency. 


THE PuRE SCIENCES ARE PRIOR TO THE APPLIED 


Book Ten of the Nicomachean Ethics returns to an issue Aristotle raises at 
the outset: which of our activities is the best, that is, in which does human 
happiness consist? While he makes a passing mention of the contemplation 
of truth at this early stage and delves into the speculative virtues of episteme, 
nous, and sophia in Book Five (as we noted above), he saves his direct treat- 
ment of contemplative happiness, 8ewpta, for the work’s end: 


If happiness is an activity in accordance with virtue, it is reasonable that it 
would [accord with] the highest [virtue |: which is of our best [part]. Whether 


34 Glimmers of this in more recent times can be seen in the so-called indispensability argu- 
ment formulated by Putnam and Quine. See W.V.O. Quine, “Success and the Limits of 
Mathematization,” in Theories and Things (Cambridge: Harvard University Press, 1981): 
149-50 and “On What There Is,” Review of Metaphysics 2, (Sep. 1948): 21-38 and Hilary 
Putnam, Philosophy of Logic (New York: Harper and Row, 1971): 57. We will address indis- 
pensability in Part III. 

35 Jonathan Lear, for example, takes the discovery of bridges between pure mathematics 
and the physical world as the sole warrant for our saying that any particular mathematical 
statement is true. See Jonathan Lear, “Aristotle’s Philosophy of Mathematics,” 190-91. We 
will address Lear’s account in a later chapter. 
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this [part] is the understanding, or what naturally rules and directs [us] and 
understands noble and divine things, whether it is itself divine or the most 
divine part of us, the activity of this part, in accordance with its proper virtue, 
will be complete happiness. We have already said that this [activity] is 
contemplative.*° 


Aristotle’s way of distinguishing among human goods is marvelously 
insightful. Whereas good, better, and best appear to be ranked quantita- 
tively—diftering as to the amount of goodness, respectively—Aristotle sets 
the more and Jess aside in preference to another relation, namely, cause and 
effect, or, in this context, means and ends. Ranking our good actions and 
their own ends he says: “Where there is an end beyond certain activities, 
the result is better than the activities.”*” This is true of intellectual activities 
as of any other—indeed, Aristotle begins the work with the claim that 
“Every art and inquiry, likewise every action and choice, seems to aim at 
some good.”*8 

Is there such an ordering between the scientific and calculative sciences 
as well? Between mathematics as pure and mathematics as applied? We 
know from the above that contemplation is the Jest human activity. 
Presumably that is because it is an end and not a means—we speak in such 
cases of knowledge for its own sake. In contrast with this, the very notion of 
a practical science sets it in order to some end. Effective or successful as sole 
criteria for mathematical truth seem not to take into account the ordering 
of such mathematical activities to mathematical truths of a higher order.” 

So much, then, for Aristotle’s account of the possibility and nature of 
our thinking about the mathematicals. In the next chapter we will turn to 
two aspects of Aristotle’s mathematical philosophy that require a much 
closer look: (1) exactly how we acquire intellectual access to the 


36 Ethica Nicomachea, X 71177a10-19. ei 8 éotiv 4 evdamovia Kat’ apetiv evepyeta, 
eVAoyov Kata trv Kpattotnv: abtn 8 dv ein tod apiotov. Eite 81 votc tobto eite KAAO T1, 4 5 
Kata pvotv Soxei dpxetv Kal tyEio8a1 Kal Evvoiav Exeww mEpi KaA@v Kai Vetwv, cite Oetov dv 
Kal AUTO Eite TMV Ev Hiv TO BEdtatov, 1 ToUTOU Evepyela KATA TV Oiketav dpetrv Ein av Y 
teheta evdanpovia. “Ori 8’ goti OewpytiKn, elprytar. 

37Ibid., I 11094a5—-6. Emphasis mine. Ov & eiot téAn tIva apd tac MpdEec, Ev TovTOIG 
PeAtiw TEPUKE THV EvepyElOv ta Epya. 

8Tbid., 1094al-2. n&oa téxvn Kal m&oa yB0d0c, dpotws 5é mMpaEtg te Kal Mpoatpeotc, 
aya8od tivdc EptecBat dSoxet- 

»° Aristotle argues for the superiority of the speculative sciences over the practical sciences 
in many places. Cf. Ethica Nicomachea X 7, for instance. 
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mathematicals—(Aristotle calls this separation) and (2) his aforementioned 
reference to matter in mathematics. This will allow us to address the three 
difficulties we have kept in mind since the end of the last chapter and com- 
plete our account of Aristotle’s mathematical philosophy.*” 
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“© Those difficulties were: (1) We see and feel physical things in the course of our daily lives, 
but when has one ever encountered straight lines and circles? (2) Need the mathematicals 
which we are about actually exist, or does their mere possibility suffice? (3) Does the need for 
constructive methods in mathematics render the claims and efforts of mathematical realists 
moot from the very start? 


CHAPTER 5 


Aristotle on Abstraction and Intelligible 
Matter 


FORMAL ABSTRACTION: A MIDDLE Way BETWEEN 
PLATONISM AND NOMINALISM 


We first raised the notion of separation in Aristotle’s consideration of the 
difference between the mathematical sciences and the natural sciences 
from Physics 11: “We must next ask how the mathematician differs from the 
philosopher of nature, for physical bodies have surfaces and volumes and 
lines and points, about which the mathematician is concerned.”! Aristotle 
continues: 


Now the mathematician is also about such things [physical surfaces, vol- 
umes, and so on] but not insofar as they are the limits of physical bodies, nor 
does he think about such accidents as accidents: which is why he separates 
them. For they are separate from motion in thought, and it makes no differ- 
ence, nor does any falsehood result, if they are separated. ... This becomes 
clear when we try to state their definitions and the definitions of their acci- 
dents. For odd and even, straight and curved, as well as number, line, and 


' Physica, II 2 193b23-24. yeta todto Sewpntéov tivi drapéper 6 waOnuatiKds tod PuotKod 
(kal yap entreda Kal oteped EXEL TA PUSIKd OWPATA Kal UNKN Kal oTLyUdG, MEpi dv oKOTET O 
paOnpatiKds). 
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figure, are [defined] apart from motion, whereas flesh and bone and man are 
not—rather, we say these are [defined] like sub nose and not like curved.’ 


Note the difference between the sort of separation to which Aristotle 
refers here and the kind he ascribes to those who say there are Forms in the 
same passages. By Aristotle’s account the Platonists attempt the impossi- 
ble: separating inseparables. Excluding matter and motion, their very phys- 
icality, from our understanding of flesh, bone, and man, for example, 
results only in falsehood. On the other hand, to recognize that the defini- 
tion of one thing does not necessarily include that of another—even if the 
two happen to exist together—is not false. The paleness of a healthy ani- 
mal is not essentially different from another paleness in being pale. As we 
saw earlier, beings are not only per se, but also per accidens, and nothing 
prevents us from recognizing this intellectually, even if we might not suc- 
ceed in really separating the one from the other. In short, fact is not 
necessity. 

Aristotle supplies an extended treatment of mathematical separation 
(often called abstraction, which serves to distinguish it from a claim- 
separation error of the Platonist sort) near the beginning his ex professo 
treatment of the philosophy of mathematics.* We mentioned Chapter 
Three of Book Thirteen when we first listed our remaining difficulties, just 
mentioned. This chapter warrants a careful analysis, as it contains Aristotle’s 
clearest explanation of mathematical abstraction. Remember, too, that it is 
by means of this close analysis, and our subsequent consideration of mat- 
ter in mathematics, that we will resolve the remaining Aristotelian 
difficulties. 

Aristotle begins by pointing out what he has just established regarding 
the Platonic mathematicals: 


We have made it sufficiently clear that [mathematicals] are neither sub- 
stances to a greater extent than bodies nor really prior to sensible sub- 


*Thid., II 21093b30-35. mepi tobtwv pév obv mpaypatevetat kal 6 paOnpatikds, GAA” obx 
f PvorKkod owpatos népas Exaotov- obSE tk ovpPEebyKdta Oewpei f torobtoIc obo ovpbébnkev- 
510 Kal xwpier- xwplota yap TH vorjoel KIVHoEWS EoTI, Kal OVdEV diapégpEr, OVSE yiyvetat 
Weddog xwpifovtwv. ... ylyvoito 8” av tobto SijAov, et tig Exatépwv MEelpwto AEyEew TOvG 
Spovus, Kai abTaV Kal THV ovpPEbnKOTWV. TO HEV yap TEpITTOV oto Kal TO KpTLOV Kal TO EvOD 
Kal TO KAEMVAOV, ETL SE APLBUdS Kal ypoppt] Kal oXFPa, dvev KivroEews, caps SE Kal SoTOdV Kal 
dvOpwrtos OvKETL, GAAG Tabdta WomEp Pic out] GAA” ObX WS TO KapMUAOV A€yetat. 

3Cf. Metaphysica, XIII and XIV. 
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stances—except in thought—nor can they exist somewhere apart from 
[sensible substances ].* 


The alternative—that the mathematicals are substances coinciding with 
the sensible things to which they belong—being no less tenable, Aristotle 
asks whether they might not exist, truly, but in some sense other than as 
substances: “for to be has many senses.”° 

Aristotle’s insight at this point is that it is the Platonic turn in separa- 
tion, the very reason why one would say that mathematicals are really 
separate in the first place, that leads us into error. Just as claim-separations 
in thinking about natural things lead us to the Forms, claim-separations in 
mathematics lead us to Platonic mathematicals—substances occupying an 
immaterial realm. A separation consisting in setting the per accidens aside, 
however, has no such consequence: 


Just as we make many claims about things being in motion simply as such, 
apart from what such things and their accidents are, and yet it is not there- 
fore necessary that there be either something in motion really separate from 
sensible substances or some [other] nature, in motion, in those very sub- 
stances, so do we make claims and develop sciences about things in motion, 
though not insofar as they are in motion but only as bodies. So it is, too, 
with [thinking about them] only as planes, lines, divisibles, indivisibles hav- 
ing position, or indivisibles.° 


In his logical work, On Interpretation, Aristotle distinguishes between 
two kinds of thinking: 


*Tbid., XIII 31077b11-14. 6t1 pév obv obte ovciat PGAAOV TOV cwLdtWV Eiciv obtE 
mpdotepa TH Elva TOV aicOnt@v GAAG TH Adyw pdvov, ote Kexwplopeva tov eivar dvvatdv, 
etpntat ikavac: 

5Ibid., 17. moAAaxas yap tO eivar Agyouev. 

*Tbid., 1077b23-31. wonep yap kal f] Ktvobpeva povov ToAAOL Royo giot, xwpig tod tt 
Exaotdv got TV ToLlobTwv Kal TOV oUEBeEPHKdtwWV adTOIC, Kal OvK dvayKn bd Tabta H 
KEXWPLOLEVOV TL Elval KIVOLLEVOV TOV aicOnt@v ¥ ev TobTOIc tive PUoLV Eivar apwpropévny, 
oUTW kal Emi TOV KIVOUPEVOV EOOVTAL Aoyor kat EMOTFIHO, ovx f] kivobpEvar Sé GAA 1 ompata 
HOvov, Kal M&A 1 Etneda pdvov kai 1 UNKN Udvov, Kai 1 dtotpetd Koi 1 ddtatpera Exovta 5é 
Ogow kai f &diafpeta dvov. Emphases mine. Note Aristotle’s examples of mathematical 
principles: surfaces, lengths, discrete or continuous quantity in general (that is, the divisible), 
points, and units. 
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Just as in the soul there is thought without [it being] true or false and there 
is thought which must already be so, so, too, with speech. For the false and 
the true are about composition and separation.” 


One way to understand Aristotle’s observation here is to distinguish 
between separation among thoughts of this first sort and separation among 
thoughts of the second. To separate the simple thought of czrcle from the 
simple thought of mutable entails no falsehood—one simply considers the 
one while ignoring what is accidental to it. To separate circle from mutable 
in the second way is to make a claim: circles are immutable. It is a separa- 
tion of this latter sort which constitutes the Platonic turn and which earns 
the name separation in the passage cited. Being a separation of a funda- 
mentally different sort, it has become customary to call thinking things 
separately in the first way, abstraction. Not bearing upon their separate 
existence but only upon what is per se, acts of abstraction leave a real 
account of the mathematicals, as accidents of physical substances, intact. 
Episteme is only of what is real, but the mathematicals ave real, just not real 
substances existing in separation from sensible ones. 


Since it is simply true to say that both separable and inseparable things exist 
(there are things in motion), it is also simply true to say that the mathemati- 
cals exist, with such qualities as they are said to have.’ 


Nor does this separation from what is accidental apply to the mathemat- 
ical sciences alone, even if this particular form of it does.'° 


7 Aristotle, De Interpretatione (Oxford: Oxford University Press, 1936), 1, 16a9-11, here- 
after De Interpretatione. 

8 This is why we have called these claim-separations, above. 

*Ibid., 1077b31-33. Wor’ énei dnAdc Agyetv dANOEc pT] Udvov Ta xwptoTe Eivat GAAG Kod TH 
HI] xwptioté (oiov KivobeEva eivat), Kal Te PHOHHaTIKd Sti ZotIV dMA@s dANVEc Eineiv, Kai 
toiadté ye ota Agyovotv. 

10 Mathematics is characterized by abstracting the properly quantitative aspects of sensible 
substances from those aspects which are accidental to them. As is commonly said, it makes 
no difference to mathematicians whether the lines or circles they think about have these 
sensible qualities or those. Other sciences abstract from the per accidens in other ways, for 
example, true and universal claims in the natural sciences—even claims about place and 
time—abstract from the concrete where-conditions and when-conditions under which the 
realities exhibiting these claims were concretely found. 
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And just as it is simply true to say of the other sciences that they are about 
some [one] thing but not about what is accidental to it (e.g., if [a science] 
is about health it will not also be about the pale, if the healthy happens to be 
pale), rather, each [science] is about its own thing—health if it is about 
health, man if it is about man—so too is it with geometry. The mathematical 
sciences are not about sensible things just because what they are about 
happens to be sensible (even though they do not take them that way), nor, 
on the other hand, are they about things separate from sensible things." 


Said positively, episteme is a sort of thinking about things with an invari- 
able focus upon what is per se. If we think in this way about some property 
of a thing, then upon that property alone (and not the subject in which it 
happens to inhere). If we think, in turn, about the attributes of that prop- 
erty, then upon those attributes and that in which they properly inhere 
(and not properties which are conceptually dissociated from them). 


Many [characteristics] belong to things in themselves and as such: for exam- 
ple, to animal simply as female or as male, even though there is no female or 
male apart from animals. So, too, [characteristics belong to things] simply as 
lengths or as surfaces.1? 


Episteme accounts for male or female proper, not cow or horse, or even 
mammal or animal, knowing all the while that only such things are male or 
female. So, too, for the mathematicals, for which episteme accounts 
through precise thinking about lengths, surfaces, mathematical solids, 
numbers, and their properties. Examples from the middle sciences drive 
the point home: 


The same argument can be made in the case of harmonics and optics. They 
do not regard their subjects insofar as they are sights or sounds, but as 


“ Metaphysica, XI 31077b33-1078a5. kat Womep kat tac dAAag Emtotrpac anAd< dANVEs 
sinsiv tovtou eivat, obyi tod ovuBebnKdtos (oiov St AgvKod, ei 16 bylEWwov AguKdv, 1 5 Zotw 
bytetvod) GAA exetvov ob gotiv éxdon, el 4 bylewov dyietvod, ci 5 F EvOpwnoc avOpcnov, 
obtw Kal tiv yewpetpiav: odk ef ovuBEBNkeEV aioOnté eivar dv éott, pr} Zot Sé fh aioOntd, od 
TOv aioO&yntHv goovtar ai paOnpatikal Emotijpor, ob pEvToL ove Tapa tabta dAAWV 
KEXWPLOLEVWV. 

2 Tbid., 1078a5-8. moAAd dé ovubebnKe Ka abtd toic Tp&ypaow f Exaotov Umd&pxet TOV 
TOLOUTWV, Emel Kal f OFAV TO C@ov Kai f kppev, iia mdOn Eotw (Kattor obk Lott tt OFA od 
&ppev Kexwpilopévov tov Cawv): Hote kal f unk Hdvov Kal fH érineda. 
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lengths and numbers: properly speaking the latter are attributes of the for- 
mer. So, too, with mechanics.!* 


Abstraction makes episteme possible. Considering what thought about 
things would be could we not set aside what is per accidens, we fully agree 
with Aristotle: 


We note, first, that there can be no speculative knowledge of things which 
are accidentally, one sign of which is that no science—practical, productive, 
or speculative—bothers with it. 


Aristotle next provides us with a clear example of how this works in 
mathematics: 


It is best that one think about each thing in this way, separating what is not 
separate, as the arithmetician and the geometer do. For a man as man is one 
indivisible thing, and [the arithmetician] posited one indivisible thing, and 
then thought about whether anything belongs to a man as indivisible. The 
geometer thinks about him neither as a man nor as indivisible but as a 
[mathematical] solid. For clearly those things which would have been in him 
even if he had not been indivisible [can] be in him apart from this 


[indivisibility].!° 


Our own analysis of Metaphysics XIII 3 ends with a segue to the second 
of the remaining difficulties: “For this reason, then, geometers speak 


SThid., 1078a14—16. 6 § abtds Adyos Kai nepl &ppovikiis kal OntiKijc: obdetépa yap F SWic 
Hf wvr Sewpei, aad A yeaupat Kai dpOpot (oixeia pévtor tadta mé0n exetvwv), Kal 
unxavixn S€ woavtws. Note Aristotle’s observation here regarding properties, which can be 
hierarchical. 

14 Metaphysica, VI 11026b2-6. mpatov mepi tod Kata ovpbebnKos Aektéov, Sti ovdepia Eoti 
TEPl avTO OEwpia. Cnpetov Sé: ovdepie yap Emrotrun emeds Mepi aVtTOD oUtE MpaKTIKH OUTE 
TOUTIKf] OUtE DewpntiKs]. 

18 Tbid., XII 31078a21-29. d&prota § avobtw Oewpndein Exaotov, Et TIC TO UT] KEXWPLOLEVOV 
Bein Xwpicac, onep ) dprOuntiKos Tovet Kai O > YEWHETPNG. év pev yap Kai ddiaipetov 6 &vOpwmog 
f &vOpwnoc: 6 8 keto &v adiatpetov, eit eBewpnoev ef T1 TH dvOpurmw ovpPéBnKev H 
adiaipetoc. 6 5€ yewyéetpnc 089 f &vOpwnoc 088 Ff adiafp|etocs AAA H otepedv. & yap Kav ei uN 
Tov rv adiatpetog Unipxev adt@, dfjAov Sti Kal d&vev tovtwv evdexetar avtM vmdpxerv [TO 
duvatov |. 
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rightly and discourse about existing things. Such things do exist: for being 
is twofold—things ave actually and things are materially.”!° 

Abstraction (as here described) distinguishes Aristotle’s philosophy of 
mathematics from platonic realism in that he qualifies the kind of separa- 
tion which occurs—it is a separation in thought.'’ The mathematicals have 
matter, but we ignore that about them. But can we ignore matter alto- 
gether? Certainly, Aristotle’s allusion to matter here has something to do 
with the physical substances in which the mathematicals are found. On the 
other hand, do we not set such physicalities aside when we abstract from 
the per accidens Do we not admit that they exist, in fact, in material sub- 
stances but are defined (and so thought) apart from them? It turns out 
that, for the same reason Plato’s mathematicals are said to be between the 
Forms and singular things, we cannot think about the mathematicals apart 
from so-called intelligible matter. 


INTELLIGIBLE MATTER 


In our discussion of episteme, above, we made reference to an objection 
Meno raises to Socrates’ pursuit of the nature of moral virtue and to his 
even inquiring about whether virtue can be taught. Plato’s Meno supplies 
us with an especially clear example of the Socratic elenchus, with the epon- 
ymous son of Alexidemus serving the role of the hapless victim. As we 
follow their discussion of the nature of moral virtue, we see Meno’s defini- 
tions fall to Socrates’ objections, one after another. But Meno is not so 
defenseless as might first appear. In his exasperation, and having insulted 
Socrates by comparing him (in appearance and in effect) to a torpedo-fish, 
he sets up an argument designed to stop Socrates’ inquiry in its tracks: 


Meno: How will you inquire, Socrates, into that about which you do 
not know at all what it is? What sort of thing will you be look- 
ing for among the things you do not know? And even if you 
were to find it, how can you know that this is the thing which 
you did not know? 


Tbid., 1078a30-31. wWote d14 todto dpO@> oi yewpétpar A€yovoi, Kal meEpi Svtwv 
draxAgyovtat, Kai Svta Eotiv: Sittov yap TO dv, TO pev EvtEAExeia TO 8 vAKédc. Emphases mine. 

Tt differs, too, from nominalism in regarding mathematicals as known essences, existing 
in physical substances (nominalism presents itself in two forms: there are no real essences, or 
no real essences are known). Nominalism is one pathway to mathematical anti-realism. 
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Socrates: I know what you are trying to say, Meno. You do realize what 
a contentious argument you are introducing, that a man can 
inquire neither into what he knows nor into what he does not 
know: for he inquires either into what he knows, and so has no 
need to inquire, or into what he does not know, and is looking 
for he knows not what.!® 


Socrates’ solution to the dilemma is his familiar account of recollec- 
tion—we never learn things anew, but recollect things we have forgotten. 
Delighted with this response, Meno permits Socrates to continue their 
investigation into the nature of virtue. 

But Socrates’ solution is not real, merely an ad hoc response sufficient 
only to satisfy the eager young man. For, even in his account of recollec- 
tion, Socrates assumes that learning does occur: 


Socrates: | Now, as the soul is immortal and has been born many times 
over and, having seen all things in this world and in the world 
below, she knows them all, it is no wonder that she can remem- 
ber all that she knows about virtue and everything else she had 
once come to know. For, as the whole of nature is alike, nothing 
prevents her, in calling even one thing to mind (which men 
call ‘learning’), from discovering all the rest. For all inquiry 
and all learning are recollection. Therefore we ought not to be 
persuaded by your contentious argument: for it will make us 
lazy and is pleasant only to soft men. But the other way will 


Q \ 


18 Meno, 80d-e. Mévwv—xai tiva tpdnov Cntroeic, @ LH«Kpates, todto 6 pr oicBa tO 
rapénav Sti éottv; noiov yap dv ovK oiG0a TpoOEuEVOS CytHoEIG; H Et Kai Sti pdALOTA EvtbyoIs 
abt, nc elon Sti Todt Eotw 6 ob ObK H5noOa; LwKpdtnc—pavOdvw oiov PovAer Aye, @ 
MEvwv. Opa tobtov we EplotiKov Adyov Katdyelc, WG ovK dpa oti CntEiv dvOpwnw ovtE do 
oide obte 8 un oide; ote yap dv 6 ye oiSev Cntoi—oidev yap, Kai ovSEv Sei TH ye To1obtTw 
Cytroewo—oUte 6 pi oidev—ovdé yap oidev Sti Cytricer. Meno’s argument is a destructive 
dilemma. Either one knows or one does not. If one already knows, one cannot inquire (one 
cannot ask about what one already knows). If one does not know, one cannot inquire (as one 
will not be able to recognize the answer to the question). Thus, whether one knows or not, 
one cannot inquire. 


5 ARISTOTLE ON ABSTRACTION AND INTELLIGIBLE MATTER 63 


make us diligent and inquisitive. Consequently, trusting in 
that truth, Iam willing to inquire with you into what virtue is.!” 


In Posterior Analytics, Aristotle considers and directly resolves this same 
dilemma, a real difficulty for the man who claims that “all rational teach- 
ing and learning come about through preexistent knowledge.””? Like 
Socrates’ solution, satisfactory to Meno but unsatisfactory in itself, 
Aristotle’s claim might appear only to defer the problem: if all our knowl- 
edge comes from preexistent knowledge, then how did we acquire any in 
the first place? Aristotle does not get far into the work without tackling the 
dilemma head-on: 


One can come to know either through prior knowledge or also simultane- 
ously with knowledge of some other thing, as, for example, one knows the 
particulars falling under a known universal.?! 


Notice that even here, at the very outset, Aristotle insists upon distin- 
guishing among types of knowledge. He goes on to supply an example: 


One already knows that the angles of every triangle are equal to two right 
angles; but one comes to know [that the angles are equal to two right angles 
and] that the figure in the semicircle is a triangle at the same time.” 


Plato, “Meno”, 8lc-e. &te obv H Wuyi d8dvatde TE OvGa Kai TOAAdKIC yeyovuia, Kat 
Ewpakvia kal ta EvOdSE Kal Ta Ev “Ardov Kal Ndvta XprUAta, OK ZoTiv STL OV HEUMONKEV: WotE 
ovdév Savpactov Kai mepi dpetiic Kai mepi KAAwv oidv T Eivat abtiv dvauvnoOfvan, & ye Kai 
TIPOTEPOV rtoTATO. ATE yap TG PUEWS andons ovyyEvods OVonNS, Kal pEHAONKVIAG THs WoXTIs 
&ravta, obdév KwAver Ev pdvov dvayvnobévta—s 57 péOnow Kadodow &vOpwnoi—tdAha 
né&vta adtov &veupetv, édv tic dvdpetog f Kai pl dnoKéuvn Cntav: tO yap Gnteiv dpa Kai td 
pavOdver évauvnots SAov gottv. obkovv Sei TefPecOat toUTH TH EplotiKG Adyw: obTOS PEV 
yap av tas apyovs moujoetev Kai Eottv toig uadaKois THV dvOpwnwv dvs dKoboal, dde SE 
épyatikouc te Kai CytytiKkovc Totet: @ éyw motebwv dAnOei civon 20EAW LETH ood Cnteiv dp_eth 
6u €ottv. Emphasis mine. 

20 Analytica Posteriora, 1.1.71al-2. Mdoa didackahia Kai m&oa pdOnoig SiavontiKr &Kk 
Tpotmapxovons yivetar yvwoews. 

1 Tbid., 71a17-19. "Eott S€ yvwpifew ta pEev mpdtepov yvwptoavta, THv SE Kal cua 
AapPavovta tiv yvOouv, oiov Soa tvyxéver Svta bnd td KxOdAOv ob Exel THV yvHouv. 

» Thid., 71a19-21. dt1 yév yap nav tptywvov Exe1 dvolv dpGaic toac, mporder- Sti 5é td5e TO 
EV TH NMIKVKAIW Tptywvdv Eotiv, cpa EMaydpEVOSG EyVWPIOEV. 
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Rejecting the claim that, in knowing universals we know only, and ever, 
incompletely,** Aristotle is left with the conclusion that one can know, and 
simultaneously not know, the same thing at the same time—impossible 
unless one means something different by kvow in each case: 


Before one is led to recognize this or before one reaches the conclusion, we 
ought to say that in a way he knew and in a way he did not know. For if he 
simply did not know that it was [a triangle], how could he simply know that 
it had [angles equal to] two right angles? No. Clearly he knows, not simply, 
but universally.” 


At this point, Aristotle immediately connects the alternative (that know 
can only mean one thing) to the dilemma proposed by Meno: “Otherwise, 
the problem found in the Meno comes about: either one learns nothing or 
what he [already] knows.”?° 

Aristotle’s solution distinguishes ways in which something can be 
known and foreknown: 


I think nothing prevents one from, on the one hand, knowing, and on the 
other, not knowing, what he is learning; for it would be absurd, not if he 
knew what he was learning in some way, but if he knew it in the very same 
way as he was learning it.?° 


To know universally is not to know each particular simply, or as such, as 
one can know that every pair is even without explicitly knowing all such 
pairs, assuming there is a pair of which one is unaware. 


3 Aristotle explicitly considers and rejects this position at Analytica Posteriora, I 1 
71a30-71b5. 

4Tbid., 71a24-39. mpiv & énaxOfjvat Ff AaBetv ovAAoyiopov tpdrov pEv tiva tows Patéov 
émtotacBa1, tedtov 8’ GAAov ov. 6 yap ur] det Ei Zot aMAGG, todto MA der Sti SUO dPBAG 
Exe ATTAGS; GAAG SAO We WS pEV Etotatar, Sti KaOdAOV Entotatat, aMAGS 8’ obK Extotatat. 
Emphasis mine. Aristotle is considering two instances of learning in this section: recognizing 
a singular as falling under a universal and arriving at a syllogistic conclusion. Though the two 
are associated, he spends more time discussing the former, while our own point more directly 
concerns the latter. Still, each type is comprised under what Aristotle claims for learning here. 

5 Tbid., 71a29-30. ei dé pr, TO Ev TH MEvwvi dndpyuc ovpProetar- 1 yap obdev paOroetor 
i] & oidev. 

©Tbid., 71b5-8. GAA’ obSEv (oipat) KwAvEL, 6 HavOdvel, Zotiv wo Erfotacbat, gott 8 WC 
ayvoeiv: &tonov yap ovk et o1SE Tus 5 pavOdvel, GAN’ Ei WI, olov A pavOdver Kal dc. 
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Consider Aristotle’s example of the figure in a semicircle. That all tri- 
angles have their angles equal to two right angles is actually known as a 
premise of the argument, while what is as yet not actually known is whether 
the figure inscribed in the semicircle does. There are two possibilities: the 
figure in question has its angles equal to two right angles or the figure in ques- 
tion does not have its angles equal to two right angles. But even this is not 
quite true. We all know that the figure inscribed in a semicircle zs a triangle 
and so, in fact, does have its angles equal to two right angles. It turns out 
that the figure in question does not have its angles equal to two right angles is 
not even possibly true. On the other hand, if it were not at least possible, 
why would we ask the question in the first place? That is because the 
merely logical possibilities are potential. Matter is in potency to any num- 
ber of forms, and the matter of this proposition (its terms) can be arranged 
in the form of an affirmation or a denial: nothing prevents them being so 
formulated. Nevertheless, only one conclusion follows, given the princi- 
ples. Hence, it is possible not to know something which is in fact so, and 
possible not to have demonstrated something which is demonstrable. All 
the same, what has not yet been proven so, is so.’” 

In Chap. 6 we will return to this distinction between knowing some- 
thing potentially—or virtually—and knowing it actually as we see it devel- 
oped in Aquinas. That distinction is founded upon the above solution to 
Meno’s dilemma, that we know particulars and conclusions differently at 
the outset and in conclusion. Further, though Aristotle does not explicitly 
refer to actual, virtual, or potential knowledge in these passages, the solu- 
tion serves to explicate the passage which led to this section: “[G]eome- 
ters speak rightly and discourse about existing things. Such things do exist: 
for being is twofold—things are actually and things ave materially.””* 


?7Failure to make this distinction led intuitionist mathematicians of the twentieth century 
to deny the universality of the principle of excluded middle. This observation parallels a 
famous distinction made by Thomas Aquinas in Summa Theologiae, 1 2 1 between proposi- 
tions known per se and guoad nos and those known per se but not guoad nos. Propositions are 
known per se whose predicate is included in the ratio of the subject; still, it is possible we may 
not have seen this, as we may be ignorant of the ratio of the subject. So, too, with the conclu- 
sions of demonstrations which, in contrast, are known per aliud and not per se: a proposition 
may, in fact, follow necessarily from principles known per se, even if no one has come to see 
the inference. They would be demonstrated 7 themselves, but not to us. 

*8 Metaphysica XIII 3, 1078a30-31. dote dia tobto opOAc ot yewpEtpar AEyovol, Kai TeEpt 
Svtwv diadgyovtat, Kal Svta eotiv: dittov yap tO dv, TO yEv Evtedexeta TO 8 VAIKAC. 
Emphases mine. 
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INTELLIGIBLE MATTER AND THE REALITY 
OF MATHEMATICALS 


One place Aristotle takes up being potentially—being materially—can be 
found in Metaphysics VU where, in chapters ten and eleven, he returns to 
the mathematicals, among other things. What has being potentially—or 
materially—to do with mathematics? Firstly, as we have seen, it is relevant 
to the dilemma we addressed above, as one does not actually know a con- 
clusion (whether mathematical or otherwise) at the outset, though one 
does—must—know it in some way: potentially, or virtually. So much for 
mathematical reasoning. As to the mathematicals themselves, it seems 
strange to speak of them as having matter—their physicality would appear 
to be the very thing from which we abstract when thinking about them. 
On the other hand, there is a sort of matter here as well.”? 

While Book VII of the Metaphysics is generally about substance, one 
sense of substance is the substratum—to vmoxsivevov—and, in its first 
sense, the substratum is matter.*° To what extent does a consideration of 
matter enter into our thought about things, especially when it takes the 
form of episteme? If we recall that one of the conditions for episteme is that 
we already know what the subject of our conclusion is—its real defini- 
tion—then matter is the concern of the mathematical sciences, too, to the 
extent that it enters into the definition of the mathematicals. 

In chapters ten and eleven, Aristotle raises a question whose solution 
sheds much light on his mathematical philosophy: 


Since a definition is an expression [Adyoc] and every such Adyos has parts, 
and the Adyog is related to the thing in the same way as part of the Adyog is 
to part of the thing, there is a question whether the Adyog of the parts is in 
the Adyog of the whole or not.*! 


2° As we mentioned above, Aristotle does speak of intelligible matter (UAN vontr) in several 
places. Even in logic, we say that one part of a definition is material in relation to another 
part, which is formal. 

Cf. Metaphysica, VIL 31028b33-1029a2. 

3! Metaphysica VII 101034b20-24. énei é 6 dpiopdg Adyog Eott, mac SE Adyos HEPN EXEL, WG 
d5€ 6 Adyog Mpd¢g TO MP&ypa, Kal TO HEPOG Tob Adyov Mpd¢ TO LEpoG TOD MpPaypatoS Opotws EXEL, 
dmopeitat on motEpov Sei TOV TMV LEPHv Adyov EvuTtdpxety Ev TH TOO SAov Adyw 7 OV. Adyos 
is notoriously difficult to translate. Here, it is the intellectual expression of the nature of 
a thing. 
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Aristotle sees in the relation of part to whole a reference to matter: 
parts are materially in a whole. But both the mathematicals themselves 
and their definitions contain parts—indeed, being composite expressions, 
all definitions contain parts. In fact, we earlier observed that mathematics 
is especially concerned with parts, after all, parts are of the essence of 
quantity. If parts are materially in a whole, then, and mathematics is a sci- 
ence of parts—or things having parts—matter will need to be included in 
the definition of the mathematicals in some way. His question, here, is im 
what way: He continues by saying: 


For sometimes [the Adyog of the part] appears in [the Adyog of the whole] 
and at other times it does not. The Adyog of the circle does not contain [the 
Adyos] of the segments, whereas [the Adyoc] of the syllable does contain 
[that] of the letters: and yet the circle is divided into segments, just as the 
syllable is divided into letters.”*? 


This difference comes down to a difference among types of parts— 
there are parts of things and parts of the Adyog of things. We think about 
such parts differently, as it turns out: 


Parts which are like matter and into which [the whole] is divided as into 
matter are posterior [to the whole], whereas parts of the Adyog and of the 
essence expressed in that Adyos are prior [to the whole ]—whether all or 
some of them.** 


Much to our purpose here, Aristotle supplies an instance of each taken 
from mathematics. Though a circle can be (literally) divided into two 
parts—semicircles—it is not in knowing these parts that one arrives at a 
knowledge of the circle, its definition. Knowing such parts is subsequent to 
knowing what circles are, not vice versa. On the other hand, the definition 
of the semicircle includes the notion of circle among its parts—since a 
semicircle is half a civcle—with the result that we know what semicircles 
are after we know circles, not vice versa. Circle is part of semicircle, then, 
not part of it, but part of its definition. 


*Tbid., 1034b24-27. é eviwv pév yap patvovtat évovtes éviwv 5 of. tod pév [25] yap 
KUKAovu 6 Adyos OvK EXEl TOV TOV TUNATWV, 6 dé Tijg oVAAABTs EXEL TOV TOV OTOLXELWV: KatTOL 
Sioipeitat kal 6 KUKAOS Eig TA THrPaTa donep Kai 1 oVAAGBNH Eig Te oTOIXEIA. 

38 Tbid., 1035b11-13. WoO Soa pev pépy we BAN Kai eic & dratpeitat wo BAnv, botepa: doa 
d5€ Ws Tob Adyovu Kai Tis OvotaG Tig KaTA TOV Adyov, TPdTEPA T M&vTa T Evia. 
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Recalling that the mathematicals, for Aristotle (and for Plato too, 
though differently) are forms, one might initially be led to think that (as 
above) matter is no part of their consideration. Indeed, when we think 
about them, we are careful to ignore any material aspect, as being acciden- 
tal. On the other hand, definitions are composite wholes, themselves made 
up of parts, so the part-to-whole relationship still obtains and therefore 
materiality, of some sort. There follows Aristotle’s direct reference to this 
type of matter: 


Now a part may be a part of the form (by form I mean the essence), or of 
the whole composed of form and matter, or of the matter alone. But only 
the parts of the form are parts of the Adyoc—the Adyog of the universal. ... 
Some matter is sensible and some is intelligible (GAn vontr): sensible, for 
example bronze and wood and all changeable matter and intelligible, 
belonging to sensible things but not [intelligible] as sensible, for example 
the mathematicals.** 


It is difficult, says Aristotle, to identify what sort of parts belong to the 
form and what do not.*® Still, without such a distinction, we can know 
nothing scientifically, since a definition is the Adyos of the form and there 
is no episteme without definition. On the other hand, the Adyog of the 
form (as we have just seen) is not severed from materiality altogether—in 
fact, just the opposite, as it must include a reference to the parts of the 
form. This is as true of the mathematicals (which abstract from material- 
ity—that is, sensible matter) as of other things. This last quotation brings 
us to Aristotle’s conclusion: 


As for the mathematicals, why are the Adyot of the [concrete] parts not parts 
of the Adyos of the [abstract] whole—why are the Adyot of semicircles [not 
parts of the Adyoc] of the circle? For they are not sensible. Maybe it makes 
no difference? Since there will be matter even of some things which are not 
sensible? For, indeed, everything which is not an essence, or its own form, 


4Ibid., 1035b33-1036al, 1036a9-13. pépos pév obv Eoti kal tod EiSous (eidoc SE AEyw tO 
ti Av eivat) Kai tod cvvdAou Tob ek tod eiSouc Kai tig BANS Kai tio BAns adtijc. AAA Tod 
Adyov pépn ta tod Eeidouc pdvov Eotiv, 6 SE Adyog Eoti Tob KaBdAov: ... DAN dé Y HEV aioOntH 
gottv 1) 5 vont, aioOnti pév oiov xadKdc Kai E¥Aov Kai Gon KivntH LAN, vont 5é 1 év toic 
aicOntoic Und pXovEE UN] A aioOnTd, oiov Te UaONUaTIKd. 

35 This question occupies Aristotle in Metaphysica, VII 11. 
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in itself, but is a particular thing, has some matter. [Semicircles] will be not 
parts of the universal circle but of particular circles, as we said before—for 
some matter is sensible and some is intelligible.*° 


The mathematicals, by Aristotle’s account, are accidental forms of 
material substances. Abstracting from what is per accidens, as we saw, we 
can think about such forms while ignoring those aspects of their material- 
ity which has nothing to do with what they are. Contrarily, having material 
parts is of the essence of natural, living things—we cannot think about 
them while ignoring these. We can (and do) ignore their individuality 
when we define them and make universal claims about them. Still, these 
claims include their materiality, in general, as it were. 

Were the mathematicals the sort of thing Plato envisioned, immaterial 
substances, though many the same, our thinking of them could (and nec- 
essarily would) set aside any notion of materiality. In Aristotle’s terms, 
each would be a unique substantial form, which form would constitute its 
substance. But it is physical substances which have real quantitative 
aspects—our how much and how many questions occur when we think 
about physical—not immaterial—things. However little mathematics has 
to do with motion, rest, heavy, light, color, rough, and smooth, we cannot 
say there is mo materiality, in any sense, in this realm. Physical substance 
itself is necessarily a condition for the very existence of the mathematicals. 
We cannot ignore—abstract from—that materiality, since particular circles 
do require matter to be. Moreover, as we pointed out earlier, thinking 
about quantity is to think about parts, or things with parts. It makes much 
difference whether the parts are formal or material, as Aristotle has noted, 
if we ask what must be known prior to what. Still, eventually and at the 
outset, mathematicians must deal with parts, and therefore matter. 

This observation, important in itself as to the beginnings of mathemat- 
ics, also has implications for conducting mathematics, as we will see in 
what follows. 


36 Metaphysica VI 111036b33-103744. mepi d€ t& pao npatiKa dia Ti ovK Eloi HEpN ot Adyor 
TOV hoywv, oiov tod KUKAOU Th Hurxbidrar; ov yap Eoti aio®nta tabta. | ovbev Siapéper; 
Zotar yap An éviwv Kat pr aio@ntav: Kal mavtdc yop FAN tig Eotwv 5 pn Eow tt tv eivat Kal 
eiSoc abtd Kad adtd GAAd t65€ TL. KKAOU pev obv obk Zotat tod KabdAou, tHv dé Kad ¥kaora 
Eotat pepy tadta, domep eipryton mpdtepov: gott yap VAN 1 pEv aioOntr 1 Se vontr. 
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INTELLIGIBLE MATTER AND ACCESS 


We have made much in the previous pages of Aristotle’s insistence that the 
mathematicals be abstracted from their physical conditions when we think 
about them, but not all that is physical about them. This balance between 
the abstract and the material allows him to speak of them as idealized 
(through the act of abstraction) and yet real, each having an individual, 
physical subject in which it inheres and even universal definitions which do 
not prescind from that sort of materiality. That connection to the physi- 
cally real explains why Aristotle was even able to raise the question whether 
mathematics and the natural sciences differ. It also allows Aristotle to 
identify the source of the mathematicals’ umity (recall the distinction 
between what is per se one and a collection, or heap). As we have seen, 
physical substance is not accidental to mathematical forms, but rather a 
precondition of them.*” While we can enumerate the mathematicals as 
“planes, lines, divisibles, indivisibles having position, or indivisibles,”** 
using a kind of shorthand, we cannot forget that these are divisible or 
indivisible physical substances: substance according as it is subject to quantity, 
as Aquinas says.*? The realism of Aristotle’s mathematical realism is 
grounded in the reality of individual physical substances. 

Why, finally, would the method of mathematics include construction, 
then??? That it does is attested to by everyone, Aristotle included, but, on 
the face of it, the need for construction seems incompatible with the need 
for abstraction—if we abstract, we have no need to construct, for physical 
circles, lines, planes, and numbers are already there. 

In Book Nine of the Metaphysics, Aristotle considers one of his earlier 
distinctions of being: being actually and potentially. In line with the matter 
we have just addressed, he takes up the question of potentiality in mathe- 
matics, this time on the part not of what is presupposed to our thinking 
about the mathematicals (the parts of the form, which we must know 


37 Though much less than we see with the objects of the natural sciences, where we ignore 
matter to a different extent. For example, though neither this oxygen nor this hydrogen are 
relevant when we think of water, certainly hydrogen and oxygen are. In contrast, no type of 
physical substance is relevant when we think of circle, but physical substance in general— 
intelligible matter—is. 

38 Metaphysica, XII 3, 1077b23-31 

° Summa Theologiae, I 85 | ad 2. “Materia vero intelligibilis dicitur substantia secundum 
quod subiacet quantitati.” 

40 This is the third of the questions with which we were left at the end of the last chapter. 
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before we know their definitions) but on the part of conducting mathe- 
matical demonstrations, proving proper attributes of the ultimate subjects 
of mathematics. Constructability (even linguistically) implies potency of 
some sort. What we construct does not preexist our constructing it, unless 
potentially. 

In Metaphysics 1X 9, Aristotle turns to how potentiality is of concern to 
the mathematician—not, in this case, the matter i” which the mathemati- 
cals themselves inhere, but to the potentials we actualize through 
constructions. 


[Geometrical] diagrams are discovered by means of an actualization, for we 
[discover] them by dividing. If the division were already made it would be 
clear, but as it is [the division] is there potentially. Why is the triangle [equal 
to] two right angles? Because the angles about one point are equal to two 
right angles. If the line [parallel] to the side had been set upward it would 
have been clearly seen at once. Why is the angle in a semicircle always right? 
If three [lines] are equal—two making the base and one set up straight from 
the middle—it is clearly seen by one who knows the former [proposition]. 
So it is evident that potential constructions are discovered by being made 
actual. This is because thinking [constructing them] is an actuality. 
Potentiality comes from actuality, then, and the ones making these 
constructions come to know through them. (For an act which is one in 
number is posterior in generation. )*! 


For Aristotle, not only are mathematical constructions needed heuristi- 
cally, they are integral to mathematics as a type of episteme. Recalling what 
we said earlier regarding the conditions for episteme, a demonstration 
yields a conclusion in which a property is shown to belong to some sub- 
ject, about which we already know what it is and that it exists.*” As regards 
existence, then, Aristotle sees it as needing proof. One is not able to know 
of the existence of a thing in defining it (the first act of the mind) but only 


* Metaphysica, IX 9 1051a21-34. evpioxetat d& Kai ta Staypdppata évepyeia: diapodvtes 
yap edpioxovor. cid Av Sinpnpéva, pavepa dv fv: vov 5 évundpyer Suvéper. Ard ti SU0 Spat 
tO tpiywvov; Sti ai mepl piav otryyyv ywvior toor S00 dpOaic. ei obv aviKto TY mapd tiv 
TAeupay, iSévti av Hv EvOdc SfAov 16 ti. Ev HurkvKAtw dpOr KaBdAov S16 TH; Edv toar tpEic, I 
te Bdoig S00 Kai 1 Ek HEoOU EmtotaBEion dpON, iddvti SfjAov TH Exetvo Eiddtt. “Qote avepov 
6ti ta Suveuer Svta Eig Evepyerav aydpeva evptoxetar: aitrov dé Sti 1 VOnots Evepyeta: dot’ EF 
evepyeiag 1 SUvats, Kai dia toto NowbvtEs ytyvWoKovoL (VotEepov yap yEeveoet nt Evepyeta 1] 
Kat’ &prOudv). 

“Cf. Analytica Posteriora, 11. 
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in its proof. This becomes clear in Posterior Analytics U7, where Aristotle 
takes up the question of proving that a thing is—the being of truth. 


That a thing is will be [known through] a demonstration, which is exactly 
what the sciences do. Geometers assume what triangle means, but that it is 
they demonstrate.** 


Constructions are mental acts which bring it about that we potentiali- 
ties in the mathematicals brought to light. The angle in a semicircle being 
only right is something we came to see after never having seen it. Nor is 
this the more-or-less open potentiality of the various materials used in 
physical constructions: it is impossible to construct any other sort of tri- 
angle in that space. Constructions of this sort accord with the general 
conditions Aristotle lays out for episteme—that we know the proper reason 
why a necessary conclusion is true. 

Using geometry as an example, exactly how do we even begin to think 
about one- and two-dimensional figures, lines and circles, for example? If 
we return to the very beginning of Euclid’s Elements we learn that the 
existence of straight lines and circles is not proved in a standard demon- 
stration but postulated, and such postulates ave constructions, of a sort.** 
Given these, we can establish the existence of what are commonly thought 
to be the subjects of geometry: triangles, squares, and so on. But is this the 
episteme about which we have been speaking in this book? Has the activity 
of abstracting lines, circles, and other geometric figures already occurred? 
Perhaps. After all, Euclid does begin each of the Books with definitions of 
the geometricals which will be under consideration. On the other hand, 
those geometricals seem not to be the physical lines and circles we are 
looking at—even after we have left out of consideration those sensible 
attributes which are accidental to them. None of those lines are breadth- 
less, none lie evenly with their points, and none of those surfaces lie evenly 
with the straight lines they contain. As we complete our consideration of 
his philosophy of mathematics, we must determine precisely what Aristotle 
is and is not saying in Posterior Analytics. 


* Analytica Posteriora, 92b14-16. dndderéig ap” Eotor Sti Eotwv. “Omep Kai viv moLobow ai 
Emlothipar. ti wEv yap onpatver tO tpiywvov, EAaPev 6 yewpetpnys, Sti 8” Eoti, dSeikvuor. 
Emphases mine. 

4#Cf. Euclid, The Elements, trans. Thomas L. Heath (New York: Dover Publications, 


1956), I, Postulates 1-3. 
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Episteme requires that we already know some things: the truth of the 
premises of demonstration, the meaning of the term we use to signify 
some proper attribute we intend to prove about the subject, and the sub- 
ject itself, both that it is and what it is. Aristotle’s own example of some- 
thing whose meaning alone we must already know, oddly enough, is 
triangle. Not some property ofa triangle, rather triangle is regarded as a 
proper attribute to be proved as belonging to another subject. 


It is necessary to have preexistent knowledge of two sorts: for in some cases 
it is necessary to assume that something is, in others what the term is, and in 
still others both. For example, of concerning everything, either the affirma- 
tion or the denial is true |we assume] that it is, of triangle [we assume | what 
it means, and of unit [we assume] both what it means and that it is. 


Most unfortunately, Aristotle does not elaborate upon his examples. 
Moreover, the example is mixed—presumably there is no single demon- 
stration proving that a unit is a triangle in light of the principle of excluded 
middle. Given what he says of it, though, triangle must be a proper attri- 
bute. But of what? Is triangle not the subject under consideration? 

In his Commentary on Aristotle’s Posterior Analytics, Aquinas provides 
us with a helpful insight as to Aristotle’s meaning here: 


Since accidents are referred to substance in a certain order, it is not unrea- 
sonable that what is an accident with respect to one thing may also be a 
subject with respect to another. For example, surface is an accident of a 
bodily substance: yet surface is also the first subject of color.*® 


Common opinion tells us arithmetic is about numbers and that geom- 
etry is about plane and solid figures. Given an order among the accidents 
of a physical substance, however, triangle might inhere in a substance by 


5 Analytica Posteriora, 1 1 71al1-16. diy § dvayKaiov Mpoytv@okel- ta yev yap, ott 
éotl, MpobmoAapPdaverv dvaykaiov, t& dé, ti tO AeyopueEvov Eot1, Evvievat det, ta § dup, oiov 
OTL HEV AAV T Pijoat ff dnogrjoar dAnVEc, Sti Eot1, TO SE Tpiywvov, St1 Todi onuatver, tH 5E 
povaéda dupw, kat tt onpatver Kai St oti. It is in the course of his argument for this conten- 
tion that we find Aristotle’s answer to the above-mentioned Meno dilemma. 

‘Thomas Aquinas, In Aristotelis Libros Posteriorum Analyticorum Expositio (Rome: 
Marietti Editori Ltd., 1964), 1 2 17, hereafter In Posteriorum. “Cum enim accidentia quo- 
dam ordine ad substantiam referantur, non est inconveniens id quod est accidens in respectu 
ad aliquid, esse etiam subiectum in respectu alterius. Sicut superficies est accidens substantiae 
corporalis: quae tamen superficies est primum subiectum coloris.” 
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way of some more fundamental accident—its more immediate and not 
ultimate subject, so to speak. On the other hand, surely it is about triangle 
that we prove that its angles are equal to two right angles and about right 
triangle that we prove that the sum of the squares on each of the legs are 
equal in area to the square on its hypotenuse. Triangle and right triangle 
are undeniably the subjects of conclusions of demonstrations taking those 
forms. Aquinas continues to unravel Aristotle’s thought: 


In those sciences which are about certain accidents, nothing prevents that 
which is taken as a subject with respect to a certain attribute to be also taken 
as an attribute with respect to a prior subject. Still, this cannot go on infi- 
nitely: for one must come to something which is first in that science, which 
is taken as a subject and in no way as an attribute; as is clear in the mathe- 
matical sciences, which are about continuous or discrete quantity. For those 
things which are first in the genus of quantity are assumed in these sciences: for 
example, the unit, and the line and surface, and others of this sort. Assuming 
these, certain other things are sought through demonstration, such as the 
equilateral triangle and the square in geometry, and other such things. This 
is why such demonstrations are called operative, as it were, for example: on 
a given line to construct an equilateral triangle. This achieved, certain 
attributes are then proved about it, for example, that its angles are equal, or 
some such thing. It is clear, therefore, that in the first manner of demonstra- 
tion triangle is an attribute, while in the second it is a subject. So the 
Philosopher is using triangle as an attribute here, and not as a subject, when 
he says “of triangle it is necessary to already know what it means.”#” 


*7Tbid. Emphasis mine. “In illis autem scientiis, quae sunt de aliquibus accidentibus, nihil 
prohibet id, quod accipitur ut subiectum respectu alicuius passionis, accipi etiam ut passio- 
nem respectu anterioris subiecti. Hoc tamen non in infinitum procedit. Est enim devinire ad 
aliquod primum in scientia illa, quod ita accipitur ut subiectum, quod nullo modo ut passio; 
sicut patet in mathematicis scientiis, quae sunt de quantitate continua vel discreta. 
Supponuntur enim in his scientiis ea quae sunt prima in genere quantitatis; sicut unitas, et 
linea, et superficies, et alia huiusmodi. Quibus suppositis, per demonstrationem quaeruntur 
quaedam alia, sicut triangulus aequilaterus, quadratum in geometricis et alia huiusmodi. 
Quare quidem demonstrationes quasi operativae dicuntur, ut est illud, Super rectam lineam 
datam triangulum aequilaterum constituere. Quo adinvento, rursus de eo aliquae passiones 
probantur, sicut quod eius anguli sunt aequales aut aliquid huiusmodi. Patet igitur quod 
triangulus in primo modo demonstrationis se habet ut passio, in secundo se habet ut subiec- 
tum. Unde Philosophus hic exemplificat de triangulo ut est passio, non ut est subiectum, 
cum dicit quod de triangulo oportet praescire quoniam hoc significat.” 
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While we will have more to say about the distinction between ultimate 
and proximate subjects at the end of Chap. 7, what is clear at least is that 
mathematical subjects are, in part, made. As Charles DeKoninck says: 


To show, concerning the equilateral triangle, that it is, it is not sufficient to 
point to a figure on the blackboard, so carefully drawn that to our eyes its 
three sides are indistinguishable in length; for no amount of physical mea- 
surement could verify the exactness of ‘equal sides.’ ... While the geometer 
assumes the continuum as ‘what is divisible without end,’ according to one 
or more dimensions, any subject of which he demonstrates some property, 
e.g. of ‘triangle,’ must first be established by way of a construction to show 
that there is such a thing. Demonstrations by way of construction are called 
‘quasi operational.’*® 


A triangle is an attribute of a more fundamental subject, plane surface. 
As we develop the science of geometry, we need initially know only what 
triangle means. Knowing this, we recognize that the figure we have con- 
structed is, in fact, a triangle, that is, that triangles exist. This constructive 
demonstration follows from the first principles of the science, including 
the postulates—we know that such principles are true. To say that geom- 
etry has, as its subject, triangles and squares and so on is not false, then, 
for these are subjects with respect to the proper attributes we subsequently 
demonstrate of them. Still, there is a prior subject: continuous quantity, 
according to one, two, or three dimensions. This is the subject we know 
through abstraction and about which we demonstrate, by way of con- 
struction, the proper attributes which constitute the different geometrical 
figures. 

It is that about which we must already know both that it is and what it 
is, which is the ultimate subject of episteme.*? For unless one already knows 
both what his subject is and that it exists, there is no possibility of demon- 
stration—Aristotle has made this most clear. In fact, this very condition for 
episteme is what compelled us to ask whether the mathematicals exist as 
attributes of physical substances: for we realized that without our knowing 


48 Charles DeKoninck “Abstraction From Matter,” in Laval Théologique et Philosophique, 
13 no. 2 (1957): 133-96. 

*° Assuming, from above, what we said regarding intelligible matter, in their Jong forms, we 
could describe the ultimate subjects of arithmetic and geometry, respectively, as being (quan- 
titatively) indivisible physical substance, and (quantitatively) divisible physical substance, 
respectively—the unit and continuous quantity, in brief. 
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of the existence of the subjects of the science (as we supposed them to be) 
there could be no science at all. 

In sum, following Aristotle, we know that proper attributes of the sub- 
ject of the mathematical sciences—the mathematicals and their proper- 
ties—are real and necessarily follow from those subjects by way of 
construction. 

As to details, Aristotle’s own example of the subject of episteme—the 
unit—serves our purposes well. Nothing is more fundamental in arithme- 
tic than the unit. It is the principle of number itself, for a number 7s a 
plurality of units, and any number can be constructed from it. In fact, 
arithmetic does not have difficulties of the same sort as geometry in this 
regard: for there appears to be no difference between the physical unit and 
the imagined one, as such, quite unlike the physical sphere and the imag- 
ined one.*? The discrepancy between what we defined as a line or circle 
above and those we find as the concrete limits of natural substances is a 
sure sign that we do not abstract those forms from natural things, but, as 
we have just seen, construct them as proper attributes of the mathematical 
continua we have abstracted. 

Aristotle’s philosophy of mathematics aligns perfectly with the idea that 
numbers can be found in physical substances.*! This claim seemed to jus- 
tify arithmetic’s designation as episteme from the beginning. On the other 
hand, if the above account of mathematical construction is also Aristotelian, 
all that seems to be required 2 re is the unit. Earlier—even apart from the 
precision problem in geometry—we struggled with the believability of 
physical numbers in arithmetic. Honestly, there seems to be no need for 
them. We, in fact, do not consult our experience to discover a physical 
substance with twenty-eight parts, abstract that number from its concrete 
conditions, and only then demonstrate that twenty-eight is a perfect num- 
ber. The requirement becomes more obviously absurd when we move to 
higher orders of number. Seeing that the number one million is a square 
requires far less than searching out a substance with so great a number of 
parts, individually discernable. 

Taking Aristotle as a whole, then, it seems that the reality of the math- 
ematical unit and of continuous quantity in one, two, and three 


50That is, the precision problem seems less of a problem for arithmetic, at the very least, 
than for geometry. 

*! This goes all the way back to Aristotle’s including discrete quantities among the 
categories. 
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dimensions is sufficient for the mathematical sciences. This account 
resolves the difficulties which arose in dealing with the mathematicals 
(numbers, lines, triangles, dodecahedrons) and explains why we might 
consider them what mathematics is about in the first place. They are, after 
all, subjects in those sciences—albeit not the ultimate subjects. As to 
whether this undermines Aristotle’s claim to realism in mathematics, much 
depends upon the nature of mathematical constructions (After all, one of 
the chief objections to mathematical realism is that the mathematicals are 
mere constructions, arbitrary, conventional.) 

Earlier, we distinguished the kind of construction to which Aristotle 
makes explicit reference from the openness of the constructability of physi- 
cal matter. Importantly, in saying that the constructing mind actualizes 
the potentiality in intelligible matter, Aristotle does not regard this potency 
as a fundamental one—like prime matter, for instance. While we will 
explore the distinction we find implicit in Aristotle’s account of intelligible 
matter in the next chapter, we can say here that the potentiality of which 
he speaks is necessarily /émited. This is at least clear from the example he 
gives—constructing a triangle in a semicircle, for it is not as if mathemati- 
cal artisans can construct anything else in a semicircle. The potency here is 
restricted to a single outcome (as would be needed to fulfill the conditions 
for episteme anyway, since episteme is only of what must be.) 

Having supplied a solid grounding in both the Platonic and Aristotelian 
accounts of the nature of the mathematicals and the sciences whereby we 
know them, we will now turn to the central portion of this work, a consid- 
eration of Thomas Aquinas’ philosophy of mathematics. At issue are the 
ways in which Aquinas’ thought aligns with, and departs from, his intel- 
lectual forebears. It is our contention that his view is an organic develop- 
ment of ancient mathematical wisdom. We also hold that these 
developments—and their foundations in Greek thought—help traditional 
philosophers to avoid some of the difficulties modern philosophers have 
encountered in thinking about mathematical things. 
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PART II 


Mathematical Realism in Aquinas 


CHAPTER 6 


Objects, Freedom, and Art 


MATHEMATICS AND EXISTENCE 


One finds in Aquinas an account of the mathematicals which parallels 
Aristotle’s—even in distinguishing itself from Plato’s view. The mathemati- 
cals are real attributes of physical substances about which we think by way 
of abstraction. On the basis of principles we already know and in conjunc- 
tion with the other conditions laid out for episteme (Latin scientia), we 
demonstrate true and universal conclusions about continuous and discrete 
quantity by way of constructive proofs. In fact, as one reads Aquinas’ 
account, it is difficult to find a mathematical point about which the two 
philosophers disagree—which is not to say that the latter did not build upon 
what was only dealt with in principle in the Stagirite’s mathematical thought. 

One possible difference, bearing upon the manner in which the math- 
ematicals exist, arises from a disputed question Aquinas had apparently 
inserted into his Commentary on the Sentences of Peter Lombard.' He 
begins by noting that concepts in our minds can be related to external 
realities in three ways. 


'See Armand Maurer, “A Neglected Thomistic Text on the Foundation of Mathematics,” 
Medieval Studies 21 (1959): 185-92 See also Armand Maurer, “Thomists and Thomas 
Aquinas on the Foundation of Mathematics,” Review of Metaphysics 47 (1993): 43-61 and 
Antoine Dondaine, “Saint Thomas et La Dispute des Attributs Divins (I Sent. d. 2, a. 3): 
Authenticité et Origine,” Archivum Fratrum Praedicatorum 8 (1938): 253-62. 
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Sometimes the intellect conceives the likeness of a thing existing outside the 
soul (for example, what it conceives about the word man), and such a con- 
ception of the intellect has a foundation in the thing immediately, insofar as 
that very thing, through its conformity with the intellect, causes the intellect 
to be true and the name signifying that thing to be properly said of it. 


This is the standard Aristotelian and Thomistic account of intentional 
reception, in which, our mind being conformed to external reality, there 
results a formal identity between the mind and the thing known. Following 
what we have said of Aristotle’s mathematical philosophy, above, and of 
Aquinas’ agreement with it, we would expect our knowledge of the math- 
ematicals to belong here—after all, mathematics is episteme, and its sub- 
jects are real. 

Aquinas continues: 


At other times, what the name signifies is not a likeness of a thing existing 
outside the soul, rather, it is something which follows upon the way [the 
intellect] understands a thing outside the soul: and the intentions which our 
intellect discovers are of this sort (e.g., what the name genus signifies is not 
a likeness of some thing existing outside the soul, rather, because the intel- 
lect understands animal as being divided into many species, it attributes the 
intention of genus to it). Now, although the proximate foundation of this 
sort of intention is not in the thing but in the intellect, still, its remote foun- 
dation is the thing itself. And so the intellect which discovers these inten- 
tions is not false. And so it is with all other things which follow upon our 


mode of understanding, such as the abstraction of mathematicals, and 
the like.* 


2 Scriptum Super Sententiarum, 1 2 3. “Aliquando enim hoc quod intellectus concipit, est 
similitudo rei existentis extra animam, sicut hoc quod concipitur de hoc nomine homo; et 
talis conceptio intellectus habet fundamentum in re immediate, inquantum res ipsa, ex sua 
conformitate ad intellectum, facit quod intellectus sit verus, et quod nomen significans illum 
intellectum, proprie de re dicatur.” 

3Tbid., “Aliquando autem hoe quod significat nomen non est similitudo rei existentis extra 
animam, sed est aliquid quod consequitur ex modo intelligendi rem quae est extra animam: 
et hujusmodi sunt intentiones quas intellectus noster adinvenit; sicut significatum hujus 
nominis genus non est similitudo alicujus rei extra animam existentis; sed ex hoc quod intel- 
lectus intelligit animal ut in pluribus speciebus, attribuit ei intentionem generis; et hujusmodi 
intentionis licet proximum fundamentum non sit in re sed in intellectu, tamen remotum 
fundamentum est res ipsa. Unde intellectus non est falsus, qui has intentiones adinvenit. Et 
simile est de omnibus aliis qui consequuntur ex modo intelligendi, sicut est abstractio math- 
ematicorum et hujusmodi.” 
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Our intellectual mode of understanding gives rise to this account of 
logical—second—intentions. Here, though we obviously conceptualize 
genus and species and other purely logical notions themselves, we do not 
regard them as being conformed to external reality, unless mediately. As 
Aquinas says, “[this intention’s] remote foundation is the thing itself.” 
This difference explains why the sophistical argument animal is a genus, 
Socrates is an animal, therefore Socrates is a genus is invalid, as one shifts 
from first to second intentions in the reasoning. This remote connection to 
reality, however, is sufficient for the truth of purely logical claims (animal 
is a genus). 

Importantly, however, Aquinas explicitly includes the ‘abstraction of 
mathematicals’ among second intentions—which is to say that they have 
no proximate foundation (proximum fundamentum) in reality, only a 
remote one. This is to say, though mathematical claims and conclusions 
are true, they are not true of things so much as of the way we necessarily 
think about things. There are no genera and species in the world. And even 
though there is a real relation between matter and form—which relation 
founds the distinction we understand between genus, difference, and spe- 
cies*—logical science (rationalis scientia) is not about these things in the 
same way as physical science is about its objects. Cows and spiders would 
still be, and be what they are, were there no human minds to know them. 
Not so genus, species, and difference. 

There remains one more way in which our concepts can be related to 
the external world: 


At still other times, what a word signifies has neither a proximate nor a 
remote foundation in a thing (for example the concept of a Chimera, since 
it is neither a likeness of a thing existing outside the soul, nor does it follow 
upon [the intellect’s] way of understanding a natural thing): and therefore 
this conception is false.® 


As it turns out, each of these three ways has its mathematical propo- 
nents. Plato and Aristotle, for example, explicitly defend a mathematics of 


*We have seen this real difference in Aristotle, too. Recall our discussion of parts of a form 
and matter in mathematical definitions, above. 

5Tbid. “Aliquando vero id quod significatur per nomen, non habet fundamentum in re, 
neque proximum neque remotum, sicut conceptio Chimerae: quia neque est similitudo 
alicujus rei extra animam, neque consequitur ex modo intelligendi rem aliquam naturae: et 
ideo ista conceptio est falsa.” 
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the first sort, while Aquinas (apparently) sets the mathematical sciences 
alongside logic. Finally, though this remains to be investigated, there are 
those who regard the mathematicals and claims made about them as useful 
fictions.® 

If Aquinas sees the mathematical sciences as being about abstractions 
directly conforming to physical substances, why does he group mathemat- 
ical conceptions with logical intentions? Ifa geometer considers the physi- 
cal circle, though not as physical, why insist that the concept, circle, arises 
only remotely from such substances, is immediately due to the way we 
think about quantity? 

Near the end of the last chapter, we saw in Aristotle a resolution to the 
so-called precision-problem facing (especially) geometry. Given construc- 
tive demonstrations, we can discover what is true—albeit materially—in 
the realms of continuous and discrete quantity. It need not be about the 
physical circle that we prove that a triangle in a semicircle is right, rather, 
we construct the circle, inscribe a triangle in its half, and then demonstrate 
that it has a right angle. If physical mathematicals in general do not exhibit 
the properties demonstrated of them, it need not be because the proper- 
ties are not there (in the same manner in which we say genus and species 
are not there). Real and continuous quantity in one, two, or three dimen- 
sions admits of the mathematical line, straight line, and circle in a way in 
which physical realities will never admit of genus, species, and the like, 
even granting that the mathematical line, straight line, and circle come to 
be and to be understood only by way of construction, in which (as Aristotle 
says) the intellects acts. 

We will have more to say on this topic soon, but it seems to accord with 
both the received Thomistic accounts of the mathematicals and the pas- 
sage just cited that some of what we term mathematicals fall into, and are 
understood by way of, the first sort of conceptualization mentioned 
(Aquinas is surely not saying that continuous quantity in one, two, and 
three dimensions and numerical plurality are second intentions having no 
proximate foundation in reality), while others come about and are under- 
stood by way of the constructive acts of an inquiring mind. 

An objection arises, that one might justify extensions to the natural sci- 
ences in the same way (for physical matter is also in potency to being many 
things—even things which are not and have never been. Why not allow for 
mental constructions of living and nonliving substances and subsequent 


°Notably, Hartry Field. 
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investigations of their properties? Such constructions, though having no 
immediate foundation in reality, would still have a remote foundation in 
the potentiality of matter, and hence meet the same conditions for being 
sciences in the proper sense as do the mathematical sciences. 

While the complete answer to these questions will come later, we can 
say two things at least. First, mental construction and physical substance do 
not seem to accord. If a physical substance is to be realized, it would 
require a physical realization, not a mental one. The same does not appear 
to be the case for constructables which have already been abstracted from 
their physical conditions. There, construction does seem possible. 
Secondly, the potency of matter for being or becoming substance is actual- 
ized differently from the potentiality inherent in quantity, as such. As to 
the coming-into-being of forms—whether substantial of accidental— 
Aristotle says: 


Our argument shows that the form of a substance does not come into 
being—but not only [substance]. The same argument shows this about all 
the primary [things], that is, quantity, quality, and the other categories. For 
just as the bronze sphere is generated but not the sphere nor the bronze, 
(and so, too, for bronze if it were generated—zts form and matter must 
always pre-exist), so it is with the what and the quality and the quantity and 
the other categories. For it is not the quality that is generated but wood of 
that quality, not the quantity but that quantity of wood or an animal of that 
size. And we can hereby learn a property of substance: that there must actu- 
ally pre-exist some other substance which brings it into being—for example, 
[another] animal if an animal is being generated—but a quality or quantity 
need pre-exist only potentially.’ 


While we will soon take up the question whether mathematical con- 
structability is naturally limited or not, it is clear that Aquinas, like Aristotle, 
sees no incompatibility between the necessity of constructive 


” Metaphysica 1034b7-19. ov pdvov S€ TeEpi Tig OvotaG 6 Adyosg SnAot TO UN ytyveoBar TO 
sidoc, GAAG TEpi M&VTWV Spoiws THV NPWTWV KoLVdC 6 AdyoG, oiov NooOd To10d Kal TaV GAAWV 
Katnyoplov. Fiyvetar yap Womep 1 XAAKH o~atpa aAA ov o~patpa obde xaAKdc, Kal Emi XaAKOd, 
ei ytyvetat (kei yap Set mpondpyet thv VANv Kai Td ido), obtwo Kal Eni Tod tt Eot1 Kai Eni 
ToD ToLod Kai Tocod Kai THV GhAWV opoiws KatNyopIMv: ov yap ylyvetat TO MoLOV GAA TO 
To1dv EVAov, OvdE TO TOGdV GAA TO TOGdV ELAOV  G@ov. AAA iiov tris obatas Ek TOUTWV 
AaPeiv Eotw St dvayKaiov npobndpyew Etepav obotav evtehexeia ovoav fH norgi, oiov Cov Ei 
ytyvetar C@ov: mo1ov 5 # noodv odk avayKn GAA 1 Suvduer povov. Emphases mine. 
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demonstrations in mathematics and meeting the requirements set out for 
episteme, in the strict sense. For geometrical demonstrations make fre- 
quent use of them: 


Sometimes the reason why finally comes down to what something is, that is, 
to the definition, as is clear with all immobile things—for example, the 
mathematicals. Here, the reason why comes down to the definition of the 
straight or the commensurate or some other thing which is demonstrated in 
mathematics. For since the definition of a right angle is what is formed by one 
line falling upon another such that it makes the angles on both sides equal, if 
one were to ask why this angle is right the answer would be because it is 
formed by one line making the two angles on each sides equal. And so it is in 
other cases.§ 


In Aquinas’ example, the definition of the right angle is what he would 
call quasi operative. Note the active terms: the angle is formed by one line 
falling on another and thereby making an angle. This example is very 
much like the passage we cited above, in which Aquinas introduced us to 
the operative demonstrations employed by mathematicians in their 
sciences.” 

The necessity of constructability among the mathematicals serves to 
mitigate our initial confusion regarding the above passage from Aquinas’ 
Commentary on the Sentences of Peter Lombard. Aquinas is not, thereby, 
not a realist (or even partially an anti-realist), whether (1) because the 
overwhelming textual evidence is in favor of the traditional account of the 
mathematical sciences as standing alongside the natural sciences and 
metaphysics,!° or (2) because even his logic is of a realist sort, or (3) 


8 In Physicorum, I1 10239. “Quandoque enim propter quid reducitur ultimo in quod quid 
est, idest in definitionem, ut patet in omnibus immobilibus, sicut sunt mathematica; in qui- 
bus propter quid reducitur ad definitionem recti vel commensurati vel alicuius alterius quod 
demonstratur in mathematicis. Cum enim definitio recti anguli sit, quod constituatur ex linea 
super aliam cadente, quae ex utraque parte faciat duos angulos aequales; si quaeratur propter 
quid iste angulus sit rectus, respondetur quia constituitur ex linea faciente duos angulos 
aequales ex utraque parte; et ita est in aliis. Emphases mine. 

° In Posteriorum Analyticorum, 1 2 17, where one finds the example on a given line to con- 
struct an equilateral triangle and Aquinas’ explanation of how mathematicals constructively 
demonstrated to exist can serve as subjects of their own (demonstrated) properties. 

10 Aquinas famously devotes two separate questions in his Commentary on the ‘De Trinitate’ 
of Boethius to this division of the sciences and to their methods. 
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because a complete reading requires that he ascribe to the intellect some 
role in establishing that the mathematicals—some, at least—do, in 
fact, exist. 


MATHEMATICAL IDEALS 


We have already seen in Aristotle and Aquinas a tendency to idealize the 
geometricals. After all, unlike the mathematical line, the physical one does 
not touch a circle at a point—to say nothing of whether physical lines are 
straight or round-ish figures can be circular in the first place. On the other 
hand, the precision-problem seems less of a problem when we consider 
the abstractions and constructive demonstrations constituting arithmetic. 

In his Commentary on Aristotle’s Physics, Aquinas mentions that “num- 
ber signifies that there are many things in one.”'! Of course, we know that 
number is a many. Moreover (as we saw with Aristotle, above) the 
number—any mathematical, really—need also be one.'? There is yet 
another sense of ove operative here beyond the unity of number itself, 
which is, of course, the wit. Aristotle says, in defining number, that 
“Plurality is a sort of genus of number: for number is a plurality measured 
by the unit.”'* 

If we were to seek a starting-point for arithmetic as traditional philoso- 
phy presents it, we need look no further than the numerical unit which, 
though not itself a number,'* is the measure of all numbers. Surprisingly, 
though, Aristotle will not allow that some ordinary numbers (like one, 


| In Physicorum, U1 12 392. “Numerus enim hoc significat, quod sint aliqua plura uno.” 

2 This is the sense of the iv one in the above quote. 

13 Metaphysica, X 7 1057a2-4. 6 5£ MAMB0s otov yévos éoti tod &piOyod: Loti yap aprOpyds 
TAMO0¢ Evi pEtpytov. See also In Metaphysicorum, X 8 2080. The emphases are mine. Aquinas 
identifies the unit as the principle of number in many places, especially when he distinguishes 
it from that sense of one which is convertible with being, adding to undivided being the ratio 
of being a measure. 

14 Aristotle and Aquinas deny that the unit is a number. See Metaphysica, X 7 1056b3-33, 
and In Metaphysicorum. Aristotle calls the number two the first plurality at 1056b26. At 
Analytica Posteriora, I 13 96a35-6 (cf. also Aquinas’ In Analyticorum Posteriorum) Aristotle 
describes a prime in two ways: as neither measured bya number nor composed of numbers. By 
this account, then, the unit cannot be a number, since it both measures and composes 
primes. A principle (such as the unit is) can, but need not, be the same kind of thing of which 
it is a principle. Matter, a principle of substance and of change, is neither substance nor 
change. On the other hand, the revolution of the moon—a principle of the tides—is itself a 
change in place. 
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which nearly everyone would call a number) are numbers at all, using the 
notions of measure and composition to support his conclusion. By what 
criterion can sound construction demonstrations be distinguished from 
unsound ones, if we are to begin constructing numbers, as we must? 


MATHEMATICAL FREEDOM 


As we mentioned above, the late-eighteenth- and early-nineteenth-century 
philosopher and mathematician, Georg Cantor, was decidedly a realist of 
a platonic sort.!5 As such, we would have expected him to be—and he 
was—very much concerned with establishing the reality of those mathe- 
matical objects he thought to be legitimate and to distinguish them from 
those he regarded as illegitimate. He describes that process in this way: 


The procedure for the correct construction of concepts is in my opinion 
everywhere the same; one sets up a thing [Ding] having no properties, 
which at first is nothing more than a name or sign A and gives this according 
to some law, different and even an infinite number of properties, whose 
meaning is known through ideas already existent which may not contradict 
one another.!® 


This test for mathematical legitimacy sounds reasonable. Applying it to 
arithmetic, in order to justify numerical demonstrative constructions on 
the basis of these restrictions, we not only have to determine whether such 
constructions are self-consistent, but also whether they are consistent with 
mathematical notions already in place. 

Adhering to the account just provided from Aristotle and Aquinas, the 
first of all arithmetic notions is the unit, for it is found in the very defini- 
tion of number. If two is, as Aristotle insists, the first plurality—and we 
grant that any natural number can be generated from, and consistently 
with, the unit—what might be said in favor of numerical extensions to the 
natural numbers in the light of our first principle? For example, can we 
legitimize zero? 

Zero is easily constructed by means of an established operation (daw?) 
with which we are all familiar—subtraction. Apparently, subtracting one 


15 Georg Cantor exemplifies mathematicians who seek to justify extensions to the natural 
numbers. We will return to Cantor in Part III. 

16 Georg Cantor, On Infinite,Linear Point-Manifolds, trans. George Bingley (Annapolis: 
Classics of the St. John’s Program, 1942), 148, note 7 of § 8. Emphasis mine. 
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number from another yields a number—at least the result differs from the 
minuend by the subtrahend, in fact, by definition, the result zs the differ- 
ence.’” If things which differ are the same in kind, the result of subtracting 
one number from another is a number. The conclusion seems to be that 
zero and the negative integers are legitimate numbers, with zero being the 
number we construct when we subtract a number from itself, and the 
negatives, in turn, numbers we construct when we subtract a greater num- 
ber from a lesser. 

In a like manner, we may take one number and measure another by 
means of the first!®—this is the essence of division. Aristotle, Euclid, 
Aquinas—we ali call numbers which are measured by the unit alone prime. 
The number seventeen is prime, because no number measures ita number 
of times.'? Yet why need division be limited to numbers which measure 
only a number of times??° Absent this limitation, we can legitimize (prop- 
erly) fractional numbers. For example, though two measures four two 
times it measures five differently, that is, two and one-half times. While two 
is like other Aristotelian and Thomistic numbers which are measured by 
the unit, the newly constructed one-half appears to be like zero and the 
negative numbers mentioned above. It is what remains following the 
operation of dividing a lesser whole into greater parts. Said in this way, of 
course, one-half sounds impossible—zs impossible, at least physically. 

Notice that these constructive demonstrations yielded results only once 
we set aside common-sense limitations on these basic arithmetical opera- 
tions. Why would we ever think that more could be subtracted from less 
or that a lesser whole could be divided into greater parts? It is by the 
unlimited application of these operations that we are able to construct 
zero, negative numbers, and fractional numbers. But why not allow our- 
selves such freedom? After all, the benefits of even these few extensions to 
the natural numbers are obvious. Moreover, this freedom appears to have 


7 Put another way, we recognize that the counting numbers are not closed under subtrac- 
tion, but the integers are. 

18 For both Aristotle and Aquinas, though all numbers are (by definition) measured by the 
unit, numbers can also measure other numbers. Cf. Aristotle’s definitions of prime in 
Analytica Posteriora, I 13. 

Euclid also distinguishes three types of non-prime—that is, composite—numbers, all of 
which are measured by other numbers. See Euclid, The Elements, VII. 

20 That is, without a remainder. 
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only a limited contradictory result.?7! Following Cantor’s rule, then, we 
should declare division by zero as having an illegitimate result (it 
contradicts earlier notions) and declare zero, the integers, and the ratio- 
nals, to be legitimate numbers. 

Other basic arithmetical operations we might take as—using Cantor’s 
term—J/aws according to which we legitimate our constructive demonstra- 
tions in arithmetic are addition, squaring, and taking the square root. Let 
us investigate what their unlimited application might yield. 

No one denies that the sequence of natural numbers has some sort of 
infinity to it. For every natural number 7 one can always construct a 
greater, namely #+J. This infinity has been variously described—as actual 
or potential, for example. We saw very early on that Aristotle does not 
allow for an actual infinity among numbers. Aquinas concurs, and in 
many places. 

On the other hand, if we were to regard the natural numbers as a sort 
of open-ended whole, constructively generated by adding without limits, a 
further addition can be conceived, resulting in the creation of a new num- 
ber and a new kind of number—a transfinite. 


However contradictory it might be to speak of a greatest number of class 
(1 ) [the class of integers], there is nevertheless nothing offensive in think- 
ing of a new number which we shall call w, and which will be the expression 
for the idea that the entire assemblage ( I ) is given in its natural, orderly 
succession. (Just as v is an expression for the idea that a certain finite number 
[Anzahl] of unities is united to form a whole). It is accordingly permissible 
to think of the newly created number w as the /imit to which numbers v 
approach, if by it nothing else be understood than that w is the first integer 
which succeeds all numbers v, that is, it is to be regarded as greater than 
every one of the numbers v.” 


Of course, the idea greatest integer is a contradiction—as we said, for 
any number 7, we can generate a greater, m+1, by way of addition. Still, 
Cantor thinks we can conceptualize integers produced by addition. Because 
the number of this collection cannot be any of its members (as we just 
saw) W must be a new number and a new kind of number—it is nota finite 


21 Notably, however, division cannot be freely applied to these mew numbers without con- 
tradiction, as is clearly seen in the instance of division by zero. 
22 Georg Cantor, On Infinite, Linear Point-Manifolds, 131-2. 


6 OBJECTS,FREEDOM,AND ART 91 


integer. Other transfinite numbers and orders of such numbers are shown 
to exist along the same lines. 

Freely taking the square root of natural numbers eventually leads to 
numbers like the square root of two—a so-called irrational number. 
Notice how we have extended our original concept of number. In this 
case, the number is incommensurable with the unit. Numbers which 
include the irrationals are said to be real. If we take the square root without 
limiting ourselves to the natural numbers, we can construct so-called 
imaginary numbers, such as 7, the square root of negative one. Complex 
numbers are produced in a similar way. 

In accordance with the /aws of arithmetic, then, mathematical opera- 
tions freely and recursively applied to the natural numbers legitimize call- 
ing such products mumbers. And why not? Rather, why do Aristotle and 
Aquinas disallow them if they themselves insist upon the need for con- 
structive demonstrations in mathematics? Even apart from Aquinas’ 
account of the threefold relation of concepts to thing,”* both philosophers 
hold that (at least some) mathematicals are not discovered but constructed. 
As for constructible mathematical objects in general, then, so for con- 
structing these other numbers. 

Moreover, our very conception of numbers is linked to their genesis. 
The ezghty we name by reference to one of its factors is also called quatre- 
vingt—four twenties—in French. We naturally arrive at two by adding the 
unit to itself—the simplest possible operation. Finally, then, are not all 
numbers made anyway? Why can we not make them as we please? 

While Aristotle distinguishes art from episteme and even constructive 
proofs from demonstrative one, Aquinas goes beyond this and accounts 
for mathematical arts as distinct from mathematical sciences.** Adding the 
unit to itself yields two, no doubt, but what two is contains no reference 
to how it came to be. Being a number—even if it happened to have been 
constructed—is not being the result of mathematical operations. The 
operations are accidental to the natures so produced. Following Aristotle’s 
and Aquinas’ account of the mathematicals, we would properly abstract 
from this in our consideration. 


3 This distinction already implies that the intellect is the immediate source of some of our 
concepts. 

4 See especially Thomas Aquinas, In Librum Boetii De Trinitate Commentarium (Rome: 
Marietti Editori Ltd., 1954), V 1. Hereafter In De Trinitate. The distinction itself goes back 
at least to Plato, who regarded the liberal arts—including the mathematical arts—as a proper 
part of the education of the guardians of the republic, as we saw above. 
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More broadly, Aristotle and Aquinas do not see artificial things (things 
made) as essential realities in the first place. Artificial things have no 
natures. They are merely identical with what composes them.” For exam- 
ple, we might name a collection of metal and wood a desk but it has no 
nature of its own. Its properties are the properties of the natural sub- 
stances out of which it is made.*° 

As for two, it has a distinct nature and its own properties. It is not an 
artificial thing, product of addition though it may be. This is precisely 
what Aristotle and Aquinas mean in saying that “two is one.” Two is not a 
collection or aggregate but has its own unity and properties which differ 
from its components, considered as such. In fact, the properties of the unit 
are incompatible with those of two.?” To conceptualize two as the unit 
added to itself, then, is to falsify its nature and to regard it as an artificial 
thing.”* On the other hand, we do make two by adding one to one. How 
can two have a nature and yet be a product of the arithmetical art? 

On the other hand, not all products are artificial, for example, when we 
initiate the composition of hydrogen and oxygen using a spark.” Similarly, 
though we might think of two as 1 added to 1,°° being the number two is 
not being one added to itself. Two, as such, remains one. 

The art of arithmetic constructs numbers, whose properties we then 
investigate scientifically. Generally, mathematics constructs (at least some) 
mathematicals, whose properties we investigate scientifically. Now, we 
have seen that some constructions are mathematically illegitimate.*! 


5 One clear Jocus for this distinction is Physica, II 1. 

76 Desks, as such, neither burn nor are they heavy, though their components might. 

27Tt follows that the unit cannot be actually present within to, unlike the way in which 
wood is present in a desk. 

?8There is more. As Aquinas says: “Whence it is said in the fifth book of the Metaphysics 
that the substance of six consists in being six times one and not in being two times three or 
three times two: since it would then follow that there would be many definitions and many 
substances of one thing; since one number arises from different parts in different ways.” In 
Physicorum, U1 12 392. “Unde dicitur in V Metaphys. quod substantia senarii est in hoc 
quod sit sexies unum, non autem in hoc quod sit bis tria vel ter duo: quia sequeretur quod 
unius rei essent plures definitiones et plures substantiae; quia ex diversis partibus diversimode 
consurgit unus numerus.” 

?°To argue that it is the spark, and not us, which makes the water is to miss the point: all 
our makings require natural processes. Harder substance naturally wear away at softer ones: 
yet this is the essence of sculpting. 

3°One might just as well think that being spark-produced is of the essence of water. 

31 For example, any number divided by zero. 
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Logically speaking, that (even artificially produced) natural numbers are 
legitimate does not imply that other such productions will also be. On the 
other hand, how can we legitimize any, if it is not in virtue of the laws of 
mathematics? 

At the very end of his Elements, Euclid supplies a clear example of inter- 
nal limits to constructive demonstrations. In Proposition Eighteen of 
Book Thirteen, he constructs the five regular solids and proves that only 
these five can be constructed.** Necessarily five—and only five—regular 
solids follow from the assumption of geometrical principles. This necessity 
is rooted in geometry’s first principle, continuous quantity in three 
dimensions. 

So, too, the construction of a number is rooted in the unit, the first 
principle of arithmetic, about which we must know what it is and whether 
it is.** In a manner analogous to Euclid’s geometry, to scientifically inves- 
tigate the properties of numbers we must first construct those numbers 
necessitated by the unit—omly these will be numbers in the proper sense. It is 
not sufficient to construct by adding, subtracting, and so on. These are 
new creations, “whose meaning is known through ideas already existent 
which may not contradict one another.”** Each new construction must be 
self-consistent, but also consistent with existing ones—a fortiori with the 
first principle of the science itself. This alone is episteme, as opposed to 
fabrication.* 

Returning to geometry, we now see why the physical line and circle 
seem to have been transformed—idealized—into their geometrical coun- 
terparts. It is sufficient that geometry abstract continuous quantity in three 
dimensions from physical substances to do its work: constructively dem- 
onstrating the existence of geometric figures and investigating their prop- 
erties. Knowing three-dimensionality leads to knowing surface and plane 
surface, line and straight line, and point— the materials we need to 


3 Euclid, The Elements, XIII 18 and Euclid’s remark immediately preceding XII 18 lemma. 

33 Recall the conditions Aristotle lays out for episteme. The unit is his own example of the 
subject of episteme. 

34This constitutes a return to Cantor’s own procedure, introduced above. 

35 The analogy to the five regular solids is again apropos. Non-Euclidean geometries might 
construct other regular solids, but they do not begin with the three-dimensional continuum. 
That beginning entails these consequences. 

3°We might expand this subject-name to continuous quantity in one, two, and three dimen- 
sions were it not for the trivial analysis of three dimensions in two and one. 
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construct the geometricals—by analysis.*” It turns out that idealization, a 
presumed transition from physically imperfect to perfect straight lines and 
circles, is really constructive demonstration. Only those geometrical lines, 
surfaces, and solids which validly follow from our notion of continuous 
quantity in three dimensions—which is really 27 things as we conceive it— 
are legitimate subjects of episteme in the geometrical order. 


MATHEMATICAL LEGITIMACY 


Cantor’s discovery of the transfinite numbers had an impact upon the 
mathematicians of his day not only in the obvious way, that is, it affected 
what new directions their work as mathematicians might take, but also 
philosophically. Cantor himself was as concerned with justifying these num- 
bers as mathematically legitimate as with addressing, and resolving, philo- 
sophical objections to the very idea of actual mathematical infinities, 
especially those he found in the writings of Aristotle.** Reactions from his 
contemporaries ranged from Leopold Kronecker, “God made the inte- 
gers; all else is the work of man,”* to L.E.J. Brouwer, whose intuitionism 
was predicated upon a rejection of Cantor, to David Hilbert, who famously 
declared: “No one shall drive us out of the paradise which Cantor has cre- 
ated for us!”*? Gottlob Frege himself noted that the issue would result in 
a damaging conflict within mathematics itself: 


Here is the reef on which it [mathematics] will founder. For the infinite will 
eventually refuse to be excluded from arithmetic, and yet it is irreconcilable 
with that [finitist ] epistemological direction. Here, it seems, is the battlefield 
where a great decision will be made.*! 


Mathematics seems to evolve in the same way as human knowledge 
generally. More conservative views hold sway until later thinkers arise to 


37 Tf three then two and if two then one, uni-dimensionality being the straight line, whose 
limit is a point. So, too, with the others. 

38Cantor devotes an entire section of On Infinite, Linear Point-Manifolds to refuting 
Aristotle. 

Quoted in Heinrich Weber, “Leopold Kroenecker,” Mathematische Annalen 43 
(1893): 19. 

“David Hilbert “On the Infinite,” in Benacerraf and Putnam, Philosophy of Mathematics: 
Selected Readings, 191. 

*! Quoted in Joseph Dauben, Georg Cantor: His Mathematics and Philosophy of the Infinite 
(Princeton, New Jersey: Princeton University Press. 1979), 225. 
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challenge the rigid notions of the day. Historically, this trend has been 
instanced in number theory, with natural numbers successively followed 
by zero and the integers, the rationals, the transcendentals and reals, and 
infinite and complex numbers.*” Though a clear instance, as we said above, 
Cantor is not unique among mathematicians separately arguing for the 
legitimacy of their discoveries. 

To Cantor, mathematics consists in developing methods for construct- 
ing its objects and discovering the laws governing their relationships. As to 
his metaphysics, the mathematicals** have an intrasubjective (immanent) 
reality and a transsubjective (transient) reality. 


Firstly, integers may be considered real in so far as they occupy an entirely 
definite place in our understanding on the basis of definitions, can be pre- 
cisely differentiated from all other parts of our thought and stand in deter- 
minate relationships to those parts, and accordingly modify the substance of 
our thought (Geistes) in a determinate fashion ... Secondly, reality can be 
ascribed to numbers in so far as they must be taken as an expression or image 
of the events of that outer world which is exterior to the intellect, as, for 
instance, the various number classes (I), (II), (III), etc., are representatives 
of powers which are actually found in corporeal and intellectual (geiste- 
gen) nature.“ 


It is no surprise, given what we said of him in the first chapters of this 
book, that the external (transient) reality of the mathematicals is a matter 
of concern for Cantor. To each legitimate mathematical conception there 
corresponds something objectively real: 


...these two spheres of reality are always found together in the sense that a 
concept said to exist in the first sense also possesses in certain and even in an 
infinity of ways a transient reality...*° 


“There is evidence for a broader scope even in ancient times, but that is not to-the- 
point here. 

“This distinction applies to the reality of a// conceptualizations. Georg Cantor, On 
Infinite, Linear Point-Manifolds, Part 5 § 8. 

“Tbid., 114. 

“5 Tbid. Discovering these transient correlates, he says, is “one of the most troublesome and 
profound problems of metaphysics” which “must frequently be left to times in which the 
natural development of one of the other sciences eventually reveals the transient meaning of 
the concept in question.” See Ibid., § 8 note 7. This observation is an essentially platonic 
one. See note 6. 


96 ‘J. W. RIOUX 


Even so mathematics is properly concerned with the intrasubjective 
reality of the mathematicals: 


The connection of both realities has its peculiar foundation in the unity 
(Einheit) of the All (Alls), to which we ourselves belong. A mention of this 
connection has only the value here of enabling one to derive from it a result 
which seems of very great consequence for mathematics, namely, that it 
(mathematics) in the construction of its ideas has omly and solely to take into 
account the zmmanent reality of its concepts and has vo obligation whatever 
to make tests for their transient reality.*° 


Though notable among mathematicians for his desire to also philoso- 
phize, Cantor is quick to distinguish the proper work of each. While the 
latter is all about the objective realities to which mathematical discoveries 
correspond, the former has no concern for these. Mathematicians need not 
wait upon philosophers for progress. This is especially so because transient 
correlates might wever be discovered. In short, the mathematician is free: 


On account of this singular position which differentiates it from all of the 
other sciences and affords an explanation for the comparatively easy and 
unrestrained manner with which one may operate with it, it particularly 
deserves the name of free mathematics (freien Mathematik), a designation 
which, if I had my way, would take precedence over the usual expression 
‘pure’ mathematics.*” 


On the other hand, he is not advocating mathematical license, either. 
As we have seen, mathematical progress must be self-consistent and con- 
sistent with what preceded it.*® Still, he does (famously) declare that exter- 
nal restrictions contradict the very nature of mathematics: 


I regard every restriction on the urge to mathematical investigation as creat- 
ing a much greater danger and all the greater since no justification can be 
advanced from the nature of the science; the nature ( Wesen) of mathematics 
lies in its very freedom.” 


Legitimization belongs to mathematics proper. 


*6Tbid., pp. 114-15. 

*7Tbid., p. 115. 

48His own examples of mathematical progress are the rational, irrational, and complex 
numbers. 

“Tbid., pp. 115-16. 
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There is another, secondary, legitimization to which Cantor does give 
some weight, however—tts successful application to the physical world: 


There is no need, as I believe, of fearing any danger to the sciences in these 
principles, as many think: the conditions imposed under which the freedom 
of constructing numbers can be exercised are of such a kind that they permit 
very little room for arbitrary action (Spiolraum); for every mathematical 
concept carries within itself the necessary corrective; if it is fruitless and pur- 
poseless, that is soon seen and it will because of little success be abandoned.*° 


Philosophy cannot set a priori limits to mathematical progress, though 
it may have a role in discovering the transient reality of concepts already 
shown to be real—that is, intrasubjectively. 

Cantor acknowledges that some think such freedom is dangerous. 
Finitists consider legitimizations based on consistency as prone to error.*! 
Perhaps (they say) such developments are merely intrasubjective—definite 
and distinct from other discoveries with which they are in accord. Cantor 
maintains both, insisting that progress will correlate with the objectively 
real and that the hard work of correlating them may be ultimately unsuc- 
cessful. Not a concern, though, since it is not a condition for mathematical 
legitimacy anyway. 

Cantor believed that philosophy’s intrusions into free mathematical 
inquiries find their origin in Aristotle and in subsequent scholastic devel- 
opments of his thought.*? We have seen this specifically in regard to the 
development of the transfinite numbers, but the same argument weighs in 
favor of the other developments he mentions. Most mathematicians (by 
far) do not regard the legitimacy of higher mathematics as being in ques- 
tion, if they think about the matter at all. Among those who do, a few have 
argued that, were Thomas Aquinas alive today, he—and possibly even 
Aristotle—might very well have embraced it.°# 


5°Tbid., p. 115. Cantor has the theory of functions of Gauss, Cauchy, and others, in mind, 
saying: “...which [theory], although created and erected in full freedom without transient 
purpose nevertheless reveals its transient meaning in applications to mechanics, astronomy, 
and mathematical physics, as was to be expected.” Ibid., p. 116. 

5! Tbid., § 4. It is on the reef of mathematical truth that this particular controversy founders. 

52 Cantor mentions the scholastics only briefly in On Infinite, Linear Point-Manifolds, but 
began to focus on their arguments against the actual infinite in the years which followed. 

53 Thomas Anderson, “Aristotle and Aquinas on the Freedom of the Mathematician,” The 
Thomist 36 (1972): 231-55, Armand Maurer, “Thomists and Thomas Aquinas on the 
Foundation of Mathematics,” and Adam Drozdek, “Number and Infinity: Thomas and 
Cantor,” International Philosophical Quarterly 39 (1999): 35-46, are among these. We will 
consider these thinkers more directly in Chap. 13. 
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Do such unwarranted restrictions necessarily follow from Thomistic 
principles, or are modern mathematical discoveries consistent with them? 
It is our contention that, given the nature of the unit and continuous 
quantity in three dimensions—the ultimate source of mathematical 
truths—many extensions to simple geometry and arithmetic are not sci- 
ences, episteme—in the traditional sense. What epistemic status they do 
have we will address later. 

What exactly is it about traditional accounts that excludes such things? 
As we have already seen: 


The mathematician makes a study of things which result from abstraction, 
for he studies things by taking [from them] everything sensible, such as 
heaviness and lightness... and he leaves only quantity and the continuous 
(according to one, two, or three dimensions) and the attributes of these as 
quantity and as continuous.** 


Unlike Cantor,®> consistency with something objective is an a priori con- 
dition for episteme—scientia. External constraints upon free mathematical 
inquiry are necessary to the kind of knowing episteme is. Mathematics must 
be internally consistent, of course, but beyond this it must maintain a con- 
nection to the real.°° Cantor believes there exist point-for-point correla- 
tions between mathematical discoveries and transient reality.°? Were 
Aquinas to insist upon sucha criterion for legitimacy, mathematicians would 
need to point physical correlates to each new arithmetic and geometrical 
construction—not possible even for the most basic of geometrical con- 
structions, at least. But that is not the criterion for episteme. Aquinas—and 
Aristotle—take a middle position here, requiring only that constructive 


54 Metaphysica, XI 3 1061a29-35. 6 pabnpatiKds mepi ta €& apaipesews tiv Vewpiav 
Tovita (mepieh@v yap mavta ta aicOnt& Oewpet, oiov Papo Kai Kov@dtnyta... Udvov Sé 
KOTOAEITEL TO MOGOV Kal oUVEXES, THV LEV Eq’ EV TOV 8 éni Svo tov 8 éni Tpta, Kal to MaON To 
TOUTWV f] Took EoT1 Kal GUVEYX!...) 

55 Recall that, for Cantor, the discovery of transient physical correlates to consistent math- 
ematical constructions is an activity wholly other than, and independent from, mathematics. 

5° As it turns out, what Aristotle and Aquinas expect from mathematics is far less than the 
correlation-process Cantor describes above. 

57 Having real-world applications seems to be at least along-the-way of discovering such 
correlates, it seems. 
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demonstrations correlate with external reality in principle.5* How would 
Aquinas work this out, specifically? Let us begin with arithmetic. 

If numbers beyond the naturals entail dividing the unit or compromis- 
ing its nature as a principle or measure,*’ whatever results we may achieve 
through their use and application, these constructs are not really numbers 
at all, as being inconsistent with the (admittedly real) fundamental prin- 
ciple of arithmetic. 

Consider what it would mean for a number to be a proper fraction. 
While symbols are inherently useful, it sometimes happens that they can 
lead us astray. Take the superscripted number two, conventionally indica- 
tive of squaring. 2? is two multiplied by two, thus * symbolizes a funda- 
mental arithmetic operation, whereas 2 symbolizes a number—an operand. 
We also symbolize the results of mathematical operations—things like the 
resultant number two itself, whose symbol (again) is 2. In such simple 
examples it is quite easy to keep separate what stands for an operation and 
what stands for the mumber upon which we are operating: something we 
obviously wish to do, for it makes no sense to square squaring” or to tvo- 
ify the number two.°! 

We also sometimes combine symbols to represent a number. Squaring 
the square of the number two is helpfully expressed as (27)’. No one 
intends thereby to square the operation of squaring, rather, we only wish 
to square a resultant number—tt is only because what is represented within 
the parentheses 7s a number that we can square it at all. 

Similarly, the operational symbol / is a convention for measuring one 
number by another, the number being measured preceding the number 
measuring it.°? 20 / 4 stands, thereby, for the measuring of the number 


58 This will become clearer when we take up their notion of the potentially—or virtually— 
real. To be fair, exactly those things Cantor feared would impede legitimate mathematical 
freedom were embraced as reasonable constraints by some of his own contemporaries. In fact, 
the very development of rival schools of thought in the philosophy of mathematics during the 
late-nineteenth and early-twentieth centuries was due to controversies surrounding this very 
issue. See Benacerraf and Putnam, Philosophy of Mathematics. Where intuitionism insists 
upon finite constructability, the more liberally minded Jogicists and formalists are content 
with indirect proofs. The dispute over mathematical legitimacy and freedom of inquiry is also 
a thoroughly modern affair. 

5° Recall Aristotle’s and Aquinas’ definition of the numerical unit, above. 

60 As if we were to consider 2 as both an operation and an object upon which to perform 
that operation. 

°! As if we were to consider 2 as both an object and an operation to perform upon it. 

© Division is as commonly represented in other ways, but this is not relevant here. 
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twenty Jy four. Here, too, we do not hesitate to apply subsequent opera- 
tions to the result number, for example, (20 / 4)’. Still, to get to the heart 
of the matter, this application has serious limitations. 

No one operates on an operation. As we said, it makes no sense to square 
squaring (or to divide division or add addition, for that matter). The most 
we can do is to operate upon resultant numbers. Yet, given the ease with 
which we symbolize both numbers and operations, it may happen that a 
supposed resultant is an incomplete operation. No one would hesitate to 
symbolize squaring our measuring of the number one by the number 
three by (1 / 3)’. We might even think it justified to symbolize the result 
of the first operation by ¢° and to express the resultant number by the 
symbols C?. The problem is that ¢ symbolizes, not a number, but an incom- 
plete operation—dividing (attempting to divide, really) the arithmetical 
unit into three parts yields a value with an infinite decimal expansion.™ It 
is possible, then, to inadvertently symbolize operations as numbers. 

Moreover, ¢ is an artifact, a properly human construct, and has no 
nature. In light of seeing that 1 + 1 is not the same as the number 2, we 
can see each number has a nature distinct from that of every other. ¢, on 
the other hand, is inherently incomplete. 

There is no need to think that ¢ will necessarily lead to contradictory 
results or be practically unsuccessful. On the other hand, neither is a suffi- 
cient condition for concluding that ¢ is a number, anyway. It follows that 
¢ + 1=1+Z is not demonstrable within the science of arithmetic.® As we 
shall soon see, ¢ is demonstrably inconsistent with the arithmetical unit 
as well. 


MATHEMATICAL ILLEGITIMACY 


David Hilbert, a proponent of formalism, argues against this, saying that 
incomplete processes (concepts only intelligible in terms of an infinite number 
of steps, for example) can be justified by (1) formalizing statements made 
about them and (2) reducing these ideal statements to finite processes. By 
his account, it makes no sense ot to allow such concepts into mathematics: 


68We chose ¢ arbitrarily. 

°The common form of such a value signifies its incompleteness, as, operationally, it is 
infinitely recursive. Digital calculators deal with this by setting an arbitrary limit to certain 
operations. The term anytime algorithm is used to describe operations which result in succes- 
sively more precise approximations. 

65 Exactly what character such a claim has will be addressed in the next section of this 
chapter. 
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The following [objection] recently appeared: Although it may be possible to 
introduce a concept [presumably, into one’s system] without risk, i.e., with- 
out getting contradictions, and even though one can prove that its introduc- 
tion causes no contradictions to arise, still the introduction of the concept is 
not thereby justified. Is not this exactly the same objection which was once 
brought against complex-imaginary numbers when it was said: “True, their 
use doesn’t lead to contradictions. Nevertheless their introduction is unwar- 
ranted, for imaginary magnitudes do not exist”? If, apart from proving con- 
sistency, the question of the justification of a measure is to have any meaning, 
it can consist only in ascertaining whether the measure is accompanied by 
commensurate success. Such success is in fact essential, for in mathematics as 
elsewhere success is the supreme court to whose decisions everyone submits.%° 


We simply cannot abandon those parts of mathematics which have had 
such tremendous calculative power.®’ If success (second only to consis- 
tency) becomes a criterion for mathematical legitimacy, Hilbert’s pro- 
gram, or something like it, becomes necessary. It again comes down to 
whether one’s mathematics is also a realism. 

Is ¢ compatible with the arithmetical unit, then? Obviously no—prop- 
erly fractional numbers divide the unit. Thus, Aquinas: 


Between two points there happens to be a middle; for every line is a middle 
between two points: but between two unities there need not be a middle. 
For it is clear that between the two unities which constitute duality and the 
first unity itself there is no middle.® 


So, too, from Book Three of his Commentary on Aristotle’s Physics: 


Every unit, insofar as it is one, is indivisible, for example, an indivisible man 
is one man and not many. It is necessary to resolve every number into the 


°° Hilbert, On the Infinite, 184. Tool-makers are also /egitimate to the extent that they 
successfully manufacture tools. Even so, it does not follow that mathematics is an art. 
Episteme also has success in its applications. 

°7 The infinitesimal calculus is a prime example. Cf. Ibid., 187-8. Cantor differs from 
Hilbert here only in insisting that legitimate mathematical objects have transient correlates. 

°’ Thomas Aquinas 1965 In physicorum, V 5694. “Inter duo puncta contingit esse aliquid 
medium; omnis enim linea est media inter duo puncta: sed inter duas unitates non necesse 
est esse aliquod medium. Patet enim quod inter duas unitates, quae constituunt dualitatem, 
et primam unitatem, nihil est medium.” Cf. Physica, V 3 227a29-32. “There can be some- 
thing between [points] (for every line is between points,) but it is not necessary [that there 
should be something between units]: for there is nothing between two and one.” Kai tHv 
pev évdéxetar eivat ti petaEd (ndoa yap ypappi petakd ottypOv), tov § obk dvayxn-: ovSé yap 
petagd dvdd0¢ Kai povddos. 
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unit: which is clear from the very notion of number. For ‘number’ signifies 
that there are many things in one: yet all pluralities, surpassing one more or 
less, are determinate species of number. Whence, since unity is of the notion 
of number, and indivisibility is of the notion of unity, it follows that the divi- 
sion of number must cease at the indivisible term.” 


Nothing prevents our dividing three into three ones, whereas the oppo- 
site attempts the impossible, dividing the indivisible. 1 / 3, and proper 
fractional numbers generally, are incompatible with arithmetic’s first prin- 
ciple and cannot be validly demonstrated by construction.”° 

A similar argument applies to zero and the negatives. Subtracting x 
from y entails resolving y into its units and counting up how many units 
remain when x units are removed. If no units remain (zero) or fewer than 
none (negatives) there zs no unit, and so no principle, and so no number 
having that principle. Moreover, number is a plurality measured by the 
unit, such that even the unit—not being a many—is not a number. A for- 
tiori, zero and the negative numbers are not numbers in the proper 
sense.”! 

As for the irrationals Aristotle is explicit: “Number is commensurate. 
Number is not said of what is not commensurate.””” Aquinas elaborates: 


It happens that some continuous quantities have a proportion to each other, 
yet not according to a number, whether determinate or indeterminate. For 


© Tbid., III 12392. “Omne unum, inquantum unum, est indivisibile, sicut homo indivisi- 
bilis est unus homo et non multi. Quemlibet autem numerum oportet resolvere in unum: 
quod patet ex ipsa ratione numeri. Numerus enim hoc significat, quod sint aliqua plura uno: 
quaelibet autem plura excedentia unum plus vel minus, sunt determinatae species numero- 
rum. Unde cum unum sit de ratione numeri, et de ratione unius sit indivisibilitas, sequitur 
quod division numeri stet in termino indivisibili.” Cf. Physica, I 7 207b6-8. “The unit is 
indivisible, whatever it may be (for example, a man is one man and not many,) but number 
is many ones and a certain quantity. Thus it is necessary to stop at the indivisible.” aitiov 8’ 
bt tO Ev Eotw ddiaipetov, 6 ti wep dv Ev fH (otov &vOpwmoc eic &vOpwros Kal ob MOAAOL), 6 8 
apiOpuds Eotiv Eva TAEiW Kal Mdo’ Ktta, dot’ &veyKn OTival Emi TO adtatpEtov. 

1 / 3 can designate a relation: the unit is to three as a third is to its triple. (For more on 
numerical relations, see Aquinas’ masterful treatment of them, In Metaphysicorum, V 17 fol- 
lowing Metaphysica, V 15.) Even so, such relations are not numbers, rather, they presuppose 
numbers. 

71 As we saw with fractional numbers, negative numbers, though demonstrably incompat- 
ible with unit, do have numerical functions (such as to the left of on a number line), but, 
again, such relations are not themselves numbers. 

” Metaphysica, V 15 1021a5. 6 yap a&prOuds obppETpoS, Kate pT] ovUPETPOV SE apPLOLOG oO 
éyetant. 
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there is some proportion among all continuous quantities; yet it is not [nec- 
essarily] a numerical proportion. For of any two numbers there is one com- 
mon measure, namely, the unit, which, taken many times, results in some 
number. But there cannot be found a common measure of all continuous 
quantities; rather, there are certain incommensurable continuous quantities: 
for example, the diameter of a square is incommensurable with its side. This 
happens because there is no proportion between it and its side like the pro- 
portion of a number to a number or of a number to the unit.” 


Irrationals are therefore not measured by the unit, since, by definition, 
they cannot be expressed in terms of natural numbers—this is what it 
means to say they are incommensurable.”* While this is sufficient to exclude 
them from consideration as numbers, irrationals also entail a division of 
the unit. Of what cannot be completely measured by the unit there must 
remain some portion less than the unit. The point is that quantitative rela- 
tions need not be numerical relations, as Aquinas argues: 


When one quantity is said to be greater than another or is related to another 
as what contains is to what is contained, not only is this ratio not considered 
according to some definite species of number, it is not considered according 
to number at all, because every number is commensurable with every other. 
For all numbers have one common measure, which is the unit. But contains 
and 7s contained are not said according to a numerical measure. For, in rela- 
tion to what is contained, the container is said to have so much and some- 
thing more, and this, whether commensurable or incommensurable, is 
indeterminate. For whatever quantity be taken, it is either equal or unequal 


3 In Metaphysicorum, V 17 1020. Emphasis mine. “Contingit enim aliquas quantitates 
continuas habere proportionem adinvicem, sed non secundum aliquem numerum, nec 
determinatum, nec indeterminatum. Omnium enim quantitatum continuarum est aliqua 
proportio; non tamen est proportio numeralis. Quorumlibet enim duorum numerorum est 
una mensura communis, scilicet unitas, quae aliquoties sumpta, quemlibet numerum reddit. 
Non autem quarumlibet quantitatum continuarum invenitur esse una mensura communis; 
sed sunt quaedam quantitates continuae incommensurabiles: sicut diameter quadrati est 
incommensurabilis lateri. Et hoc ideo, quia non est proportio eius ad latus, sicut proportio 
numeri ad numerum, vel numeri ad unum.” No length, howsoever small, can evenly measure 
both the side and the diagonal of a square, whose ratio is symbolized by V2, one of the best- 
known irrationals. Aristotle himself mentions a proof of this in Analytica Priora (Oxford: 
Oxford University Press, 1982) I 44 50a35-38, (hereafter Analytica Priora), arguing per 
impossibile. Their commensurability entails that an odd number equals an even number. 

This is clear even linguistically. 
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[to another]. If it is not equal, it is unequal and [therefore] contains, even if 
it happens not to be commensurable.”* 


Infinite numbers generally do no violence to the unit as indivisible, 
though there zs an incompatibility between them with respect to the mea- 
sure and the measured. We must be careful, however, not to limit arithme- 
tic too severely, for in speaking of infinite numbers, we are referring to 
those which are actually so and not to the open-endedness of number itself: 


[Aristotle] says that, since magnitude is divided ad infinitum, we can always 
think of a number greater than a given number. For, clearly, division causes 
multitude. As much as a magnitude is divided, so much does a multitude 
increase, such that an infinite addition of numbers follows upon the infinite 
division of magnitudes. But just as the division of magnitude is not infinite 
in act but in potency and exceeds everything determinately small, as was 
said, so the addition of numbers is not infinite in act but in potency and 
exceeds every determinate multitude. But this number thus multiplied to 
infinity is not a number separate from the division of magnitudes.”° 


® In Metaphysicorum, 1021. “Cum ergo dicitur in quantitatibus, quod haec est maior illa, 
vel se habet ad illam ut continens ad contentum, non solum haec ratio non attenditur secun- 
dum aliquam determinatam speciem numeri, sed nec etiam quod sit secundum numerum, 
quia omnis numerus est alteri commensurabilis. Omnes enim numeri habent unam commu- 
nem mensuram, scilicet unitatem. Sed continens et contentum non dicuntur secundum ali- 
quam commensurationem numeralem. Continens enim ad contentum dicitur, quod est 
tantum, et adhuc amplius. Et hoc est indeterminatum, utrum sit commensurabile, vel non 
commensurabile. Quantitas enim qualiscumque accipiatur, vel est aequalis, vel inaequalis. 
Unde, si non est aequalis, sequitur quod sit inaequalis et continens, etiam si non sit 
commensurabilis.” 

7° In Physicorum, U1 7393. “Et dicit quod possumus semper intelligere quolibet numero 
dato alium maiorem, per hoc quod magnitudo dividitur in infinitum. Manifestum est enim 
quod divisio causat multitudinem: unde quanto plus dividitur magnitudo, tanto maior mul- 
titudo consurgit; et ideo ad infinitam divisionem magnitudinum sequitur infinita additio 
numerorum. Et ideo sicut infinita divisio magnitudinis non est in actu sed in potentia, et 
excedit omne determinatum in minus, ut dictum est; ita additio numerorum infinita non est 
in actu sed in potentia, et excedit omnem determinatam multitudinem. Sed hic numerus, qui 
sic in infinitum multiplicatur, non est numerus separatus a decisione magnitudinum.” 
Physica, U1 7 207b10-14. “It is always possible to think of a greater [number]: for the bisec- 
tions of a magnitude are infinite. Hence [this infinite] is in potency, not in act: and what has 
been taken away always exceeds every determinate quantity. Yet this number is not separate 
[from the bisections,] nor does the infinite remain, rather, it is coming about, like time and 
the number of time.” émi dé TO MAkiov del Eot1 Vorjoat- depot yap at Srxotoptat tod peyébous. 
ote Suviuer pev gotw, Eevepyeta 8’ ov- GAN’ dei UmepPdAAEL tO AaUPavdpEVOV TMaVvTOSG 
Qplopévou TANBous. AAA’ od xwpiotds 6 dpLOpd¢ obtOs [THs Sixotopias], ovSE Ever 1} dmerpta 
aAAG ytyvetan, domEep Kal 6 XPOvOG Kal O dpLBLdS TOD Xpdvov. 
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As Aristotle says, “...t4is number is not separate [from the divisions, ] 
nor does the infinite remain, rather, it is coming about, like time and the 
number of time.””” 

Potential infinity—what we termed above as the open-endedness of the 
numbers—is never actual at once. If it did measure the unit (and so were 
properly a number) it would do so by way of the process of measuring, not 
by way of a measurement complete.”* We might, then, speak of numerical 
infinity in numbers as im the process of being measured by the unit, but, as 
we saw above, this is not to speak of a completed nature, and thus not 
something measured by the unit. 

To briefly conclude, then, imaginary and complex numbers are obvi- 
ously compromised by the rejection of the numbers upon which they 
themselves are based. 7 is excluded a fortiori if negative one has been 
excluded, and complex numbers are in part imaginary. 

Does Cantor’s insistence upon free constructability finds its correlate in 
the need for the imagination, as understood by Aristotle and Thomas 
Aquinas? One difficulty is that Aquinas (at least) does not associate the 
imagination with mathematical freedom. Importantly, both Aristotle and 
Aquinas distinguish the representational function of the imagination from 
its creative one, which can be a source of falsehood generally and so, too, 
in mathematics.”” We will have more to say on this point when we consider 
the mathematical imagination in Chap. 8. 


” Physica, U1 7 207b13-14. (See the reference, immediately above.) 

78 Cantor himself describes the potential infinite similarly: “As to the mathematical infinite, 
it seems to me that in so far as there has been found a justifiable application for it in the sci- 
ences and it has been employed for their advancement, it has appeared principally in the role 
of a variable which grows beyond all limits or diminishes to any desired minuteness, but 
which always appears as a quantity remaining finite. This infinite I call the ideal-infinite 
(Uneigenlich-unendlich).” Cantor, On Infinite, Linear Point-Manifolds, 5 § 1, p. 92. 
Translator George Bingley is not entirely comfortable with calling this infinity the ideal- 
infinite. It is on account of its being always finite that there are various renderings of it, such 
as the false infinite (Robin Small), the improper infinite (Joseph Dauben), or even the non- 
actual infinite (Bingley himself). 

™See Marie George, “Imagination a Source of Falsehood According to Aquinas”, 
Proceedings of the American Catholic Philosophical Association 67 (1993), especially 
193-4, 196. 
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THE ART OF THE FICTION 


In the 1960s and 1970s, Paul Benacerraf famously issued a strong chal- 
lenge to mathematical realism: one can posit either the extra-mental exis- 
tence of numbers or a consistent account of how we know them—not 
both. Benacerraf’s own proposal was structuralism.®° Thomist philoso- 
phers Thomas Anderson and Armand Maurer (we will turn to them 
directly in Chap. 13) seem to focus upon the objects of mathematics but 
not mathematical truth. They need to face the epistemological horn of 
Benacerraf’s dilemma. In other words, given the freedom they afford to 
mathematical constructions, /ow might we establish that some are false 
and others true? Or are all true, since mathematical judgments are suffi- 
ciently resolved in being imaginable? 

As we noted above, Aquinas’ threefold distinction (from the Sentences 
passage) is of ways in which our judgments can be true or false. Ifa remote 
connection to things existing outside the mind suffices for truth and all 
imaginables possess such a connection ipso facto, then all would ipso facto 
suffice as the basis for true judgments. But the claims made in some (oth- 
erwise consistent) mathematical systems in fact contradict the claims made 
in another.*! One might further insist that subsequent developments not 
contradict mathematical concepts already established.®? Still, are the restric- 
tions Aristotle and Aquinas would seemingly place upon mathematical 
inquiry justified? Our ready conclusions, above, would suggest that they 
are, if only because they are both internally consistent and consistent with 
those remote realities upon which the mathematical sciences are based— 
the unit and continuous quantity in three dimensions. The restrictions at 
which we have arrived are not unnecessarily narrow, nor do they restrict 
the freedom of mathematicians, that is, of persons pursuing mathematical 
truth through episteme. 

What of those areas of modern mathematics which are demonstrably 
inconsistent with the first principles we have mentioned? Again and again 
recent mathematicians have pointed to how successful such advances have 


80 See Benacerraf, “What Numbers Could Not Be” and “Mathematical Truth”. 

81For example, Thomas Anderson explicitly approves of non-Euclidean geometries and 
would presumably also approve of Euclidean geometry. 

82 A la Cantor. Note, though, that if established means imagined, then the order of discov- 
ery is contingent and moot. 
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been—it is patently obvious that modern life would have been impossible 
absent such systems of thought, to the point that some think it a kind of 
diminishment to even raise questions about their objective truth. Why 
does it matter whether 7 is adequate to episteme since it has been shown to 
be indispensable in other ways? Surely there must be some truth to be 
found among the many uses to which modern mathematics is put? 

Three things can be said. First, if epzsteme is ever to be found here it will 
be in virtue of conformity to some real principle. We have shown that that 
principle is not the mathematical unit or continuous quantity in three 
dimensions. Second, even if knowing them cannot rise to the level of epis- 
teme, there may be other sorts of truth to be found—not all speculative 
truths are sciences nor are all truths speculative. Third, even if these imagi- 
native constructions are (as we maintain) pure artifacts and do not have 
natures in the sense provided here, there must be some reason why a con- 
sistent and powerful body of conclusions can be drawn concerning them. 
Much of this may have to do with consistency, so important to mathemat- 
ics generally. Still, even here, such constructs are not mere fictions**—we 
are not free to decide what they will yield once we have conceived them. 
An account of Sherlock Holmes in which the man was a genuine fool 
might be called iaconsistent, but its assumption would not imply that 1 = 
2, whereas that zs the case with many of the systems about which we have 
been speaking. 

We next turn to Aquinas’ development of the need for matter in math- 
ematics. Aristotle’s intelligible matter became a crucial consideration as we 
responded to the question whether the mathematicals we introduce and 
study by way of constructive demonstrations are merely possibilities and 
not realities themselves. Since matter is being potentially, the ways in 
which the potential is real also became a matter of concern. One of those 
ways goes by the name of virtual existence. 


83 Fictionalism, a recent school of thought in the philosophy of mathematics, is usually seen 
as having been introduced by Hartry Field in Science Without Numbers (Princeton: Princeton 
University Press, 1980). In saying that we must disallow mathematical developments such as 
negatives, irrationals, and transfinites, we are not necessarily espousing this view. As we 
pointed out, there may be some first principle with which such constructions are compatible. 
As it is, we have only argued that they are incompatible with the mathematical unit and con- 
tinuous quantity in three dimensions. 
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CHAPTER 7 


To Be Virtually 


VIRTUAL REALITY 


In Chap. 4, we saw Aristotle respond to Meno’s dilemma by distinguish- 
ing various ways in which something can be known and foreknown: 


I think nothing prevents one from, on the one hand, knowing, and on the 
other, not knowing, what he is learning; for it would be absurd, not if he 
knew what he was learning in some way, but if he knew it in the very same 
way as he was learning it.! 


In his Commentary on the Posterior Analytics, Aquinas carefully unwraps 
Aristotle’s argument, speaking of what can be known actually, or univer- 
sally, or virtually: 


[Aristotle] supplies a true solution to this problem in light of the truth 
already established, saying that nothing prevents one from in some way 
knowing and in some way not knowing from the very beginning. For it is 
not absurd if someone in some way already knows what he learns, though it 
would be, if he already knew it in the same way that he knows it once he has 


| Analytica Posteriora, 1 1 71b5-8. GAN odSév (oivat) KwAveEL, 5 pavOdvel, gotIV WS 
entotacda1, Zott 5’ Wo dyvoeiv- &tonov yap ovk Ei o15E Mw 6 pavOdvet, GAN ei HSI, oiov 1 
HavOdver Kai dc. 
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learned it. For, properly speaking, learning occurs when knowledge comes 
to be. But what comes to be was neither altogether a nonbeing nor altogether 
a being at the outset, but in a certain way a being and in a certain way a 
nonbeing: for it was a being in potency, though actually a nonbeing. And 
this is what it means to come into being, namely, to be reduced from potency 
to act. Similarly, what someone learns was neither altogether known at first 
(as Plato said) nor altogether unknown (as those whose solution was refuted 
above). Rather, it was potentially or virtually known in universal principles 
already understood, though actually unknown as regards a proper under- 
standing. And this is what it means to learn, namely, to be brought from 
potential or virtual or universal knowledge to proper and actual knowledge.” 


How does knowing something virtually differ from knowing it poten- 
tially and actually? That they do differ is clear, as to know in one sense is 
not to know in another. 


INTUITIONISM AND THE EXCLUDED MIDDLE 


We learned above that Euclid constructively demonstrates only five regular 
geometrical solids—there can be no others—evidence of Aristotle and 
Aquinas’ claim that such conclusions (decidedly one of only two logical pos- 
sibilities) are already real, already true, already known, in some way. 

Is the law of excluded middle necessarily true? This question became a 
matter of dispute among philosophers and mathematicians of the late 
nineteenth and early twentieth centuries. Intuitionists, who require that all 


2 In Posteriorum, I 3 27. “...ponit veram solutionem dubitationis praedictae secundum 
praedeterminatam veritatem, dicens quod illud quod quis addiscit, nihil prohibet primo quo- 
dammodo scire et quodammodo ignorare. Non enim est inconveniens si aliquis quodam- 
modo praesciat id quod addiscit; sed esset inconveniens si hoc modo praecognosceret, 
secundum quod addiscit. Addiscere enim proprie est scientiam in aliquo generari. Quod 
autem generatur, ante generationem neque fuit omnino non ens neque omnino ens, sed 
quodammodo ens et quodammodo non ens: ens quidem in potentia, non ens vero actu: et 
hoc est generari, reduci de potentia in actum. Unde nec id quod quis addiscit erat omnino 
prius notum, ut Plato posuit, nec omnino ignotum, ut secundum solutionem supra impro- 
batam ponebatur; sed erat notum potentia sive virtute in principiis praecognitis universalibus, 
ignotum autem actu, secundum propriam cognitionem. Et hoc est addiscere, reduci de cog- 
nitione potentiali, seu virtuali, aut universali, in cognitionem propriam et actualem.” 
Emphases mine. Aquinas references two sorts of passage: from potential (or virtual) to actual 
and from universal to particular. 
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mathematical demonstrations be constructive, were led to deny it in some 
instances, while classical mathematicians saw it as an inviolable principle of 
thought. 

While the law is variously stated,’ Aristotle’s own formulation is “there 
cannot be an intermediate between contradictories, but of one subject we 
must either affirm or deny any one predicate.”* There could not possibly 
be a formulation for which neither contradictory is true. 

Why deny this? Partly because intuitionism is a reaction to the classical 
way of looking at infinite collections of things. Classical mathematicians 
held that all mathematicals—including statements about infinite collec- 
tions—were either true or false. Yet that assertion belies an assumption 
about the mathematics—that there were such collections—in relation to 
which propositions made about them are true or false. Intuitionist math- 
ematician Arend Heyting makes the point: 


You ought to consider what Brouwer’s program was. It consisted in the 
investigation of mental mathematical construction as such, without questions 
regarding the nature of the constructed objects, such as whether these objects exist 
independently of our knowledge of them.’ 


The law of excluded middle does not apply to subjects whose very exis- 
tence is in question. Mathematics does not wait upon metaphysics. Heyting 
supplies an example to clarify. We paraphrase. 


3Tn modern logic, we say that (p v ~p) is always true. We take (p v ~p) to mean that either 
a given proposition or its negation must be true, or that there is no third proposition between 
the two which is true. Anciently, the law of excluded middle was sometimes called tertinm 
non datur, literally, no third [alternative] is given. 

*Metaphysica, 4 7 1011b23-5. GAAG rv oddé LEtagd avripdcews Evdéxetar eivat ovév, 
GAA avayKn fH pavar H dmopaévar Ev Kad Evoc Otiobv. One must make a distinction between 
the negation of modern logic and the opposition of Aristotelian logic. For both sorts of 
logic, the principle of excluded middle is taken to pertain to contradictories, though 
Aristotelians would maintain that propositions can be opposed in other ways as well. For 
example, it is not the case that one or the other of two contrary propositions must be true. 

5 Cf. our consideration of Cantor and his contemporaries, above. 

° More precisely, either a mathematical statement or its negation is true. Illustrative treat- 
ments of the three major mathematical schools of modern times can be found in Benacerraf 
and Putnam, Philosophy of Mathematics. Hilbert’s optimistic plan for mathematics was the 
target of the more conservatively minded intuitionists. 

7Heyting “Disputation,” 66. Emphasis mine. L.E.J. Brouwer founded intuitionist 
mathematics. 
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Is there a greatest pair of primes differing by one? Here we can easily 
see whether the statement ‘some pair of primes differing by one is the 
greatest’ or its contradictory is true. Here the law of excluded middle 
applies: either the predicate ‘greatest’ is truly affirmed of some pair of 
primes differing by one or it is not—we also happen to know which is so.® 

Is there a greatest pair of primes differing by two?? We have no answer. 
Intuitionists conclude that the law of excluded middle fails in this case: 
neither the assertion nor the negation that there is such a pair is true. Why 
the difference? Unless we assume the extra-mental existence of the inte- 
gers, intuitionists say, we only resolve mathematical questions through 
constructive demonstrations. Since the twin primes conjecture is unproven, 
the law of excluded middle does not apply. Classical mathematicians, for 
their part, insist that the question is already resolved within the infinite 
class of integers. 

Heyting is aware of the typical objection: 


One may object that the extent of our knowledge about the existence or 
non-existence of a last pair of twin primes is purely contingent and entirely 
irrelevant in questions of mathematical truth. Either an infinity of such pairs 
exist ... or their number is finite: what does it matter whether we can actu- 
ally calculate the number?!? 


The objection is reasonable and comes easily to mind. What have our 
ignorance of a proof—the demonstrated truth or falsity of a given mathe- 
matical proposition—to do with the objective nature of the thing? All dis- 
coveries were unknown to us at some time. No one would say that 
magnetized bodies have fields extending beyond their limits was only true 
upon being discovered. Realists—mathematical or otherwise—naturally 
hold that knowledge is measured by the thing we know and not vice versa.!! 
Our inability to decide the twin-primes question seems beside the point. 


8 Any prime greater than two is odd and any odd number less one is even. Only two and 
three meet the conditions since, among evens, only two is prime. 

So-called twin primes. 

10 Heyting, “Disputation,” 67. 

1! As Aquinas says: “Natural philosophy examines the order of things that human reason 
considers but does not make (we include both mathematics and metaphysics under natural 
philosophy).” Sententia Libri Ethicorum (Rome: Marietti Editori, Ltd., 1969), I 1. Hereafter 
In Ethicorum. “Nam ad philosophiam naturalem pertinet considerare ordinem rerum quem 
ratio humana considerat sed not facit, ita quod sub naturali philosophia comprehendamus et 
mathematicam et metaphysicam.” 
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Heyting simply points out that realism is a metaphysical, not a mathe- 
matical, claim. 


Your argument is metaphysical in nature. If ‘to exist’ does not mean ‘to be 
constructed’, it must have some metaphysical meaning. It cannot be the task 
of mathematics to investigate this meaning or to decide whether it is tena- 
ble or not.” 


Intuitionists prescind from such questions—to their credit, they are not 
mathematical questions. They are about things they can constructively 
demonstrate, nothing more.!* Since classical mathematicians claim to 
know something about the greatest pair of twin primes—at least that it is 
either there or not—they assume the integers already exist, a metaphysical 
assumption. 

Classical mathematicians respond predictably. Suppose it had been 
demonstrated on January 1 of this year that 2o pair of twin primes is the 
greatest.'* Would this not have been true to say, even last year? They see 
intuitionists failing to distinguish between the necessary and objective 
truth of a proposition and our (contingent) discovery of that truth. 
Intuitionists point out that the very distinction presupposes a claim about 
the mathematicals: 


In the study of mental mathematical constructions, ‘to exist? must be syn- 
onymous with ‘to be constructed’. ... A mathematical assertion affirms the 
fact that a certain mathematical construction has been effected. It is clear 
that before the construction was made, it had not been made. Applying this 
remark to your example, we see that before January 1, ...it had not been 
proved [that there is an infinite number of twin primes]. ... But this is not 
what you mean. It seems that in order to clarify the sense of your question 
you must again refer to mathematical concepts: to some world of mathemat- 
ical things existing independently of our knowledge, where [the statement, 
‘there is an infinite number of twin primes’] ... is true is some abso- 
lute sense." 


? Heyting, “Disputation,” 67. Accusing classical mathematicians of hidden metaphysical 
assumptions is elegant. By and large, they have little regard for metaphysics. 

13s mathematicians. Intuitionists are obviously not doing mathematics in pointing out 
the flaws of classical mathematics. 

Bear in mind that others would take this to mean that there is an infinite number of them. 

15 Heyting, “Disputation,” 67-8. 
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Intuitionists insist upon constructive proofs—and finite proof proce- 
dures'°—precisely because they do not wait upon metaphysics. For pur- 
poses of mathematics, the mathematicals are constructed, and we cannot 
say anything about what does not (yet) exist. The intuitionists’ selective 
denial of the law of excluded middle is rooted in a particular division of 
the sciences.” 

Unlike classical mathematicians, there is a strong indeterminacy in intu- 
itionists’ minds when they ask questions—both as to the question and as 
to its object. 

The dilemma is this: do we deny the law of excluded middle or do we 
assume the actual existence of an infinity of mathematical objects?!® 

There is a middle position.'? All mathematical propositions, or their 
contradictories, are true—the law of excluded middle applies. On the 
other hand, there is no actually infinite universe—mathematical or other- 
wise.”° The solution entails seeing how virtual existence differs from 
actual and potential existence. 


REMOTE AND PROXIMATE OBJECTS 


While Aquinas’ letter De Mixtione Elementorum”! is primarily concerned 
with another problem, he uses the idea of virtual existence to resolve it. 
How are elements present in a compound?”* Not actually, otherwise the 
whole would be a collection and not a true mixture: 


lo“We find writers insisting, as though it were a restrictive condition, that in rigorous 
mathematics only a finite number of deductions are admissible in a proof—as if anyone had 
succeeded in making an infinite number of them.” Hilbert, “On the Infinite,” 193. 

1” Aristotle also selectively denies the principle of excluded middle. See De Interpretatione, 
9 9a22-19b4. 

18 Remember that vo pair of twin primes is the greatest is often taking to mean that there 
actually is an infinite number of them. 

Luckily, excluded middle applies to contradictories, not to just any conflicting mathe- 
matical views. 

20Cf. Physica, II 4-8. 

2! Thomas Aquinas, “De Mixtione Elementorum ad Magistrum Philippum” in Opuscula 
Philosophica (Rome: Marietti Editori Ltd., 1954), 155-6, hereafter De Mixtione. For a paral- 
lel account see Summa Theologiae, la 76 4 obj 4 and ad 4. 

2 “Many have difficulty with how elements are present in a mixture.” Ibid., 430: “Dubium 
apud multos esse solet quomodo elementa sunt in mixto.” 
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So, the different parts of matter subsisting under the forms of the elements 
take on the notion of many bodies; but it is impossible for many bodies to 
be in a single place. So, the four elements will not be in every part of the 
mixed body, and thus it will not be a true mixture (vera mixtio) but [only] 
according to sense, as happens with a collection of invisible or insensible 
bodies on account of their smallness.?* 


On the other hand, the elements are not simply absent, or there only 
potentially—all substances are potentially in all other substances due to 
prime matter—after all, a compound is made of elements and can be 
reduced to them: 


It seems to some that, since the active and passive qualities of the elements 
are brought to a mean in some way through alteration, the substantial forms 
must remain: for if they did not remain, it would seem to be a corruption of 
the elements, not a mixture.”* 


Moreover, it is of the nature of elements to be in the substances they 
make up: 


Further, if the substantial form of a mixed body is the act of matter that does 
not already have the forms of the simple bodies, then the simple bodies 
would lose the notion of elements. For an element is that out of which a 
thing is first made, and which is in that thing, and which is indivisible in spe- 
cies; for with the substantial forms [of the elements] lost, a mixed body 
would not be made up of simple bodies such that they would remain in it. 


3Tbid., 431: “Diversae igitur partes materiae formis elementorum subsistentes plurium 
corporum rationem suscipiunt. Multa autem corpora impossibile est simul esse. Non igitur 
in qualibet parte corporis mixti erunt quatuor elementa; et sic non erit vera mixtio, sed 
secumdum sensum, sicut accidit in congregatione invisibilium sive insensibilium corporum 
propter parvitatem.” 

*4Tbid., 430: “Videtur autem quibusdam quod, qualitatibus activis et passivis elemento- 
rum ad medium aliqualiter deductis per alternationem, formae substantiales elementorum 
maneant: si autem non remaneant, videtur esse corruptio quaedam elementorum, et non 
mixtio.” 

5 Tbid., 431: “Rursus, si forma substantialis corporis mixti sit actus materiae non praesup- 
positis formis simplicium corporum, tunc simplicia corpora elementorum amittent rationem. 
Est enim elementum ex quo componitur aliquid primo, et est in eo, et est indivisibile secun- 
dum speciem; sublatis enim formis substantialibus, non sic ex simplicibus corporibus corpus 
mixtum componetur, quod in eo remaneant.” Emphasis mine. In de generatione adds to this 
an internal reference to the definition of element given in Metaphysica V. 
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The substances of the elements must, then, Je there in some way beyond 
potentially and less than actually. Aquinas concludes that elements are vir- 
tually in compounds. “Therefore, the forms of the elements are not in a 
mixed body actually, but virtually.”?° What exists virtually does not exist in 
the primary sense of the word, that is, actually. In this respect it is like 
potential existence. Still, it is not merely potential.?” The potentiality of 
what exists virtually has been disposed—determined even—to one possi- 
ble actuality among others. In Aquinas’ words, the potentiality is already 
determinatur ad unum. 

Similarly, in De veritate Aquinas compares the human mind to the 
potentiality of matter: 


Since, in itself, the possible intellect is in potency to all intelligible forms, 
just as prime matter is [in potency] to all sensible forms, the intellect is in 
itself no more determined to assent to the composition [affirmative judg- 
ment] than to the division [negative judgment], or conversely.” 


6Tbid., 438-9: “Sunt igitur formae elementorum in mixtis non actu, sed virtute.” 

7 Aquinas argues that, since the elemental properties are present in a mean quality which 
constitutes the proper disposition of the compound, and since the qualities constituting that 
mean act in virtue of the elemental forms, those forms must also be present in the mixture— 
and more than merely potentially. As he says: “...the active and passive qualities of the ele- 
ments are contrary to each other, and admit of more and less. But from contrary qualities 
admitting of more and less a mean quality can be constituted ... which is the proper quality 
of a mixed body ... and this quality is the proper disposition to the form of a mixed body, just 
as a simple quality is to the form of a simple body. Therefore, just as the extremes are found 
in the mean, which participates in the nature of each, so the qualities of the simple bodies are 
found in the proper quality of a mixed body. Though the quality of a simple body is other 
than its substantial form, still, its acts in virtue of that substantial form.” Ibid., 438: “...quali- 
tates activae et passivae elementorum sunt ad invicem contrariae, et suscipiunt magis et 


“ 


minus. Ex contrariis autem qualitatibus suscipientibus magis et minus constitui potest media 
qualitas ... quae est propria qualitas corporis mixti, sicut qualitas simplex ad formam corporis 
simplicis. Sicut igitur extrema inveniuntur in medio, quod participat utriusque naturam, sic 
qualitates simplicium corporum inveniuntur in propria qualitate corporis mixti. Qualitas 
autem corporis simplicis est quidem aliud a forma substantiali ipsius, agit tamen in virtute 
formae substantialis.” 

*8Thomas Aquinas, Quaestiones Disputatae de Veritatae (Rome: Marietti Editori, Ltd., 
1949), 14 2 respondeo, hereafter De Veritate. “Intellectus autem possibilis, cum, quantum sit 
de se, sit in potentia respectu omnium intelligibilium formarum, sicut et materia prima 
respectu omnium sensibilium formarum; est etiam, quantum est de se, non magis determi- 
natus ad hoc quod adhaereat compositioni quam divisioni, vel e converso.” 
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Nothing pre-inclines us to one or the other of contradictory assertions: 
our mind is initially open to both. But what has no intrinsic tendency of 
its own (such as prime matter or the intellect itself) must be determined 
ab extra: 


Now, everything which is undetermined in relation to two things is only 
determined to one of them through something that moves it. But only two 
things move the possible intellect: its own object, which is an intelligible 
form or quiddity (as is said in De Anima II), and the will, which moves all 
the other powers, as Anselm says. In this way, then, our possible intellect is 
related differently to the [two] parts of a contradiction.” 


There are several possibilities regarding the determinatio of the intellect 
to one or the other contradictory, the first of which is the current state of 
the twin primes conjecture: 


For, sometimes it [the intellect] does not incline more to one than to the 
other, either because of a lack of moving principles, as in those problems for 
which we have no reasons [either way], or because of an apparent equality 
between the [reasons] for each side. This is the condition of one in doubt, 
who wavers between the two parts of a contradiction.*” 


One among the ways in which the intellect 2s determined to one side of 
a contradiction is scientia.*! What is the place of virtual knowledge in dem- 
onstration? Aquinas speaks in many places of things being virtually 


?°Tbid. “Omne autem quod est determinatum [Leonine: indeterminatum] ad duo, non 
determinatur ad unum eorum nisi per aliquid movens ipsum. Intellectus autem possibilis non 
movetur nisi a duobus; scilicet a proprio obiecto, quod est forma intelligibilis, scilicet quod 
quid est, ut dicitur in II De Anima, et a voluntate, quae movet omnes alias vires, ut dicit 
Anselmus. Sic igitur intellectus noster possibilis respectu partium contradictionis se habet 
diversimode.” 

*°Tbid. “Quandoque enim non inclinatur magid ad unum quam ad aliud, vel propter 
defectum moventium, sicut in illis problematibus de quibus rationes non habemus; vel prop- 
ter apparentem aequalitatem eorum quae movent ad utramque partem. Et ista est dubitantis 
dispositio, qui fluctuat inter duas partes contradictionis.” 

31 The others are opinion, a partial determination accompanied by fear that the opposite 
claim is true, understanding, a complete determination consisting in our immediate appre- 
hension of first principles, and belief, an unwavering determination effected by something 
sufficient to move the will, but not the intellect, of the one who believes. 
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contained in their principles.*? Compounds virtually contain the substan- 
tial forms of their elements and first principles virtually contain their first 
conclusions. In neither case can we say that they do so actually for, as to 
the latter, knowing the principles is obviously not the same as knowing the 
conclusions which follow from them. On the other hand, to insist that the 
conclusions are merely potentially so contained amounts to saying say that 
the first principles could imply the contradictory. But scientia is about 
necessary conclusions, not contingent ones.** It follows that conclusions 
are there, determinately contained in first principles, though not actually.** 

Aquinas elaborates upon this notion of virtual existence in a question 
about how angels understand. While immaterial, intellectual substances 
do not understand things as we do, by affirming and denying, he does 
discover a similarity between the /uman intellect when it reasons and 
when it formulates such judgments: 


Just as the conclusion is compared with the principle in the reasoning intel- 
lect, so is the predicate with the subject in the intellect composing and divid- 
ing. For if our intellect were immediately to see the truth of the conclusion 
in the principle, it would never understand by discursion or by reasoning. 
Similarly, if the intellect in apprehending the quiddity of the subject were 
immediately to grasp all that can be attributed to or removed from the sub- 
ject, it would never understand by composing or dividing but only by 
understanding the quiddity. Clearly, then, it is for the same reason that our 
intellect understands by discursion as by composing and dividing: in first 


32 A few references from the Summa Theologiae alone are Ia 77 8 and 93 7, and II-IIae 17 
9 ad 3. He instantiates the principle in (1) the relation between the intellectual soul and the 
sensitive and vegetative souls at Ila 76 3 and 76 4 obj 4 and ad 4, (2) the relation between 
effect and cause at Ia 4 2 and I-IIae 20 5 obj 1 and 88 5 ad 2; and (3) the relation between 
conclusions first principles at Ia 1 7 and 94 3, and I-Ilae 3 6. 

33 Contingency is a simultaneous potency to opposites. Cf. Metaphysica, 5 5 1015b6-8 and 
Summa Theologiae, la 86 3 and Ila 3 5. 

5*To illustrate, one cannot immediately infer all C is B from all A is B nor from all C is 
A. The conclusion remains unknown in the light of knowing ezther premise. When we con- 
join the premises (through discerning the middle term) we thereby see the conclusion. Yet it 
is not as though those two premises might have been used to deduce anything else—some C 
is not B was never a possibility. There is no contingency here. 
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apprehending something, it cannot immediately see all that is virtually con- 
tained in it.*° 


Why do we not see in a single glance all that the essence of a thing 
contains but must formulate propositions whereby we slowly come to 
understand it better? Our initial apprehension of a nature is not so pierc- 
ing as to enable us to see what is virtually there. Similarly, if we were able 
to see at a glance all that follows from first principles, we would not need 
to deduce the conclusions separately. As Aquinas points out in another place: 


...the precepts are to the law what propositions are to the speculative sci- 
ences, in which the conclusions are virtually contained in the first principles. 
So, whoever perfectly and fully [secundum totam suam virtutem| under- 
stands the principles need not have the conclusions put to him later. But 
since not all who understand the principles are able to take into account 
everything virtually contained in them, it is necessary, for their sake, that 
conclusions be deduced from their principles in the sciences.*° 


The question is not whether a given proposition is demonstrated from 
first principles, then, but whether there is a need to do so in order for it to 
be true—given the truth of al/ A is Band all C is A, all C is Bis already 
true. Aquinas tends to side with classical mathematicians in this debate.*” 


35 Summa Theologiae, la 58 4 respondeo. “Sicut in intellectu ratiocinante comparatur con- 
clusio ad principium, ita in intellectu componente et dividente comparatur praedicatum ad 
subiectum. Si enim intellectus noster statim in ipso principio videret conclusionis veritatem, 
nunquam intelligeret discurrendo vel ratiocinando. Similiter si intellectus statim in apprehen- 
sione quidditatis subiecti haberet notitiam de omnibus quae possunt attribui subiecto, vel 
removeri ab eo; nunquam intelligeret componendo et dividendo, sed solum intelligendo 
quod quid est. Sic igitur patet quod ex eodem provenit quod intellectus noster intelligit 
discurrendo, et componendo, et dividendo; ex hoc scilicet quod non statim in prima appre- 
hensione alicuius primi apprehensi potest inspicere quidquid in eo virtute continetur.” 

36Tbid., I-Ilae 44 2 respondeo. “Hoc modo se habent praecepta in lege, sicut propositio- 
nes in scientiis speculativis; in quibus conclusiones virtute continentur in primis principiis. 
Unde qui perfecte cognosceret principia secundum totam suam virtutem, non opus haberet 
ut ei conclusiones seorsum proponerentur. Sed quia non omnes qui cognoscunt principia, 
sufficiunt considerare quidquid in principiis virtute continetur, necesse est propter eos ut in 
scientiis ex principiis conclusiones deducantur.” 

37 Recall that this is the sort of distinction they insist upon in their explanation of how a 
proposition can be true and yet not known to be true. 
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Returning to the conjecture, then, let us propose that no pair of twin 
primes is greatest. Classical mathematicians would say we spoke either truly 
or falsely, while intuitionists would say that our claim is neither true nor 
false absent a constructive demonstration.** What about Aquinas? 

The law of excluded middle applies to the mathematical sciences. Since 
conclusions are virtually contained in their first principles, Aquinas would 
claim, along with classical mathematicians, that either a given statement or 
its contradictory is true even before it has been shown to be so by reduc- 
tion to first principles—which is what demonstration is. Indeterminacy in 
mathematical questions is on the part of the one asking them, not on the 
part of the object. Unlike what is merely potential, mathematical conclu- 
sions are determinately contained in their principles. Given this agreement 
with classical mathematicians, is Aquinas required thereby to posit an infi- 
nite class of integers existing outside the mind? 

Not so—and in this Aquinas agrees with the intuitionists. For the 
answer is virtually contained in the principles of arithmetic, which is to say 
that the opposite could not be proved, or that the principles are already 
determinatur ad unum with respect to that specific disjunction. Though 
we cannot see everything contained in mathematical first principles, still, 
what is contained therein is determinately contained, in a manner suffi- 
cient also to determine our minds when drawing a conclusion. As for the 
conjecture, given the nature of the mathematical unit,* the property of 
being greatest is either compatible in part or universally incompatible with 
twin prime. Given our intellectual frailty—that we cannot see in a glance 
what the principles require in this instance—what remains is to discover 
those connections required to reach a conclusion. Yet that is a merely con- 
tingent event. It could occur now, or never. 

Early in the Metaphysics, Aristotle takes up the views of his predecessors, 
from the Pre-Socratic philosophers through the Pythagoreans and Plato. 
In the course of objecting to the Pythagorean view of numbers, Aristotle 


38 Intuitionists would seem unable to deal with negatives, like the nongreatest prime, which 
cannot be constructed. But apparently some even regard indirect proof, that is, showing that 
a construction yields absurd or impossible results, as a sort of construction. Cf. Stephan 
Korner, The Philosophy of Mathematics (New York: Harper & Brothers, 1960), 38. 

3° Again, the unit is the first principle of arithmetic. 
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mentions that the unit is, in a way, both even and odd.* This is very puz- 
zling, until one takes into account his discussion of Meno’s dilemma, as 
well as Aquinas’s subsequent division of knowledge into actual, potential, 
and virtual. Aquinas makes the connection explicit: 


The unit is virtually both even and odd. For all differences of number are 
virtually found in the unit, since all differences of number are resolved into 
the unit. Hence, the unit is first anong odd numbers. So, too, with even, 
square, perfect, and the other differences of number: because, though the 
unit is not actually a number, it is still virtually every number. And just as the 
one was said to be composed of the even and odd, likewise a number is 
composed of units.*! 


To the questions what is mathematics about? Aquinas would say, con- 
tinuous quantity in three dimensions and the unit, as well as those con- 
structs which necessarily follow from them.*? Let us recall a passage we 
introduced above, which sheds light on this issue as well: 


In those sciences which are about certain accidents, nothing prevents that 
which is taken as a subject with respect to a certain attribute to be also taken 
as an attribute with respect to a prior subject. Still, this cannot go on infi- 
nitely: for one must come to something which is first in that science, which 
is taken as a subject and in no way as an attribute; as is clear in the mathe- 
matical sciences, which are about continuous or discrete quantity. For those 
things which are first in the genus of quantity are assumed in these sciences: 


40 Metaphysica, 1 5 986a18-20. “|The Pythagoreans] hold that the elements of number are 
the even and the odd—the one limited and the other unlimited—and that the unit comes 
from both of them (for the unit is both even and odd) and number comes from the unit.” 
Emphasis mine. tod d€ dprOpob otorxeia té te ptiov kai TO MEpittov, toUTWY dE TO HEV 
memepaopevov tO Sé dmeipov, 16 8 Ev £& éuqotépwv eivar tobtwv (kal yap ptiov eivat Kat 
TEPITTOV), TOV § aprOuov EK tod Evdc. 

“l In Metaphysicorum, 1 8 126. “Unitas enim et par est virtute et impar. Omnes enim dif- 
ferentiae numeri unitati conveniunt in virtute, quia quaecumque differentiae numeri in uni- 
tate resolvuntur. Unde in ordine imparium primum invenitur unitas. Et similiter in ordine 
parium et quadratorum et perfectorum numerorum, et sic de aliis numeri differentiis: quia 
unitas licet non sit actu aliquis numerus, est tamen omnis numerus virtute. Et sicut unum 
dicebat componi ex pari et impari, ita numerum ex unitatibus.” Emphasis mine. 

*” Both Aristotle and Aquinas describe the generation of numbers from the unit by way of 
a division of continuous quantity but is not clear whether this process is required for our 
apprehension of the arithmetical unit and some of the numbers. Some sort of construction is 
obviously necessary for the higher numbers. It may be that an abstractive apprehension of 
continuous quantity in three dimensions is sufficient for the mathematical sciences. 
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for example, the unit, and the line and surface, and others of this sort. 
Assuming these, certain other things are sought through demonstration, 
such as the equilateral triangle and the square in geometry, and other such 
things. This is why such demonstrations are called operative, as it were, for 
example: on a given line to construct an equilateral triangle. This achieved, 
certain attributes are then proved about it, for example, that its angles are 
equal, or some such thing. It is clear, therefore, that in the first manner of 
demonstration triangle is an attribute, while in the second it is a subject. So 
the Philosopher is using triangle as an attribute here, and not as a subject, 
when he says “of triangle it is necessary to already know what it means.”*% 


Mathematics is about things we make, yes, but also (and ultimately) 
about things we discover. No surprise that a discipline noted for logical 
rigor in demonstration could draw out so much from such simple 
principles. 

What sort of realism does Aquinas propose, then? If the unit is all num- 
bers virtually, then the arithmetic—howsoever much of it remains to be 
discovered—is already decided. The sorts of number which can be legiti- 
mated upon its basis are already limited. So, too, for the geometry of con- 
tinuous quantity in three dimensions.*# Mathematics is not so much free as 
already virtually complete. This realism is entirely consistent with Aristotle’s 
claim that conclusions (which is to say, determinately one of only two logi- 
cal possibilities) are already known, in some way. They are present more 
than purely materially (contingent possibilities) but not actually. 


43 In Posteriorum Analyticorum, | 2 17. “In illis autem scientiis, quae sunt de aliquibus 
accidentibus, nihil prohibet id, quod accipitur ut subiectum respectu alicuius passionis, accipi 
etiam ut passionem respectu anterioris subiecti. Hoc tamen non in infinitum procedit. Est 
enim devinire ad aliquod primum in scientia illa, quod ita accipitur ut subiectum, quod nullo 
modo ut passio; sicut patet in mathematicis scientiis, quae sunt de quantitate continua vel 
discreta. Supponuntur enim in his scientiis ea quae sunt prima in genere quantitatis; sicut 
unitas, et linea, et superficies, et alia huiusmodi. Quibus suppositis, per demonstrationem 
quaeruntur quaedam alia, sicut triangulus aequilaterus, quadratum in geometricis et alia hui- 
usmodi. Quare quidem demonstrationes quasi operativae dicuntur, ut est illud, Super rectam 
lineam datam triangulum aequilaterum constituere. Quo adinvento, rursus de eo aliquae 
passiones probantur, sicut quod eius anguli sunt aequales aut aliquid huiusmodi. Patet igitur 
quod triangulus in primo modo demonstrationis se habet ut passio, in secundo se habet ut 
subiectum. Unde Philosophus hic exemplificat de triangulo ut est passio, non ut est subiec- 
tum, cum dicit quod de triangulo oportet praescire quoniam hoc significat.” 

“4We have already come across one implication of this in Euclid’s proof that only five regu- 
lar solids can be constructed. 
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Negatively, then, conclusions and constructions demonstrably incom- 
patible with mathematical principles, as we really find them, are unsound. 
Mathematical questions and conjectures are answerable in principle, since 
one outcome is decidedly true. This assurance is based on reality and the 
nature of quantity. Moreover, the line between the truths of mathematics 
and consistent mathematical fictions can be clearly drawn. 

On the other hand, innumerable constructs which are demonstrably 
incompatible with the unit (such as fractions, negative numbers, and the 
like) are plain useful. Why should a fiction be both consistent and of daily 
use? We next turn to another aspect of Aristotle’s mathematical realism to 
which Aquinas brought clarity: mathematics as an art. Rooted in Plato’s 
consideration of the education of the guardians of the republic, the math- 
ematical arts have historically come down to us as four in a group of 
seven—the medieval guadrivium among the so-called liberal arts. 
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CHAPTER 8 


Mathematics and the Liberal Arts 


EPISTEME AND ART 


In distinguishing episteme from other intellectual virtues, Aristotle begins 
with the difference between the scientific part of thinking and the 
calculative. 


Let it be supposed that there are two parts having reason: one by which we 
contemplate things whose causes cannot be otherwise, the other by which 
we contemplate things [whose causes] can: for according to this difference 
in kind the parts of the soul naturally also differ in kind, since each has 
knowledge on account of a certain similarity and conformity.' 


We have already dealt with how the inquiring mind is conformed to the 
known object in the scientific part—as Aristotle puts it: “It is not because 
we truly think that you are pale that you are pale, but because you are pale 
we, who say this, speak truly.”? If, as he suggests here, truth and 


| Ethica Nicomachea, V1 1 1139a6-11. Emphasis mine. kai broxetoOw S00 ta Adyov Exovta, 
Ev pev @ Oewpoduev Té To1adta THV Svtwv Gowv ai &pyat pn} Evdéxovtar KAAws Exe, Ev SE @ 
ta EvdEXOMEVA: TPOG yap TH TH yévet EtEpa kal TV tHG Woxii¢ Hopiwv Etepov tA yével TO TpPOG 
EKATEPOV TEPUKOG, EimEN KAD OPOLOTHTA TIva Kai OiKkElOTYTA 1 yvGors UmdpxEr avTOIC. 

2 Metaphysica, 1X 10 1051b7-9. ob yap Sd TO Hac oteoOa1 GANO@s ce AevKodv Eivat Et od 
NevKds, GAAG Sid Td o& Eivat AevKdv HEIs of PavtEs Toto dANBEvouEV. 
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conformity go hand-in-hand, how does it apply when we use our minds in 
contingent matters, practically? 

Calculative thought (art and prudence) measures things, not vice versa. 
Not that scientific knowledge can in no way be a measure,’ but that it is 
not so principally: 


We call science (émtotrjyn) and sense-knowledge measures of things for the 
same reason, that we know something through them; yet they are measured 
more than they measure.* 


Aquinas elaborates upon knowledge as a measure. While émiotfhpn and 
perception are measures only secondarily, practical knowledge measures 
things, properly speaking: 


If there is knowledge which is the cause of the thing known, it must be the 
measure of that thing. For example, the knowledge of the artisan is the 
measure of the artifacts, since any artifact is perfect to the degree that it 
attains a likeness to the art.5 


In the introduction to his Commentary on the Nicomachean Ethics, 
Aquinas famously divides the consideration of the human intellect into 
four types of order. Knowledge being both scientific and practical, we also 
need to have regard for what we knowingly produce, beyond what we 
have discovered. 


Order is related to reason in a fourfold way. For there is one order which 
reason does not make but only considers ... There is another order which 
reason by considering makes in its own act ... There is a third order which 
reason by considering makes in the operations of the will. And there is a 


3See our discussion of the middle sciences, above. 

* Metaphysica, X 1 1053a31-34. kai tiv emtotiny Sé pétpov TOV mpaypatwv AEyOUEV Kal 
THV atoOyow did TO abtd, StL yvwpiGopév Tt avtaiG, Enel pEtPodVTOL LaAAOV 7} LETPOTOL. 
Scientific truth is a measure only after the mind has been measured by things. 

5 In Metaphysicorum, X 2 1959. “Si qua vero scientia est quae est causa rei scitae, oportebit 
quod sit eius mensura. Ut scientia artificis est mensura artificiatorum; quia unumquodque 
artificiatum secundum hoc perfectum est, quod attingit ad similitudinem artis.” We have 
rendered scientia broadly here so as to include art, which is properly distinguished from 
science, 
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fourth order which reason by considering makes in those exterior things of 
which it is the cause.® 


The first type is the sczentific order, while the order reason produces in 
its own thoughts is /ggic, since it is here that the intellect reflects upon its 
own acts and applies this knowledge to them, that it may reason more 
surely and without error.’ The order reason knowingly brings to our acts 
of will constitutes ethics and politics, whereby we are able to direct our 
choices to proper means to good ends. Finally, reason brings order to 
things we make, which is art. Corresponding to each order is an analo- 
gous sense of knowledge and truth. ® Beyond scientific knowledge, logical 
and artistic knowledge are factive,? while moral truth requires right desire 
and right reason.'? Common to these knowings is that they measure 
other things. 

Being reciprocal, mutual similarity or correlation do not sufficiently 
designate a principle or term. It is not even enough to say that truth lies in 
conformity between mind and thing, since this is not to designate the intel- 
lect, rather than the thing, as a principle. Unlike scientific truth, the truth 
of the calculating mind will be found in the things we have made or done. 
Conformity is an irreversible relation. Thus Aquinas: 


°In Ethicorum, 1 1 1. “Ordo autem quadrupliciter ad rationem comparatur. Est enim 
quidam ordo quem ratio non facit, sed solum considerat ... Alius autem est ordo, quem ratio 
considerando facit in proprio actu ... Tertius autem est ordo quem ratio considerando facit 
in operationibus voluntatis. Quartus autem est ordo quem ratio considerando facit in exteri- 
oribus rebus, quarum ipsa est causa.” 

7“Tf because reason reasoned about the act of the hand, the art of building or carpentry 
was discovered, through which man is able to exercise acts of this sort easily and in an 
ordered way, for the same reason a certain art, which can direct the act of reasoning itself, is 
needed, through which a man might proceed in an orderly way, easily, and without error, in 
the act of reason itself. And this art is logic, that is, rational science.” In Posteriorum, 
Prooemium \-2. “Si igitur ex hoc, quod ratio de actu manus ratiocinatur, adinventa est ars 
aedificatoria vel fabrilis, per quas homo faciliter et ordinate huiusmodi actus exercere potest; 
eadem ratione ars quaedam necessaria est, quae sit directiva ipsius actus rationis, per quam 
scilicet homo in ipso actu rationis ordinate, faciliter et sine errore procedat. Et haec ars est 
Logica, id est rationalis scientia.” 

8 Aquinas masterfully distinguishes various senses of truth in De Veritate, 1 2. 

° At least in part. See the distinction between Jogica docens and logica utens at the end of 
this section. 

10 In Ethicorum, I 7 322, 326; II 15 548; and VI 2 1130-31. 
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A thing is compared to the practical intellect in one way and to the specula- 
tive intellect in another. For the practical intellect causes things and so it is a 
measure of what comes about through it. But the speculative intellect, since 
it receives from things, is, in a certain way, moved by them, and thus [these ] 
things measure it. Whence it is clear that natural things, from which our 
intellect receives knowledge, measure our intellect, as is said in the tenth 
book of the Metaphysics: but these [natural things] are measured by the 
divine intellect, in which are all created things, just as all artificial things in 
the intellect of the artist [are measured by the artist’s intellect]."’ 


While art and prudence rightly determine means suitable for making or 
doing, still, practical truth proper is the conformity of these to what they 
had in mind. Makings are true by virtue of their conformity to the art 
residing in the mind of the artist. Still, what the artist brings to a making 
intellectually can be true or false as well. 

Of the four types of order, mentioned above, thinking about our own 
thoughts has both a scientific and a practical part. The scientific logician 
thinks about second intentions—what they and their properties are— 
while an application of logic to thought pertains to the (liberal) art of 
logic. This is the basis of Aquinas’ distinction between art as docens and 
as utens. 


Though philosophy is said to be a science where dialectics and sophistics are 
not, this does not do away with dialectics and sophistics beings sciences [all 
the same]. For dialectics can be taken as docens or as utens. As docens, it stud- 
ies [second] intentions and determines ow one can demonstrate thereby 
that the conclusions of the individual sciences probably follow. It does this 
demonstratively, and so is a science to that extent. But as wtens, it uses the 
method it has discovered to arrive at the probable conclusions of those 
individual sciences. To that extent it falls short of being a science. The same 
can be said for sophistics. As docens, it thinks about how we can argue to 


| De Veritate, 1 2 corpus. “Res aliter comparatur ad intellectum practicum, aliter ad specu- 
lativum. Intellectus enim practicus causat res, unde est mensuratio rerum quae per ipsum 
fiunt: sed intellectus speculativus, quia accipit a rebus, est quadammodo motus ab ipsis rebus, 
et ita res mensurant ipsum. Ex quo patet quod res naturales, ex quibus intellectus noster 
scientiam accipit, mensurant intellectum nostrum, ut dicitur X Metaph.: sed sunt mensuratae 
ab intellectu divino, in quo sunt omnia creata, sicut omnia artificia in intellectu artificis.” 
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apparent truth using necessary and demonstrative arguments, whereas as 
utens, it falls short of the way of true argumentation.” 


What artists bring to their makings, intellectually, itself needs to be 
right, even before one considers whether their products are true, in the 
sense explained above. After all, both Aristotle and Aquinas understand art 
to be “right reason in making.”'* 

Aquinas turns to the art of demonstration next: 


In the demonstrative part of logic its teaching | doctrina, cf. docens| belongs 
to logic alone, while its use belongs to philosophy and to other, particular, 
sciences which are about the nature of things. This is because the use of the 
demonstrative part consists in using the principles of things—not logical 
intentions—from which [use] proceeds demonstration, which pertains to 
the real sciences. So it appears that certain parts of logic have science, teach- 
ing, and use all together—for example investigative dialectics and sophis- 
tics—while others have teaching but not use, namely, demonstrative logic.'* 


THE MATHEMATICAL ARTS 


The logical arts have this in common with mathematics: in that they are 
liberal arts. 


2 In Metaphysicorum, IV 4 576. Emphasis mine. “Licet autem dicatur, quod philosophia 
est scientia, non autem dialectica et sophistica, non tamen per hoc removetur quin dialectica 
et sophistica sint scientiae. Dialectica enim potest considerari secundum quod est docens, et 
secundum quod est utens. Secundum quidem quod est docens, habet considerationem de 
istis intentionibus, instituens modum, quo per eas procedi possit ad conclusiones in singulis 
scientiis probabiliter ostendendas; et hoc demonstrative facit, et secundum hoc est scientia. 
Utens vero est secundum quod modo adinvento utitur ad concludendum aliquid probabili- 
ter in singulis scientiis; et sic recedit a modo scientiae. Et similiter dicendum est de sophistica; 
quia prout est docens tradit per necessarias et demonstrativas rationes modum arguendi 
apparenter. Secundum vero quod est utens, deficit a processu verae argumentationis.” 

SCf. Ethica Nicomachea, V1 4 1040a9-10. “a habit of making in accordance with true 
reason” &1¢ peta Adyou aAnBodc nomtiKr. In Ethicorum, VI 3 1153. “habitus factivus cum 
vera ratione”. 

4 In Metaphysicorum, IV 4 576. “Sed in parte logicae quae dicitur demonstrativa, solum 
doctrina pertinet ad logicam, usus vero ad philosophiam et ad alias particulares scientias quae 
sunt de rebus naturae. Et hoc ideo, quia usus demonstrativae consistit in utendo principiis 
rerum, de quibus fit demonstratio, quae ad scientias reales pertinet, non utendo intentioni- 
bus logicis. Et sic apparet, quod quaedam partes logicae habent ipsam scientiam et doctrinam 
et usum, sicut dialectica tentativa et sophistica; quaedam autem doctrinam et non usum, sicut 
demonstrativa.” Emphasis mine. 
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[The seven liberal arts] are grouped together because they were first taught 
to those who wanted to learn philosophy. And they were divided into triy- 
ium and quadrivium because by these paths, as it were, a quick mind is 
introduced to the secrets of philosophy." 


Aquinas finds that both this need for training in the arts of logic and the 
need for subsequently learning mathematics is consonant with Aristotle’s 
own thought: 


This fits with the Philosopher’s words in Metaphysics II that we must inves- 
tigate the method of the sciences before the sciences themselves. The 
Commentator says (in the same place) that one should learn logic—the 
trivium, which is about the methods of all the sciences—before all the other 
sciences. [The Philosopher] also says in Ethics VI that the young can learn 
mathematics but not natural philosophy, which requires experience. So we 
are given to understand that after logic we should learn the quadrivium— 
mathematics. These, then, are like paths preparing the mind for the other 
philosophical disciplines.!¢ 


As to why these preliminary studies are called arts: 


These, among the other sciences, are also said to be arts, not only because 
they know, but because they have some product that is immediately due to 
reason itself—constructing a syllogism or making a speech, numbering, 
measuring, composing melodies, or computing the course of the stars. 
Other sciences (divine and natural science, for example) either do not have 


'S In De Trinitate, 5 1 ad 3. “[S]eptem connumerantur, quia his primum erudiebantur, qui 
philosophiam discere volebant, et ideo distinguuntur in trivium et quadrivium, eo quod his 
quasi quibusdam viis vivax animus ad secreta philosophiae introeat.” 

'6Tbid., “Et hoc etiam consonat verbis philosophi qui dicit in II metaphysicae quod modus 
scientiae debet quaeri ante scientias; et Commentator ibidem dicit quod logicam, quae docet 
modum omnium scientiarum, debet quis addiscere ante omnes alias scientias, ad quam per- 
tinet trivium. Dicit etiam in VI Ethicorum quod mathematica potest sciri a pueris, non autem 
physica, quae experimentum requirit. Et sic datur intelligi quod post logicam consequenter 
debet mathematica addisci, ad quam pertinet quadrivium; et ita his quasi quibusdam viis 
praeparatur animus ad alias philosophicas disciplinas.” 
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a product but only knowledge ... or they have a physical product, such as 
medicine, alchemy, and such other sciences.!7 


As we shall eventually conclude, Aristotelian and Thomistic mathemat- 
ics is a mixed bag. While included among the strictly scientific intellectual 
habits, it nevertheless employs properly constructive demonstrations, takes 
the form of a mixed science (conjoined with optics or harmonics, for 
example), and constitutes the guadrivium of the liberal arts. In an article 
on the liberal arts in Aquinas, Pierre Conway and Benedict Ashley work 
out these various aspects of mathematics through the responses to a series 
of objections Aquinas presents to his own division of the sciences. 


From this outlook, then, the meaning of St. Thomas, who lists the order of 
learning as logic, mathematics, natural science, moral science and metaphys- 
ics, without any special distinguishing of the first two from the latter three, 
is that one will first learn logic as an art, i-e., how to construct a sentence, 
form a syllogism, compose a speech; followed by the learning of mathemat- 
ics, first as an art, involving measuring, constructing and the like, and then 
as a science, i.e., by beginning to see, especially through the application of 
logic, why things are as they are. Thus, through the constructions made in 
connection with the right triangle of the Pythagorean theorem, and which 
have the character of art, one is able clearly to show the role of those con- 
structions as a middle term—as known from logic—linking together the 
square on the hypotenuse with the squares on the other two sides. In so 
doing, one shows or demonstrates why this must be so, i.e., one 
induces science.!® 


"In De Trinitate, 5 1 ad 3. “...hae inter ceteras scientias artes dicuntur, quia non solum 
habent cognitionem, sed opus aliquod, quod est immediate ipsius rationis, ut constructio- 
nem syllogismi vel orationem formare, numerare, mensurare, melodias formare et cursus 
siderum computare. Aliae vero scientiae vel non habent opus, sed cognitionem tantum, sicut 
scientia divina et naturalis; unde nomen artis habere non possunt, cum ars dicatur ratio fac- 
tiva, ut dicitur in VI metaphysicae. Vel habent opus corporale, sicut medicina, alchimia 
et aliae huiusmodi. Unde non possunt dici artes liberales, quia sunt hominis huiusmodi actus 
ex parte illa, qua non est liber, scilicet ex parte corporis. Scientia vero moralis, quamvis sit 
propter operationem, tamen illa operatio non est actus scientiae, sed magis virtutis, ut patet 
in libro Ethicorum. Unde non potest dici ars, sed magis in illis operationibus se habet virtus 
loco artis. Et ideo veteres diffinierunt virtutem esse artem bene recteque vivendi, ut 
Augustinus dicit in IV de civitate Dei.” 

18 Pierre Conway and Benedict Ashley, “The Liberal Arts in St. Thomas Aquinas,” The 
Thomist 22, no. 4 (1959): 490. 
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If mathematics turns out to be something this complex, it is no wonder 
that some one aspect might be fixed upon as wholly determinative. 
Choosing to emphasize its scientific (and so realist) character, one might 
be inclined to see its objects—all its objects—as having a place in either the 
immaterial or material realms; such an emphasis might see the use of con- 
structive definitions as one step toward fictionalism. On the other hand, 
overemphasizing its artistic character might lead to an exaggerated 
emphasis on free constructability among the mathematicals; other consid- 
erations (such as compatibility with mathematical principles) might then 
be regarded as merely limiting. Finally, focusing upon the real benefits of 
mathematica utens—the middle sciences, for example—could well lead 
someone to consider success the sole, or at least the overwhelmingly 
important, criterion of its value; the more practically minded among us 
might then tend to regard the real as irrelevant. 

Aquinas’ philosophy of mathematics takes all these aspects into account. 
It is yet one more instance of the media via for which he is rightly famous. 
We will later address how this unified mathematics allows Aquinas to avoid 
some of the more contemporary problems besetting mathematical- 
philosophers. For now, we will turn to one final way in which Aquinas 
builds upon the mathematical foundations discovered by his Greek prede- 
cessor, namely, his so-called reduction of mathematics to the imagination. 
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CHAPTER 9 


The Place of the Imagination 


IMAGINATION: A THOMISTIC DEVELOPMENT 


While Plato and Aristotle employ mathematical examples by way of illus- 
trating particular philosophical truths (cf. doubling the square, the divided 
line, the sum of the angles of a triangle, constructing a triangle in a semi- 
circle, and many others), neither left behind a mathematical work, like 
Euclid’s Elements or Nicomachus of Gerasa’s Introduction to Arithmetic. 
Nor did Aquinas, though he did write an ex professo treatment of mathe- 
matics as part of his Commentary on the De Trinitate of Boethius. In Part 
Two of the De Trinitate Boethius, following Aristotle, makes and explains 
the distinction among the sciences: 


Speculative Science may be divided into three kinds: Physics, Mathematics, 
and Theology. Physics deals with motion and is not abstract or separable 
(i.e., dvaneEatpetos); for it is concerned with the forms of bodies together 
with their constituent matter, which forms cannot be separated in reality 
from their bodies. As the bodies are in motion—the earth, for instance, 
tending downwards, and fire tending upwards, form takes on the movement 
of the particular thing to which it is annexed. Mathematics does not deal 
with motion and is not abstract, for it investigates forms of bodies apart 
from matter, and therefore apart from movement, which forms, however, 
being connected with matter cannot be really separated from bodies. 
Theology does not deal with motion and is abstract and separable, for the 
Divine Substance is without either matter or motion. In Physics, then, we 
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are bound to use scientific, in Mathematics, systematical, in Theology, intel- 
lectual concepts; and in Theology we will not let ourselves be diverted to 
play with imaginations but will simply apprehend that Form which is pure 
form and no image, which is very Being and the source of Being.! 


While we have already dealt with the distinctions among the odyjects of 
these, in terms of their separability from matter and movement, the appel- 
lations scientific, systematical, and intellectual as points of difference are 
new. Aquinas ascribes such differences, not to what we consider in each 
science, but to ow we consider it, i.e., to the methods of the sciences. As 
he says: 


Then when [Boethius] says: In the natural sciences..., he shows what method 
is used in each [science]. Here, he does two things. He first establishes 
which method is used in each of these parts—the explanation of this part 
remains to be discussed. Then he explains the last method—the point of the 
present discussion. He does this in two ways, first, by removing an impedi- 
ment, saying we need not be led by images to deductions in divine matters—as 
if we were to follow the judgment of the imagination in judging of them, 
secondly, by showing what [method] is proper: but we ought rather to con- 
sider the form itself apart from motion and matter, whose conditions he con- 
sequently explains as he begins the investigation he has proposed.” 


'Boethius, De Trinitate, trans. H.F. Stewart and E.K. Rand (Massachusetts: Harvard 
University Press, 1968), If 5-21. “Nam cum tres sint speculativae partes, naturalis, in motu 
inabstracta dvanegaipetos (considerat enim corporum formas cum materia, quae a corpori- 
bus actu separari non possunt, quae corpora in motu sunt ut cum terra deorsum ignis sursum 
fertur, habet que motum forma materiae coniuncta), mathematica, sine motu inabstracta 
(haec enim formas corporum speculatur sine materia ac per hoc sine motu, quae formae cum 
in materia sint, ab his separari non possunt), theologica, sine motu abstracta atque separabilis 
(nam dei substantia et materia et motu caret), in naturalibus igitur rationabiliter, in mathe- 
maticis disciplinaliter, in divinis intellectualiter versari oportebit neque diduci ad imaginatio- 
nes, sed potius ipsam inspicere formam quae vere forma neque imago est et quae esse ipsum 
est et ex qua esse est.” 

? In De Trinitate, 1 22 1. “Deinde cum dicit: in naturalibus igitur etc., ostendit, quis sit 
modus congruus praedictis partibus. Et circa hoc duo facit. Primo concludit modos con- 
gruos singulis partium praedictarum, et huius partis expositio relinquitur disputationi. 
Secundo exponit ultimum modum qui est proprius praesenti inquisitioni. Et hoc dupliciter. 
Primo removendo id quod est impeditivum dicens: neque oportet in divinis deduci ad imagi- 
nationes, ut scilicet de eis iudicando sequamur imaginationis iudicium. Secundo ostendendo 
id quod est proprium, ibi: sed potius ipsam inspicere formam sine motu et materia, cuius 
condiciones consequenter exponit ingrediens ad propositam inquisitionem.” 
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The commentary proper ends here. In what follows, Aquinas utilizes the 
disputed question form and raises a number of questions and _ articles 
regarding Boethius’ division of the sciences and their methods.’ Of these, 
articles one and two of question six concern us, as they reference Aquinas’ 
view of the place of imagination in mathematics.* 

Aquinas divides the first article into three parts, each concerned with 
the proper method of one of the three speculative sciences: natural phi- 
losophy, mathematics, and divine science (metaphysics). He is concerned 
with how these sciences begin, how they proceed, and how they resolve. 
Following Boethius, Aquinas describes them as proceeding rationally, 
disciplinabiliter,> and intellectually, respectively. As to the method of 
mathematics, Aquinas has this to say: 


To proceed disciplinabiliter is to proceed demonstratively and with certi- 
tude. But, as Ptolemy says in the beginning of the Al/magest, “Mathematics 
alone—if one brings diligence to that inquiry—will bring a firm and stable 
belief to the one seeking knowledge [of it], by demonstrating [its conclu- 
sions] in unquestionable ways.” Therefore, it is most proper to mathematics 
to proceed disciplinabiliter.® 


This is not because other sciences do not proceed demonstratively, but 
because mathematical demonstrations exhibit great certitude in their con- 
clusions.’ For Aquinas, this has to do with the way we think about the 


3 These have come to be separately named The Division and Methods of the Sciences. 

“Though the Division and Methods of the Sciences is a locus classicus for Aquinas on the 
mathematical imagination, he frequently associates mathematics with the imagination in his 
works. Cf. Scriptum Super Sententiarum, 3 dist. 13, 1 2 3 ad 1; In Aristotelis Librum De 
Anima Commentaria (Rome: Marietti Editori, Ltd., 1959), 3 8 16-7, hereafter In De 
Anima, De veritate 15 2 corpus, In Physicorum 37 6,8 5 3; In Metaphysicorum, 2 5 4,7 10 
14; In Ethicorum, 1 11 7, 6 7 16-17, 20; and In Aristotelis Librum de Memoria et 
Reminiscentia Commentarium (Rome: Marietti Editori, Ltd., 1928), 2 2 2, hereafter In De 
Memoria. 

5 Rationabiliter does translate easily into rationally and intellectuabiliter into intellectually, 
but there is no easy translation for disciplinabiliter, except, perhaps, in the manner of learn- 
ing—learningly is simply monstrous. 

° In De Trinitate, 6 1 sed contra 2. “Sed contra, disciplinaliter procedere est demonstrative 
procedere et per certitudinem. Sed, sicut Ptolemaeus in principio Almagesti dicit, solum 
mathematicum genus, si quis huic diligentiam exhibeat inquisitionis, firmam stabilemque 
fidem intendentibus notitiam dabit, velut demonstratione per indubitabiles vias facta. Ergo 
disciplinaliter procedere maxime proprium est mathematici.” 

7Cf. Ibid., corpus 2. 
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mathematicals—abstracting them from their sensible conditions (unlike 
natural philosophy) but not to the point of dissociating them from sensi- 
ble reality altogether (like metaphysics). 

In the second article of question six, Aquinas speaks of the method of 
divine science—in particular, as to whether images are of use here. More 
the contrary, as it turns out. 


In all knowledge two things must be considered: the beginning and the end. 
The beginning pertains to apprehension and the end to judgment, for 
knowledge is completed [in judgment].§ 


Following Aristotle’s account of episteme, Aquinas traces the steps 
needed to arrive at certitude in our demonstrated conclusions. In reverse 
order, conclusions are judgments (propositions) known to be true on the 
basis of known premises, which are also judgments either known to be 
themselves true on the basis of true premises, or (ultimately) known to be 
true in themselves. In Posterior Analytics 1 13, Aristotle ultimately grounds 
our knowledge of such first principles in sensation. The beginning of all 
our knowledge, then, is sensation, though—unlike strict empiricists— 
Aristotle and Aquinas deny that our knowledge goes no further than sen- 
sation (as is clear from their division of the sciences, which include 
metaphysics). As to this beginning, Aquinas continues. 


The beginning of all our knowledge is in the senses, since from the appre- 
hension of the senses arises the apprehension of the imagination—which is a 
movement made [in us] by the senses, as the Philosopher says—from which, 
in turn, arises our intellectual apprehension, since images are like the objects 
of the intellective soul, as is clear in De Anima III.? 


In each case—sensation, imagination, intellection—Aquinas speaks of 
an apprehension, that is, a taking in what is there. Importantly, 


STbid., 6 2 corpus. “Responsio. Dicendum quod in qualibet cognitione duo est consider- 
are, scilicet principium et terminum. Principium quidem ad apprehensionem pertinet, termi- 
nus autem ad iudicium; ibi enim cognitio perficitur.” 

Ibid. “Principium igitur cuiuslibet nostrae cognitionis est in sensu, quia ex apprehensione 
sensus oritur apprehensio phantasiae, quae est motus a sensu factus, ut dicit philosophus, a 
qua iterum oritur apprehensio intellectiva in nobis, cum phantasmata sint intellectivae ani- 
mae ut obiecta, ut patet in III de anima.” Note the use of the term apprehension across the 
types of knowing. 
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apprehension is not propositional, rather, we intentionally receive the form 
of the object known at each level of knowledge. At this level of thought 
the human mind is not making anything new—its understanding consists 
im its conformity to the object. It is only when we make claims that we 
begin to produce something which does not conform to the external real- 
ity (namely, a proposition). Reality itself is not composed along subject- 
copula-predicate lines. As Aquinas says elsewhere. 


Just as the true is found more in the intellect than in things, so also is it 
found more in the intellect’s act of composition and division than in its act 
of forming the guiddities of things. For the nature of the true consists in the 
conformity of the intellect to a thing. Now, nothing conforms to itself, 
rather, only different things can be conformed. So, the nature of truth is first 
found in the intellect when the intellect begins to have something proper to 
itself (something the thing outside the soul does not have) albeit corre- 
sponding to that thing, such that a conformity may be discovered there. 
When the intellect forms the quiddities of things, it merely possesses a like- 
ness of a thing existing outside the soul, just as sensation possesses a likeness 
when it receives the form of a sensible thing. But when the intellect begins 
to judge about what it has apprehended, then its judgment is something 
proper to it—something not found in the thing—which judgment is said to 
be true when it conforms to what exists outside the mind.!° 


Aquinas rightly calls the beginning of all our knowledge apprehension, 
then, since at this point our knowledge consists simply in a reception of 
what is there. Notably, however, the reception of sensation is first, fol- 
lowed by the reception proper to the imagination, and, finally, the recep- 
tion of the guiddity of things by the intellect itself—a tri-partite beginning, 
as it were. 


De Veritate, 1 3 corpus. “Dicendum, quod sicut verum per prius invenitur in intellectu 
quam in rebus, ita etiam per prius invenitur in actu intellectus componentis et dividentis 
quam in actu intellectus quidditatem rerum formantis. Veri enim ratio consistit in adaequa- 
tione rei et intellectus; idem autem non adaequatur sibi ipsi, sed aequalitas diversorum est; 
unde ibi primo invenitur ratio veritatis in intellectu ubi primo intellectus incipit aliquid pro- 
prium habere quod res extra animam non habet, sed aliquid ei correspondens, inter quae 
adaequatio attendi potest. Intellectus autem formans quidditatem rerum, non habet nisi 
similitudinem rei existentis extra animam, sicut et sensus in quantum accipit speciem sensibi- 
lis; sed quando incipit iudicare de re apprehensa, tunc ipsum iudicium intellectus est quod- 
dam proprium ei, quod non invenitur extra in re. Sed quando adaequatur ei quod est extra 
in re, dicitur iudicium verum.” Emphases mine. 
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As to how knowledge terminates, Aquinas once again makes a threefold 
distinction: 


Now knowledge terminates in different ways, sometimes in the senses, 
sometimes in the imagination, and sometimes in the intellect alone. For 
sometimes properties and accidents revealed by the senses adequately 
express a thing’s nature, in which case the intellect’s judgment about it must 
conform to what the senses reveal. All natural things, determined by sensible 
matter, are of this kind. Therefore, our knowledge in natural science must 
terminate in sensation, such that we make judgments about natural things 
according to what the senses show us, as is clear from [Aristotle’s] De caelo 
et mundo. Whoever neglects the senses when thinking about natural things, 
then, will fall into error." 


Aquinas argues here that the strength of the empirical sciences consists 
in their conformity to fact. No hypothesis, no matter how elegant or intui- 
tively attractive to us, can be sustained in the face of contrary findings. A 
consistently formulated system or an ov paper solution will always be inad- 
equate when it comes to thinking about natural things, whose court of last 
resort is always what we see, touch, taste, hear, and smell. 

Is the same true of the other speculative sciences? Recall that the ques- 
tion Aquinas is asking in this article is whether recourse to the imagination 
is helpful, or harmful, when thinking about divine matters. One might ask 
the same question about the senses, if it were not obvious that knowledge 
in immaterial realities cannot terminate on the basis of what the senses 
reveal. “God does not exist since no one has ever seen Him” is a method- 
error, as it turns out, since it does not respect the way in which one must 
go about investigating immaterial realities. 


"In De Trinitate, 6 2 corpus. “Sed terminus cognitionis non semper est uniformiter: quan- 
doque enim est in sensu, quandoque in imaginatione, quandoque autem in solo intellectu. 
Quandoque enim proprietates et accidentia rei, quae sensu demonstrantur, sufficienter expri- 
munt naturam rei, et tunc oportet quod iudicium de rei natura quod facit intellectus con- 
formetur his quae sensus de re demonstrat. Et huiusmodi sunt omnes res naturales, quae sunt 
determinatae ad materiam sensibilem, et ideo in scientia naturali terminari debet cognitio ad 
sensum, ut scilicet hoc modo iudicemus de rebus naturalibus, secundum quod sensus eas 
demonstrat, ut patet in III caeli et mundi; et qui sensum neglegit in naturalibus, incidit in 
errorem.” 
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Wuat Asout MATHEMATICS? 


Our judgment about other things does not depend upon what the senses 
perceive, because, though [these other things] exist in sensible matter, their 
defining ratios are abstracted from it, and we judge of a thing first and fore- 
most according to its defining ratio. But because their defining ratios are not 
abstracted from every kind of matter but only sensible matter, and because 
something imaginable remains after its sensible conditions have been set 
aside, we must judge about such things according to what our imagination 
shows us. The mathematicals are this kind of thing. Therefore, the mathe- 
matical knowledge we have by way of judgment must terminate in the imag- 
ination and not in the senses, because mathematical judgment goes beyond 
the apprehension of sensation. We sometimes do not reach the same judg- 
ment about the mathematical line and the sensible line. For example, that a 
straight line touches a sphere at only one point is true of the abstracted 
straight line but not of a straight line in matter, as is said in [Aristotle’s] 
De Anima. 


Recalling that one of the problems with which we came away from our 
first review of Aristotle’s mathematical philosophy was the precision- 
problem, Aquinas’ insistence upon resolving mathematical judgments, not 
to what the senses tell us, but to what the imagination reveals, makes 
much sense. After all, it is simply false to say that the angles of a triangle 
drawn on paper—howsoever precisely—are equal to one-hundred and 
eighty degrees. But neither is it the imagination that makes the judgment, 
nor was this true for the natural philosopher (nor, as it turns out, for the 
metaphysician). For judgment is an act of the intellect, which begins with, 
and is based upon, what the senses, imagination, and intellect apprehend, 
but which goes beyond those apprehensions. We do not know that a 


2 Ibid. “Quaedam vero sunt, quorum iudicium non dependet ex his quae sensu percipiun- 
tur, quia quamvis secundum esse sint in materia sensibili, tamen secundum rationem diffini- 
tivam sunt a materia sensibili abstracta. Iudicitum autem de unaquaque re potissime fit 
secundum eius diffinitivam rationem. Sed quia secundum rationem diffinitivam non abstra- 
hunt a qualibet materia, sed solum a sensibili et remotis sensibilibus condicionibus remanet 
aliquid imaginabile, ideo in talibus oportet quod iudicium sumatur secundum id quod imagi- 
natio demonstrat. Huiusmodi autem sunt mathematica. Et ideo in mathematicis oportet 
cognitionem secundum iudicium terminari ad imaginationem, non ad sensum, quia iudicium 
mathematicum superat apprehensionem sensus. Unde non est idem iudicium quandoque de 
linea mathematica quod est de linea sensibili, sicut in hoc quod recta linea tangit sphaeram 
solum secundum punctum, quod convenit rectae lineae separatae, non autem rectae lineae in 
materia, ut dicitur in I de anima.” 
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straight line touches a circle in a single point but imagining to be so, 
rather, the straight line we construct touching the circle is shown to be tan- 
gent, by a demonstration. What is it that the imagination reveals that the 
senses do not? The truth lying in the construction. Most precisely, Aquinas 
says in the above text that mathematical judgment goes beyond the appre- 
hension of sensation, literally iudicium mathematicum superat apprehensio- 
Nem SENSUS. 

In one sense it is odd for Aquinas to say this in this case, since that is 
true for all judgments as over against the apprehensions with which 
knowledge begins, as he said above. Even judgments made by the natural 
philosopher go beyond the apprehension of the senses. What he means, 
rather, is that mathematical judgments surpass what the senses alone can 
reveal to us, which is why they are said to terminate in the imagination. It 
is on the basis of what we apprehend through imaginative constructions 
that we justify mathematical conclusions. This is clear from how Aquinas 
concludes this article: 


We are therefore able to use the senses and imagination as principles in our 
knowledge of divine things, but not as terms—in the sense that we would 
judge them to be the sort of objects sensation or the imagination apprehend. 
Now to go to something is to terminate in it. Therefore, we should go nei- 
ther to the imagination nor to the senses in divine science, to the imagina- 
tion but not to the senses in the mathematical sciences, and to the senses in 
the natural sciences. 


At this point, we have seen some sense in Aquinas’ insistence upon the 
imagination as the distinctive /ocus for resolving our mathematical ques- 
tions, through demonstrated conclusions we come to know on the basis of 
what it reveals about the nature of the mathematicals. Now, Aquinas has 
just said that the imagination operates as a beginning—the second phase 
of the tripartite apprehension upon which science is ultimately based. 
This, too, makes sense when we consider what in us makes episteme 
possible. 


18 Tbid. “Uti ergo possumus in divinis et sensu et imaginatione sicut principiis nostrae con- 
siderationis, sed non sicut terminis, ut scilicet iudicemus talia esse divina, qualia sunt quae 
sensus vel imaginatio apprehendit. Deduci autem ad aliquid est ad illud terminari. Et ideo in 
divinis neque ad imaginationem neque ad sensum debemus deduci, in mathematicis autem 
ad imaginationem et non ad sensum, in naturalibus autem etiam ad sensum. Et propter hoc 
peccant qui uniformiter in his tribus speculativae partibus procedere nituntur.” 
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ARISTOTELIAN HINTS 


As Aristotle argues at the very beginning of his Metaphysics, we all natu- 
rally desire to know, as evidenced by the progression we discover among 
animals, all of whom sense, but only some of whom retain images of what 
they have sensed, namely, memories. From many memories comes experi- 
ence and, from experience, art and science in us.* 

Aquinas elaborates, showing the need for a connection between the 
senses, the imagination, and memory. 


Some animals have sensation but not memory, which arises from sensation. 
For memory follows upon imagination, which is a movement caused by the 
senses in their act of sensing, as [Aristotle says in] Book II of De anima. But 
in some animals sensation does not give rise to imagination, so neither do 
they have memory. Imperfect animals like shellfish, which do not move 
themselves about, are of this kind. For since sense knowledge enables ani- 
mals to provide for life’s necessities and for their characteristic operations, 
then animals which make progress toward something distant by means of 
local motion must have memory. For if the preconceived goal which moves 
them did not remain in them through memory, they could not make prog- 
ress toward the intended end. But, in order to do what is characteristic to 
them, it is enough that immobile animals receive a sense quality [immedi- 
ately] present to them, since they do not move toward anything distant 
[anyway]. So it is that such animals have an indefinite movement due solely 
toa confused imagination, as [Aristotle ] points out in Book III of De anima.® 


Crucial to Aristotle’s (and Aquinas’) overall argument is the capacity to 
retain sensed forms. The imagination alone is insufficient to allow for 


14 Metaphysica, 11. 

18 In Metaphysicorum, I 1. “Quaedam enim sunt, quae licet sensum habeant, non tamen 
habent memoriam, quae ex sensu fit. Memoria enim sequitur phantasiam, quae est motus 
factus a sensu secundum actum, ut habetur in secundo de anima. In quibusdam vero animali- 
bus ex sensu non fit phantasia, et sic in eis non potest esse memoria: et huiusmodi sunt ani- 
malia imperfecta, quae sunt immobilia secundum locum, ut conchilia. Cum enim animalibus 
cognitio sensitiva sit provisiva ad vitae necessitatem et ad propriam operationem, animalia illa 
memoriam habere debent, quae moventur ad distans motu progressivo: nisi enim apud ea 
remaneret per memoriam intentio praeconcepta, ex qua ad motum inducuntur, motum con- 
tinuare non possent quousque finem intentum consequerentur. Animalibus vero immobili- 
bus sufficit ad proprias operationes, praesentis sensibilis acceptio, cum ad distans non 
moveantur; et ideo sola imaginatione confusa habent aliquem motum indeterminatum, ut 
dicitur tertio de anima.” 
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intentional movement, to be sure, but, more importantly, it is by means of 
a number of memories—a number of retained forms—that experience, 
and therefore art and science, is possible. Thus Aquinas, following 
Aristotle: Just as one experiential knowing arises out of many memories of 
a thing, so does a universal notion about all similar things arise out of the 
apprehension of many experiences.!° If, as these men insist, all human 
knowledge originates in the senses, then apprehending the commonality 
among many like things requires that they be present to our minds all at 
once. But successive instances of sensing like things can only be present at 
once if some or all are retained for future zmspection. 

This is the need for the imagination at the beginning of all human cog- 
nition—the second phase of the threefold apprehension Aquinas men- 
tioned above. Universality itself pre-requires imagination, and episteme, of 
course, is all about universality, mathematics not the least. Imagination as 
retentive, then, is not what distinguishes mathematical judgments from 
other sorts, since that is part of the method of every science—indeed, of all 
human knowledge. 


THE REPRESENTATIVE AND CREATIVE IMAGINATION 


Of course, imagination has another sense, or function, beyond re- 
presenting the forms of sensations past to the view of the mind. In fact, in 
our day, imagination as creative or productive comes to mind much more 
readily, so much so that one might call into question whether the imagina- 
tion is any part of simply receiving what ts there. The distinction between 
the two functions is not lost on Aquinas. 


As to the memorative power, we have not only memory—as do other ani- 
mals when they recollect the past all at once—but also recollection, where we 
syllogistically (as it were) search for a memory of the past among the indi- 
vidual intentions. For his part Avicenna posits a fifth power between the 
estimative and imaginative powers, whereby we combine and separate imag- 
ined forms, as when from the imagined form of gold and the imagined form 
of a mountain we produce the one form of a golden mountain, which we 
have never seen. But this operation is not found in animals other than man, 
in whom the imaginative power suffices for this purpose. Averroes also attri- 


16Tbid. “Nam sicut ex multis memoriis fit una experimentalis scientia, ita ex multis experi- 
mentis apprehensis fit universalis acceptio de omnibus similibus.” 
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butes this action to us in his book On sensation and the sensibles. So, we need 
posit no more than four interior powers of the sensitive part-—the common 
sense, the imagination, and the estimative and memorative powers.” 


Unlike the Islamic philosopher Averroes, Aquinas explains how we can 
creatively imagine by referencing human reason. Just as memory in us also 
takes the form of recollection—the rational searching out of a specific 
memory—so, too, our imagination can exhibit aspects of thought from its 
conjunction with a mind in us. In short, we can imaginatively create 
because we can imagine and because we are rational. Add to this that we 
are also free—we are the principle of our own actions—and we can explain 
why our imagination is not /émited to what we have directly sensed, rather, 
we can combine or separate images as we please. 

This connection to reason is more explicit in this passage from De 
veritate: 


Some of our knowing powers know things only by receiving and not by 
making something out of what they have received. For example, sensation 
simply apprehends the form it has received, nothing more. Others not only 
apprehend what they have received but are also able to make something out 
of it, as is clear with the imagination, which forms the image of a golden 
mountain from the received images of gold and of a mountain, as does the 
intellect when it formulates the quiddity of a species from the forms of its 
genus and difference.!® 


” Summa Theologiae, 1 78 4 corpus. “Ex parte autem memorativae, non solum habet 
memoriam, sicut cetera animalia, in subita recordatione praeteritorum; sed etiam reminiscen- 
tiam, quasi syllogistice inquirendo praeteritorum memoriam, secundum individuales inten- 
tiones. Avicenna vero ponit quintam potentiam, mediam inter aestimativam et imaginativam, 
quae componit et dividit formas imaginatas; ut patet cum ex forma imaginata auri et forma 
imaginata montis componimus unam formam montis aurei, quem nunquam vidimus. Sed 
ista operatio non apparet in aliis animalibus ab homine, in quo ad hoc sufficit virtus imagina- 
tiva. Cui etiam hance actionem attribuit Averroes, in libro quodam quem fecit de sensu et 
sensibilibus. Et sic non est necesse ponere nisi quatuor vires interiores sensitivae partis, scili- 
cet sensum communem et imaginationem, aestimativam et memorativam.” Emphasis mine. 

18 De veritate, 8 5 corpus. “Est enim aliqua cognitiva potentia quae cognoscit tantum reci- 
piendo, non autem aliquid ex receptis formando; sicut sensus simpliciter cognoscit illud cuius 
speciem recipit, et nihil aliud. Aliqua vero potentia est quae non solum cognoscit, secundum 
quod recipit; sed etiam ex his quae recipit, potest aliquam aliam speciem formare; sicut patet 
in imaginatione, quae ex forma auri recepta et forma montis, format quoddam phantasma 
aurei montis. Et similiter est in intellectu, quia ex forma generis et differentiae comprehensis 
format quidditatem speciei.” Emphasis mine. 
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By virtue of their conjunction with our minds, memory and imagina- 
tion—though not themselves capable of making judgments—do partici- 
pate in our intellectual inquiries, as evidenced by our recollections and 
creative imaginings. It is the latter Aristotle references when he says: 
“[Imagination] is in us whenever we wish (for it is something constructed 
before our eyes, like those who make and place images in mnemonics),”’® 
but also “...sensations are always true, whereas many of the imaginings we 
make are false.”*° As Aquinas says in his Commentary: 


...when actually sensing our senses are always true, for they are not deceived 
about their proper sensibles, whereas imaginings are usually false, for there 
is usually nothing [in reality] that corresponds to the imagination.”! 


IMAGINATION AND THE TRUTH 


This brings us to this chapter’s main difficulty. If, as Aquinas insists, math- 
ematical judgments require constructive demonstrations and terminate in 
the imagination, but the imagination often presents falsehoods, what dis- 
tinguishes constructed falsehoods from constructed truths? What is to say 
that mathematics does wot consist of (at least some) useful fictions, in (fic- 
tionalist) Hartry Fields’ own words? If imagined fictions yield results as 
much as imagined realities, why bother with distinguishing them at all? 
Moreover, why limit mathematical imaginings at all—especially since the 
imagination is naturally free and falsity seems not to be the issue? 

We noted earlier that some modern philosophers—even Thomistic phi- 
losophers—are optimistic when it comes to Aquinas and modern mathe- 
matical developments. Thomas Anderson, for example: 


As for the freedom of the mathematician in his demonstrations of existence, 
it would seem that he is at liberty to construct in imagination any 


De Anima, UI 3 427b18-19. todto pév yap 10 méB0¢ Eg’ Nuiv Eottv, Stav PovAWpEBa 
(mpd oOppdtwv yap got. TL MoIjoacOal, Wonep ot Ev ToIG pvNpoviKois T1WguEVvoL Kal 
eidwAomoiodvtEs). 

2 Tbid., 428al 1-12. eita ai pév dAnOeic det, at 5é Pavtactor yivovtat ai tAEious evsdeic. 

21 In De Anima, 3 5 645. “Sensus secundum actum semper sunt veri; non enim sensus 
decipitur circa proprium sensibile: sed phantasiae ut plurimum sunt falsae. Non enim respon- 
det imaginationi ut plurimum.” 
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mathematicals he can, and this would apparently mean any quantities whose 
existence is not self-contradictory.”” 


That both Aristotle and Aquinas see mathematicians (here, geometers) 
as dealing with individual straight lines touching circles at one point— 
something which everyone denies about physical lines and circles—leaves 
us with one conclusion: such things are constructed by the human imagi- 
nation, which is not only representative but creative, which is something 
on which the two philosophers also agree. The difficulty is that our cre- 
ated imaginings ( Aristotle’s ai @avtaciat yivovtor and Aquinas’ ex his 
quae recipit, [imaginatio] potest aliquam aliam speciem formare) are usu- 
ally false.2* We have already shown examples of constructed mathematicals 
both men would exclude from mathematics proper, as being incompatible 
with continuous quantity in three dimensions or the arithmetical unit. 

Aquinas’ creative imagination does imply freedom in mathematical 
constructions. So does Aristotle’s, in fact. Anderson is correct in saying 
that, barring self-contradiction, mathematicians are at liberty to construct 
as they wish. Still, it does not follow that such constructs yield objectively 
true judgments, as being virtually contained in real mathematical princi- 
ples abstracted from real physical things. The creative imagination is 
intrinsically subject to error—necessary to mathematics though it may 
be—in that what we imaginatively construct from units and lines may have 
no more of episteme to it than mountains of gold. For purposes of epis- 
teme, as we have argued in Chap. 6, our imaginative constructions must 
not only arise from real principles apprehended through the senses, they 
must be shown to be logically compatible with those principles. One can 
be led to think that some eventual unit length could be found which mea- 
sures both the side of a square and its diagonal—progressively imagining 
a smaller and a smaller still is virtually effortless. It requires reason to see 
the contradiction such an assertion entails. The connection to the real 
which episteme requires comes at its own cost. The vast mathematical 
worlds we merely imagine have a undeniable beauty of their own. Even so, 
it is not the beauty of the real. 


2? Anderson, “Aristotle and Aquinas on the Freedom of the Mathematician,” 252. 
Emphasis mine. 

?3For example, it would be unwise to take what the imagination requires regarding the 
limits of the physical universe (we cannot imagine its outer limit without imagining some 
space beyond) as demonstrating that fact. Cf. Lucretius, On the Nature of Things (Indianapolis: 
Hackett Publishing Company, 2001), I, 969-84. 
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In the next part of this book we will review some modern and recent 
developments in mathematics, with a view to learning what problems they 
have encountered historically and whether Aquinas’ mathematical philos- 
ophy can explain why these problems have occurred and how they might 
have been avoided. 
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PART HI 


Modern Philosophies of Mathematics 


CHAPTER 10 


Going Beyond 


NUMERICAL EXTENSIONS 


We have already addressed numerical extensions and the response given 
them by Aristotle and Thomas Aquinas.’ While not a modern develop- 
ment—by any means—a general acceptance of such extensions is. Take 
zero and the negative numbers. Among the complications found in zero is 
that it has varied senses—from the additive identity to a position on the 
number line to false. Bertrand Russell notes in his Introduction to 
Mathematical Philosophy that there are nonidentical zeroes.? In some 
applications it represents a possible result (the empty set) and in others an 
exception—for example, rationals are closed under division except for 0. 
Zero and the negative integers are both included among the numbers 
closed to subtraction.* Then, apart from division by zero, the rationals are 
closed to division by definition—alternatively, the free use of division upon 
the integers extends that group of numbers to the rationals. 


'See Chap. 6, above. 

?Cf. Bertrand Russell, Introduction to Mathematical Philosophy (London: George Allen & 
Unwin, 1919), 63. 

3See our use of the closure property for subtraction (or the free application of subtraction) 
as a principle for extending the whole numbers, above. 
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As to the irrationals, among the more famous are V2 and 7, first discov- 
ered in a geometrical context.* Since irrationals are incommensurable— 
there is no unit whereby the numerator and denominator can be 
measured—tt is easy to recall why Aristotle and Thomas Aquinas excluded 
them from the episteme of mathematics. 

The imaginary numbers are another instance of an extension conse- 
quent upon the free application of basic numerical operations on numbers: 
closing numbers to subtraction yields the integers and closing numbers to 
division yields the rationals (except for zero). Moreover, as we noted in 
the previous section, closing the positive rationals to the extraction of 
roots yields the irrationals, or, alternatively, the free application of the 
arithmetical operations upon positive ratios of any sort yields the reals. In 
the case of the imaginary numbers, we close the numbers to the extraction 
of roots, yielding the complex numbers.® Since root-values are factors, 
finding roots is a special case of factorization, which is a sort of division 
(just as exponentiation is a kind of multiplication). 

Even so, say Aristotle and Thomas Aquinas, to the extent that such 
numbers compromise the very nature of mathematical unity (the indivisi- 
ble measure of plurality), they cannot be legitimized under the strict 
notion of mathematics they have developed. 


GEOMETRICAL EXTENSIONS 


What of historical developments regarding the mathematics of dimen- 
sional space—geometry? We will address two, topology and non-euclidean 
geometries, in the remainder of this chapter. We will then end our consid- 
eration of modern and recent views with a separate chapter on Cantor’s 
transfinites and the famous controversy it spawned. 

As to the mathematics of space, topology concerns the unchanging 
relational characteristics among changeable spatial structures—so-called 
rubber sheet geometry. Historically, it took its rise from a famous problem 
presented by Euler in his Solutio problematis ad geometriam situs pertinen- 
tis, namely, the Kénigsberg bridge problem. At issue was the question 
whether one could journey across each of seven bridges only once. 


*V2 is the numerical expression of the ratio between a square’s diagonal and its side and 1 
is the numerical expression of the ratio between a circle’s circumference and its diameter. 

°For example, the root of ? + 1 = 0 is V-1. The complex numbers are thereby said to be 
algebraically closed. 
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Importantly, the actual position of the crossings (the vertices of a polyhe- 
dron in standard geometry) was irrelevant to the solution of the prob- 
lem—hence a map of the bridges could be re-arranged in multiple ways 
and the problem would be unchanged. Euler proved that such a crossing 
is impossible—a conclusion regarding a new aspect of three-dimensional 
space, namely, the relationships obtaining between edges and vertices in 
such spaces. Other famous examples of topological structures include the 
mobius strip and the four-color map. Such structures are included among 
others in clusters, such as vector-edge graphs in graph theory and discrete 
structures generally in discrete mathematics. 

Where might Aristotle and Thomas Aquinas stand on such extensions? 
On the one hand, they exhibit some of the same features one would find 
among more traditional constructs in geometry: they are abstract, univer- 
sal, and necessary (e.g., abstracting from the static shapes formed by seven 
bridges and the paths we take to them, one cannot trace a unique path). 
On the other hand, mathematics, for Aristotle and Aquinas, seems to be 
exactly about what is unchanging in three-dimensionality and its indivisi- 
ble unit. In their terms, what would be the mature under consideration in 
the seven-bridges problem?° 

We noted above that Aristotle divides reality into ten categories, among 
which he includes the category of relation. 


What is said to be essentially signifies just as the figures of the categories do: 
in howsoever many ways these are said, in so many ways does being signify. 
Now since, of these categories, some signify what it is, others of what sort, 
others how much, others in relation to what, others what it does or suffers, 
others where, and others when, to each of these there [corresponds] a being 
which it signifies.” 


Earlier, we used this passage as the foundation of Aristotle’s account of 
the episteme of quantity; after all, episteme is knowledge of the real. If con- 
tinuous quantity in three dimensions and the indivisible measure of 


° Episteme requires that one know that the principles of demonstrating are true, the nature 
and existence of the subject of demonstration, and the nominal definition of the property 
being demonstrated to inhere in that subject. Cf. Analytica Posteriora, 1 1 71al1-16. 

7 Metaphysica, V 7 1017a23-28. Kad abta 8¢ eivon héyetar doanep onpatver TO OXMPATA TIS 
Katnyopias- doax@c yap A€yetan, tooavtayéc TO eivat onpatver. nel obv TAV KatTHYOpovLEVWV 
TH HEV Ti Eott onpatver, ta SE moLdv, ta SE Moody, ta SE MpPdG TL, TH SE ToLEtV 7} MéoXELV, TH SE 
nov, ta 5é noté, Exéotw toUTWV TO Elva tabTd oNUatvel. 
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plurality are not real, neither is there the science of mathematics. As to the 
other categories, Aristotle has this to say of relation—in particular of rela- 
tions that pre-suppose quantity: 


[Relations] of the first sort are numerical—either simply, or determinately— 
whether in relation to the unit or to numbers, e.g., the double is determi- 
nately [related to] the unit but the very much more is numerically, but not 
determinately, related to the unit (as being in ‘this relation or ‘that one’).* 


Aristotle goes on to specify the kinds of relations possible (both deter- 
minate and indeterminate) for quantities of various sorts. Even for inde- 
terminate relations, however, the notion of measure and measured is 
preserved: 


What contains is in a numerically indeterminate relation to what is con- 
tained. Number is commensurate. Number is not said of what is not com- 
mensurate, whereas what contains is, in relation to what is contained, so 
much and more—which is indeterminate. For it might happen to be either 
equal or unequal [to what is contained ].’ 


All numerical relations are either equalities or inequalities and, among 
inequalities, are either determinately or indeterminately unequal.’® But 
not all quantitative relations are numerical: indeed, what seems to distin- 
guish the mathematical sciences from all others is that they remain within 
the realm of the equal and unequal: “What is most proper to quantity is 
that it is said to be equal and unequal.”" In elaborating upon what 
Aristotle is saying in the passages from the Metaphysics, Aquinas explains 
how a consideration of relations (or proportions) does, and does not, 
apply to the sciences of mathematics, underscoring once again the funda- 
mental character of the unit of measure for the science of arithmetic. 


STbid., V 15 1020b32-1021a14. éyetar SE ta HEV MP@ta Kat’ dprOuov r anda 7H 
Mplopevwc, Tpd¢ abtovs H Mpdc Ev (oiov Td pv SimAdoiov mpdc Ev dp1Oud¢ WployEevos, Td SE 
ToAAaTAdoiov Kat’ &piOpdv mpdc Ev, oby WplopEvov 4£, ciov tévée H TOvoe. 

°Tbid., 1021a4-8. 1d 8 UMEPEXOV TIPOG TO UMEPEXdUEVOV SAWS ddplotoV Kat’ dp1OUdv: 6 yap 
AprOyog GUEETPOG, KATH UN] oVEHETPOV SE AprOyos ov A€yeta1, tO SE UmEPEXOV MpdG TO 
UMEpEXOUEVOV TOOODTOV TE EOTL Kai ETL, TOHTO 5 Adplotov: OmdtEPOV yap ETUXEV EoTIV, 1 toov 
ovk ioov). 

10For an extended discussion of determinate and indeterminate numerical proportions, see 
In Metaphysicorum V 17 1006-1021. 
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When one quantity is said to be greater than another, or is related to it as what 
contains to what is contained, not only is this ratio not taken according to 
some determinate species of number, it is not even taken according to num- 
ber [at all], since every number is commensurable with every other. For all the 
numbers have a common measure, namely the unit, whereas what contains 
and what is contained are not taken according to some numerical commensu- 
ration. That is because the relation between what contains and what is con- 
tained consists in this, that it be so much and something more, which is 
indeterminate, whether it be commensurable or not. Whatever quantity be 
considered, it is either equal or unequal (to another). If unequal, one will be 
so much and something more, even if [the more] is not commensurable.’” 


According to Aristotle and Thomas Aquinas, then, relations need not 
be quantitative and quantitative relations need not be numerical. What 
distinguishes the mathematical sciences among others is that they are 
properly concerned with quantity and, more specifically, with the relations 
which obtain among quantities of various sorts. 

The reality of quantitative relations (e.g., the relation of equality among 
the sides of the polygon first constructed in Euclid’s geometry, the equi- 
lateral triangle) is a necessary condition for the episteme of mathematics. If 
topology is concerned with spatial relations other than those subsumed 
under equality and inequality, could we not include the study of such rela- 
tions in a discipline of its own? Are they not among the properties neces- 
sarily following from the assumption of three-dimensional space? 

A simple example is ovientability. When Euclidean surfaces are repre- 
sented in three-dimensional space, a natural left and right (called handed- 
ness) can be discerned. So too, pathwise, natural clockwise and 
counter-clockwise directions. Such surfaces are said to be oriented.’ It is a 
legitimate question to ask whether all real-world surfaces have this proper- 
ty.'* But it is not a question asked in standard Euclidean geometry, which 
(as we have seen) is concerned with the general relations of equality and 
inequality. If orientation (or non-orientation, for that matter) is a real 


2 In Metaphysicorum, V 17 1021. 

18The term derives from the Latin for ‘east.’ Definitions of and tests for orientability vary 
greatly, from the very abstract to the immediately practical (e.g., moving a nonsymmetrical 
object along the surface and discerning whether it presents its mirror image upon reaching 
the origin). 

Of course, the answer is ‘no,’ as instanced by the 1858 discovery by Listing and Mobius 
of a non-orientable surface—commonly known as a Mobius strip. 
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property belonging to real space, then a study of it and the quantities to 
which it belongs can rise to the level of episteme. 

Interestingly enough, Thomas Aquinas supplies an account of 
orientation-relations and even—ideal for our purposes—addresses the 
question whether such relations are real. At issue is the question whether 
handedness or orientability are real properties of real spaces. 

Aristotle’s account of relations contains an important distinction, since 
some correlatives are mental and not real. 


It does not seem true in every instance that correlatives come about at the 
same time: for the thing known is prior to the knowing of it. We usually 
acquire knowledge of things that already exist.'® 


Whereas Aristotle’s own examples focus upon such one-way relations as 
knowing and perceiving, Thomas Aquinas supplies an additional example 
of relations that obtain in the orientation of spaces. 


Some relations are not something really inhering in that of which they are 
predicated. This sometimes happens on the part of both terms, as when we say 
that the self is the same as itself: for this relation of identity could be multiplied 
in infinitum if anything were the same as itself by means of an additional rela- 
tion: For, clearly, any thing is the same as itself. Therefore, this is a relation 
only with respect to reason, insofar as reason takes one and the same thing as 
being the two terms of the relation. And this happens in many other cases. ... 
So, too, when a column is said to be to the right of an animal: for right and 
left are real relations in animals, since the determinate powers upon which 
such relations are based are found in them. But [right and left] in the column 
are not real relations but only with respect to reason, because [columns] do 
not have the determinate powers upon which such relations are based.’° 


1S Categoriae, 7 7622-25. obk Eni mavtwv S€ tHv mpdc Ti dANBES SoKEt TO Gua TH PvoEr 
eival- tO yap émotntov tic emtotrjues Mpdtepov av Sdéetev eivar. wo yap emi td moAV 
TPOUTAPXOVTWV THV TMpaypdtwv Tas Erotrjpas AcubavopeEv. 

16 In Physicorum 5 3 667. Sunt enim quaedam relationes quae non sunt aliquid realiter in 
eo de quo praedicantur. Quod quidem quandoque contingit ex parte utriusque extremi, sicut 
cum dicitur idem eidem idem: haec enim identitatis relatio in infinitum multiplicaretur, si 
quaelibet res esset sibi eadem per relationem additam: manifestum est enim quod quodlibet 
sibi ipsi est idem. Est ergo haec relatio secundum rationem tantum, inquantum scilicet unam 
et eandem rem ratio accipit ut duo extrema relationis. Et similiter est in multis aliis. ... Et 
similiter est cum columna dicitur dextra animali: dextrum enim et sinistrum sunt relationes 
reales in animali, quia in eis inveniuntur determinatae virtutes, in quibus huiusmodi relatio- 
nes fundantur: in columna autem non sunt secundum rem, sed secundum rationem tantum, 
quia non habet praedictas virtutes, quae sunt fundamenta harum relationum. 
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Merely mental relations are understood only by reference to something 
fundamentally real—in this case, by analogy to things really having a right 
side in virtue of really having a front. Were there a special study addressing 
the relations of right and left—orientation—or the rotational directions 
clockwise and counter-clockwise!’, we can see both Aristotle and Aquinas 
counting it among the sciences, properly speaking. 

On the other hand, given that—for Aristotle and Aquinas both—some 
relations ave real, why is it that there is no separate episteme having relation 
as its ultimate subject? 

Aristotle and Aquinas see relation as an accident inhering in substances, 
true, though not immediately, that is, relations themselves have their 
foundation in accidents of a prior sort, which are, in turn, founded in 
substances. 

Taking Aristotle’s own example of knowledge, our capacity to know is 
really related to its objects, which is to say it is the sort of potency which 
can be actualized only in a determinate way.'® On the other hand, since it 
is passive, the mind’s coming to know is not accompanied by a like change 
in the object known. Being really able to know is the foundation of the 
one-way relation of the knower to the known. The determination of that 
ability to a single kind of actuality—the relation, in other words—cannot 
be separated from the kind of thing which has that determination. Being 
a real knower presupposes that one is something of another sort: capable. 
If one were to engage in a systematic consideration of that specific rela- 
tion, one could only do so in the light of a consideration of living capaci- 
ties, specifically, a mind. A separate account of this relation—an episteme of 
the knower, in other words—cannot be abstracted from an inquiry into 
living things. To consider knowers as such, then, is to consider knowing 
beings—a subset of natural philosophy. 

What about other relations? We have discussed equality and inequality, 
for example, as being the proper concern of the mathematical sciences. If 
what we have just said is correct, however, there could (likewise) be no 


’ The terms ‘clockwise’ and ‘counter-clockwise,’ of course, reference the nonessential and 
artificial, much like the arbitrariness which characterizes the number of members in a non- 
natural whole (cows in the field, for example). Even so, there are natural and objective 
instances of linear and rotational directedness. Time is one of the most fundamental, though 
more mundane examples of natural faces and the rotation of our own planet suffice to make 
the point. 

'8We spoke of determinate potencies above when we considered Aristotle’s and Aquinas’ 
account of knowing things virtually. 
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separate episteme of equality and inequality—equality and inequality are 
relations obtaining between or among quantities, in which case we could 
not separate their consideration from that of their natural foundation in 
the real. No surprise, then, that the proper concern of the mathematician 
includes those relations which accrue to quantity, as such. 

But ave there relations belonging to the mathematical unit and con- 
tinuous quantity in three dimensions!’ beyond equality and inequality? 

It finally comes down to this: does topology constitute an additional—a 
new—consideration of the nature of space-relations? Are orientation, 
handedness, and rotational direction, for example, real and objective rela- 
tions which accrue to continuous quantity in three dimensions, abstractly 
and as such? 

On the one hand, the field of topology seems so to regard them. In 
pronouncing a Mobius strip non-orientable and a Euclidean surface ori- 
entable, the topologist is not open to qualifying these claims in terms of 
perspective, as if one were to say that a Euclidean surface can be regarded 
as non-orientable from a certain point of view and the Mobius strip like- 
wise. In fact, it is their objective difference that so struck those who origi- 
nally discovered non-orientability. Much as the Pythagoreans with their 
famous theorem and Euclid with the five (and only five) regular solids, it 
is the objectively marvelous (so to speak) in the M6bius strip that drives the 
scientific mind to find the real difference here—and this gives rise to topol- 
ogy itself. 

On the other hand, it is necessary to ask whether the objectivity of the 
orientable, handed, and rotationally directed relations is sufficient to 
include them as an extension of mathematics. Even Euler (at least initially) 
was not certain such problems were mathematical ones. Upon receiving a 
request to solve the seven-bridges problem, he responded: 


Thus you see, most noble Sir, how this type of solution bears little relation- 
ship to mathematics, and I do not understand why you expect a mathemati- 
cian to produce it, rather than anyone else, for the solution is based on 
reason alone, and its discovery does not depend upon any mathematical 
principle.”° 


! Recall that the mathematical unit and continuous quantity in three dimensions are the 
first subjects of the episteme of mathematics. 

2° As quoted in Brian Hopkins and Robin J. Wilson, “The Truth About Kénigsberg,” The 
College Mathematics Journal 35 no. 3 (2004): 201. 


10 GOING BEYOND 157 


At issue is the need for abstraction. We made the point above that a 
consideration of the relation of knower would not constitute a form of 
episteme different from that in which living beings having capacities to 
know are studied, namely, philosophy of nature. Arguably, a consideration 
of relations would pertain to that form of episteme whose proper concern 
is the foundation upon which such relations are based. This is true for the 
quantitative relations of equal and unequal, which are founded upon 
quantity, and, seemingly, for relations founded upon the categories of 
action and passion.*! 

What is the foundation of the relations of orientation, handedness, and 
rotationally directed? Can we understand such relations in terms of quan- 
tity alone, abstracted, as we say, from sensible matter, or is it necessary that 
we understand them in terms, not of continuous quantity in three dimen- 
sions, abstractly and as such, but as having a basis in some real capacity in 
a physical substance? 

At least in one sense, we have already seen how Aquinas would regard 
handedness—where that means having an objective right and having an 
objective left. If having a face (front) is a precondition for right and left, 
then, however objective such relations might be, they are not properties of 
the three dimensional continuum, abstractly and as such—after all, math- 
ematics abstracts from the particular sensible characteristics of its object, 
leaving only substance subject to three dimensions. If the properly topologi- 
cal sense of handedness abstracts from the sensible characteristics of real 
continua, then it, too, would be included in the episteme of mathematics, 
it, too, would be properly geometrical. On the other hand, if it necessarily 
presupposes natural aspects of the respective continua (like a real, as 
opposed to merely logical, right or left), it would properly belong to the 
consideration of the natural philosopher.” 


21 Both Aristotle and Thomas Aquinas maintain that all relations are founded upon quan- 
tity or action and passion. For example, see Metaphysica, V 15 and Thomas Aquinas, 
Quaestiones Disputatae de Potentia (Rome: Marietti Editori, Ltd., 1949), 17 9 corpus, here- 
after De Potentia. 

Nor is this placement of such a study—in mathematics proper or in natural philosophy— 
of relatively little importance, overall. As Aristotle makes clear in many passages, not only do 
the various epistemes differ as to their formal objects, the methods whereby such knowledge 
is obtained differ accordingly. Final causality has no place in a geometric consideration of the 
five regular solids, though it would when considering solid shapes in chemistry or biology. 
Solid shapes, symmetry, and orientation are naturally purposive among living things, and so 
it is part of the natural philosopher’s concern to study them. The only question is whether 
they are the concern of a special discipline which has abstract shape, orientation, and sym- 


158 J. W. RIOUX 


Non- EUCLIDEAN GEOMETRIES 


One recent Aristotelian who has made much of this geometric exten- 
sion—the inclusion of quantitative relations beyond equality and inequal- 
ity in the discipline proper—is James Franklin, who defends a form of 
Aristotelian mathematical realism. We will leave off proposing our own 
answer to this immediate question to Chap. 13, where we plan to compare 
the Aristotelian and Thomistic account we are presenting here to other 
contemporary realist accounts—including Franklin’s—showing where we 
might find compatibility and where we would depart from them. 

Our second instance of a modern extension to the traditional account 
of three-dimensional space, taken abstractly and such, are the various his- 
torical forms of non-euclidean geometry. The account is well known. 
Among the postulates underpinning geometry, Euclid included an ini- 
tial five: 


To draw a straight line from any point to any point. 

To produce a finite straight line continuously in a straight line. 

To describe a circle with any centre and distance. 

That all right angles are equal to one another. 

That, if a straight line falling on two straight lines make the interior 
angles on the same side less than two right angles, the two straight 
lines, if produced indefinitely, meet on that side on which are the 
angles less than the two right angles.”* 


Ga G2 RO 


Postulate five became a matter of concern to mathematicians, even in 
Euclid’s own day.”* Following Aristotle’s own account of episteme, The 
Elements begins with the first principles of geometry, those definitions, 
self-evident claims, and postulates, the understanding of which is presup- 
posed to whatever conclusions are to be drawn.”* Still—and from the 
beginning—mathematicians were not certain that postulate five was, in 


metry as its proper objects, and about which it professes to determine what such things 
might be im their essence. Cf. Aristotle’s discussion of the sphericity of the earth—the concern 
of the mathematician and the natural philosopher alike—in Physica, II 2. 

?3 Euclid, The Elements, I Postulates. 

24 See Sir Thomas Heath’s notes on Postulate 5 in Euclid, The Elements, beginning on page 
202, as well as Roberto Bonola, Non-Euclidean Geometry (New York: Dover Publications, 
1955), 1-21. 

25 Cf. Analytica Posteriora, 1.2.72a7-24. 
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fact, such a first principle. There followed many attempts to demonstrate 
it from other geometric first principles, but to no avail. On the one hand, 
its complexity relative to the other postulates suggested that it was some- 
thing less than a principle—where principle means incapable of analysis. 
On the other, though undeniably needed to establish Euclid’s own con- 
clusions, no such reduction to simpler principles was forthcoming. All in 
all, the fifth postulate seemed to be a different kind of first. 

In 1829 or so, Russian mathematician Nikolai Lobachevsky published 
a treatise entitled “Geometrical Researches on the Theory of Parallels.” 
Soon after, and independently, Hungarian mathematician Janos Bolyai 
published his “Science Absolute of Space.” While specifically concerned 
with so-called hyperbolic geometries, the two are generally credited with 
establishing those areas of study collectively known as non-euclidean 
geometries. Both presented axiomatic systems which differed from 
Euclid’s own principally through a denial of, or modification to, the paral- 
lel postulate. Famously, Bolyai remarked: 


It remains, finally (that the thing may be completed in every respect), to 
demonstrate the impossibility (apart from any supposition), of deciding a 
priori, whether 2, or some S (and which one) exists.”° 


Bolyai was intent upon showing that Euclidean space—z, the space in 
which the parallel postulate holds true—is only one among conceivable 
spaces: hence, the absolute science of space, which transcends the specific 
kind of space under consideration. Bolyai designated that space “founded 
on the contrary hypothesis [contrary to the parallel postulate]” S. He 
goes on: 


All things which are not expressly said to be in X or in S, it is understood are 
enunciated absolutely, that is are asserted true whether = or S is reality?” 


Bolyai was keenly aware that his extensions to Euclidean geometry 
could well be found only in the realm of the purely imaginative—that no 
real-world model of such spaces as S might be discovered. To be fair, it is 
not a mathematical concern.”® 


26 Janos Bolyai, “Science Absolute of Space”, in Bonola, Non-Euclidean Geometry, 48. 
7 Tbid., §15, p. 14. Emphasis mine. 
?8 On the other hand, it is very much a concern for the philosopher of mathematics. 
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Much as with the topological extensions to traditional geometry, above, 
our own response to the problem of the episteme of non-euclidean geom- 
etries is mixed. There is no doubt that, in answer to Bolyai’s question, if 
one could establish the objective reality of spaces beyond the three- 
dimensional one we naturally know there could be a systematic study of it 
in much the same way as we have now for traditional geometry. Reality, 
after all, is the first criterion for episteme—what is real we can know in 
this way. 

On the other hand, it is unclear how we would arrive at our first notions 
of (say) four-dimensional space. Bolyai’s Z is naturally apprehended 
through sensation and serves to constrain”? our imaginations to spatial 
length, width, and depth. Indeed, three-dimensionality seems inescap- 
able—Immanuel Kant himself regards it as the a priori condition for any 
possible outer sensation, an a priori form of sensible intuition.*® Were we to 
establish the reality of four-dimensional space, then, it could not be 
through direct sense-perception and imagination. Of course, the develop- 
ment of Albert Einstein’s general theory of relativity in the early twentieth 
century presupposes—beyond the so-called fourth dimension of time— 
more than three spatial dimensions. What we observe as a curved path of 
light may be the straight passage of light through a curved space, for 
example. If we could establish that light propagates in an undeviating path 
through any space, then curved light would be evidence of curved space. 

Of course, curved space—like anything whose existence can only be 
established indirectly—is literally unimaginable. Given the importance 
Aristotle and Thomas Aquinas give to the human imagination in mathe- 
matics—literal constructability as a solution to the precision-problem, for 
example—such an episteme of four (or more) dimensional spaces would 
not Je geometry, though possibly analogous to it. 

Much is made of the modelings of non-euclidean geometries to three- 
dimensional figures (e.g., the sphere or pseudo-sphere). Modeling geom- 
etry ona sphere, great circles become analogous to straight lines in standard 
three-dimensional space, for example, and spherical triangles have their 
combined angles greater than 180°. Importantly, however, such model- 
ings supply us with, at best, an analogue to non-euclidean geometries. 


2° So to speak. 

30Immanuel Kant, Critique of Pure Reason, trans. Werner Pluhar (Indianapolis: Hackett 
Publishing Company, 1996), Transcendental Doctrine of Elements, I, Transcendental 
Aesthetic, §1, no. 2, 26. 
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Spherical geometry proper—the geometry of drawing with curved lines 
on the surface of an (obviously) curved sphere—is still Euclidean. There is 
no contradiction in saying that triangles with curved sides have their com- 
bined angles greater than, or less than, triangles with straight sides. A non- 
euclidean geometry, in contrast, draws with straight lines—albeit straight 
lines which might appear to curve to a being who sees and imagines in 
only three dimensions. (Recall that non-euclidean geometries arises from 
a denial of postulate five, which is about straight lines, not curved.) 

In his masterful work, Adstraction from Matter, Charles DeKoninck 
makes the point that the very necessity of mathematics depends upon the 
reality of its object. “There would be no geometry as a science if the plane 
triangle could cease to have its three angles equal to two right angles, or if 
the diagonal could become commensurate with the side of its square.”*! 
In a possible allusion to spherical geometry, or non-euclidean geome- 
tries—or both—DeKoninck distinguishes between the Euclidean account 
of geometry conducted on a sphere and the wholly different subject- 
matter of non-euclidean geometries: 


It may be objected that when the triangle is bent over a sphere the angles 
become together greater than two right angles, so that this property of the 
triangle is variable. They who choose to see things in this way should logi- 
cally hold that, since what is true of the spherical triangle is not true of the 
plane triangle, what was seen to be true of the latter has now come to be 
false of it. Furthermore, the spherical triangle is not arrived at by bending 
the flat one over a sphere, as if it were flexible, no more than a straight line 
becomes a curve when we draw a line that is the shortest distance between 
two points on the surface of a sphere, for this is a new kind of shortest dis- 
tance between two points, just as the spherical triangle 1s a new kind of tri- 
angle that leaves the flat one unchanged. There would have been an error had 
we assumed that what is true of the plane triangle should also be true of the 
spherical one. As to wilting triangles, they can be handled by the application 
of calculus.*? 


These two instances serve to illustrate some of the difficulties one 
encounters when asking whether the ancient framework for episteme first 
discovered by Aristotle and elaborated upon by Thomas Aquinas—and 
many others—can accommodate historical developments in mathematics. 


31 DeKoninck, “Abstraction from Matter,” 170. 
22 Tbid., footnote 2. Emphasis mine. 
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We have seen that, for modern developments in number theory, either we 
must extend the term number itself beyond its original meaning or we 
need to exclude these subsequent constructions from being legitimate 
concerns of mathematics, as episteme. At issue is whether, on the one hand, 
such developments do obtain in the real world which, once again, is fore- 
most among the conditions Aristotle lays down for episteme, and on the 
other, whether the particular way in which mathematics considers its 
objects—its method—can be consistently extended to such things. 

We wish to close this chapter with an observation we made earlier, near 
the end of Chap. 6, when considering numerical extensions demonstrably 
inconsistent with the first principles of arithmetic. If episteme is to be found 
among these extensions to traditional geometry—we mean topological 
relations and non-euclidean geometries—it will be in conformity to some 
real principle. That principle may not be continuous quantity in three 
dimensions. Moreover, the application and utility of topology and non- 
euclidean geometries—even if they do rise to the level of episteme—indi- 
cates that there must be some sort of truth to be found there. As we said 
above, not all speculative truths are sciences and not all truths are specula- 
tive. In a manner analogous to Kronecker’s famous declaration, if we were 
to we conclude that God made the world a three-dimensional continuum 
and all else is a human construct, even so, there is some reason why we 
would say such constructs are not mere fictions. 
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CHAPTER 11 


Cantor, Finitism, and Twentieth-Century 
Controversies 


FINITISM AND INFINITISM 


We now return to an account of Georg Cantor’s transfinite numbers, of 
which we made much earlier, focusing at that time upon the philosophical 
questions it raised. Recall that Cantor’s attempts to justify transfinites were 
directed to mathematicians and philosophers alike—both ancient and con- 
temporary. He was well-aware of objections to actually infinite quantities 
coming from the philosophical quarter—in particular with those of 
Aristotle—as well as of the mathematical and philosophical climates of his 
own day.’ His first issue was whether a workable mathematics of real and 
actually infinite quantities survives the traditional critique. On the other 
hand, it was Cantor’s contention that the transfinites are not only consis- 
tent and applicable, but real. He was unusual among his colleagues in this 


‘Cantor sees Aristotle as the source of the scholastic rejection of actual infinities. He places 
his counter-arguments to Aristotle’s objections in Part 5 of On Infinite, Linear Point 
Manifolds. Cf. Robin Small, “Cantor and the Scholastics,” American Catholic Philosophical 
Quarterly 66 (1992): 407-28 and Dauben, Georg Cantor, 120-2. 

? By real Cantor means (1) as including the rationals and irrationals, (2) as consistent and 
definite ideas existing in the mind, and (3) as existing outside the mind. Moreover, all num- 
bers which are real in sense (2) are images of realities in sense (3). See Cantor, “On Infinite, 
Linear Point-Manifolds,” § 8 and Dauben, Georg Cantor, 125-6. 
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extra-mathematical interest.* As it turned out, the philosophical issues sur- 
rounding infinite quantities figured prominently in subsequent mathemat- 
ical developments.* We plan to use our review of Cantor as an exploration 
into the genesis of the three most prominent philosophies of mathematics 
of recent times: formalism, logicism, and intuitionism. We hope to supply 
an account, not only of how Cantor’s claims led to this great divide in 
mathematical thought, but also how some of the prominent difficulties 
faced by the modern schools may be avoided via the Aristotelian and 
Thomistic account we have presented. 

Cantor differentiates the potential infinite—an unendingly increasing 
(but at any point finite) variable-—from the actual infinite, which he sees 
as analogous to an infinitely distant yet definite point. Unlike the variable, 
and like the point, transfinite numbers are fully determinate yet infinite, 
having well-defined relationships to one another and being subject to their 
own mathematical laws.° 

Up to Cantor’s day, one might have tended to think that, even if there 
were such a thing as infinity, there could only be one, since infinity always 
equals infinity. Cantor’s discovery amounts to this: that one can distin- 
guish determinate infinities from one another. Mathematicians need only 
construct them to observe their distinctions.’ 

Cantor uses three principles of generation to create the transfinite num- 
bers.® The first principle adds unity to a given integer, thereby creating any 
finite integer. As he considers the unending series of finite integers (I ), 
however, he realizes that the number of members in this class is infinite 
and there is therefore no greatest number in the series. These observations 
lead him to the second principle of generation. 


3While many of his mathematical contemporaries ignored these philosophical concerns 
and came to defend transfinites, they eventually became the main focus of Cantor’s thoughts, 
with mathematics proper becoming secondary. See especially Dauben, Georg Cantor, 297-9. 

*Cantor, “On Infinite, Linear Point-Manifolds,” §§ 1, 8. See also Dauben, Georg 
Cantor, 125-6. 

5 Cantor, “On Infinite, Linear Point-Manifolds,” § 1. 

*Ibid. See also Dauben, Georg Cantor, chapter 6. 

7 Constructive discovery, not creation. Cantor holds that the transfinites already exist in the 
divine mind. Cf. Small, “Cantor and the Scholastics,” 408, note 7 and Dauben, Georg 
Cantor, 228-9. 

STbid. The actual application of these principles of generation and the creation of the 
number classes occurs in § 11. Similar accounts of the generation of such numbers can be 
found in Russell, Introduction to Mathematical Philosophy, chapter 9 and Hilbert, “On the 
Infinite,” 191. 
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However contradictory it might be to speak of a greatest number of class 
( I ), there is nevertheless nothing offensive in thinking of a new number 
which we shall call @, and which will be the expression for the idea that the 
entire assemblage ( I ) is given in its natural, orderly succession. (Just as v is 
an expression for the idea that a certain finite number of unities is united to 
form a whole.) It is accordingly permissible to think of the newly created 
number @ as the limit to which numbers v approach, if by it nothing else be 
understood than that o is the first integer which succeeds all numbers v, that 
is, it is to be regarded as greater than every one of the numbers v.” 


If one conceives of the series of finite integers—not of a single integer 
but of the set as a whole—the limiting number of this series must be 
greater than any one of them. But since any integer in such a set is finite, 
that which is greater than any such number must be infinite. In this way is 
derived the first infinite ordinal number, @. It is both the first integer which 
succeeds all numbers v and greater than every one of the numbers v.'° The 
process of producing is radically different from the process of adding a 
unity, first mentioned. 


If any definite succession of definite real integers is given for which no great- 
est exists, a new number is created on the basis of this second principle of 
generation, which is to be thought of as the limit of those numbers, that is, 
to be defined as the next greater number to all of them.! 


Given a definite and unending sequence of integers, the generation of 
a limiting integer is warranted—an integer which is itself not finite but 
infinite (and so clearly not a member of that series). 

At this point, however, Cantor has shown that the limiting number for 
the set of all finite integers was an infinite number which he called a, 
something which might be confused with the potentially infinite, symbol- 
ized by ~. To show that @ really differs from -, Cantor has to prove that 
it is a definite number, standing in relation to other definite numbers of 


° Cantor, “On Infinite, Linear Point-Manifolds,” § 11, 131-132. Cantor’s own note here 
states: “The symbol o which I used in Number 2 of this series of articles (Vol. XVII, p. 357) 
is hereby replaced from now on by a, since the sign o has been frequently used as a symbol 
of indefinite infinities.” 

10Tbid, p. 132. Note that is defined as a number succeeding the set of all finite integers 
which is not itself a member of that set. 

"Tbid. 
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the same sort and governed by definite arithmetical laws.'* In short, 
Cantor has first to show that there are other numbers like @—other infi- 
nite numbers—which are clearly distinguishable from it. 

Having produced , Cantor next applies the first principle of genera- 
tion to it, thereby creating @ + 1, @ + 2, and so on, that is, a series of (now) 
infinite integers of which there is no greatest. Since the conditions for 
applying the second generational principle are met yet again,'* a new num- 
ber is created, 2@, to which is applied the first principle in turn, yielding 
2@ + 1, 2m + 2, and so on.'* Not only does Cantor generate infinite num- 
bers, he also generates them in classes, subsequently named the first num- 
ber class, the second number class, and so on—the first number class being 
the unending series of finite integers ( I ), the second being the unending 
series @, @ + 1, @ + 2, and so on, the third being 2, 2m + 1, 2m + 2, and 
so on. Application of the first principle generates numbers within a num- 
ber class and application of the second advances to the next number class. 
The possibilities, Cantor triumphantly exclaims, are without limits.!> As to 
their properties, the new infinite numbers are definite—essentially unlike 
co—properly arranged, and infinite in number. 

What remains is to show that his discoveries are governed by laws— 
albeit differing, at least in part, from laws governing the finite integers, 
including the fundamental and intuitively certain laws of association and 
commutation.'° While the associative law for addition [a + (b + c) = (a+ 
b) + c] holds for all the integers—finite and infinite—the commutative law 
for addition (a + b = b + a) holds for the finite numbers alone. 1 + @ does 
not equal w + 1, for 1 + @ = @, while + 1 is the second of the infinite 
ordinals—as we have seen. Similarly, the commutative law for multiplica- 
tion (ab = ba) holds for finite, but not infinite, numbers and the associative 
law of multiplication [a(bc) = (ab)c] holds for both.'” 


These conditions for distinguishing the potential from the actual infinite were laid out 
by Cantor in § 1 of “On Infinite, Linear Point-Manifolds”. 

13 Namely, there was a series of definite real integers of which there was no greatest. 

14There follow in Cantor’’s account the generation of two new number classes, of which 
o and @® are the first members. 

18 Georg Cantor, “On Infinite, Linear Point-Manifolds,” 133. 

16 As it turns out, this sameness and difference serves Cantor’s purposes well. That his new 
integers are governed by (some of) the same laws as other integers strengthens his claim that 
they are integers, whereas the need to modify existing mathematical laws strengthens his 
claim that they are new. 

7 Cantor, “On Infinite, Linear Point-Manifolds,” §3. Other surprising differences between 
finite and infinite arithmetic are documented in Russell, Introduction to Mathematical 
Philosophy, chapters 8-9, especially 86-7 and 94-5. 
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With these series of real integers, finite or not, Cantor associates a num- 
ber of a different sort, and a theory of finite and infinite powers arises.'® 
The notion of infinite powers, unlike the @-numbers, corresponds to the 
size, or quantity of such sets, independent of the ordering of the elements. 
Two sets have the same power, so defined, if their elements can be placed 
in a one-to-one correspondence with each other, independently of their 
ordering. 

The power ofa finite set, says Cantor, is the same as its ordinal number, 
but the power of infinite sets—and in this Cantor identified what he 
believed to be the essential difference between finite and infinite sets— 
remains the same, despite ordinal changes.'!? The ordinal number of ( I ), 
for example, varies depending upon the principle of order used. To the set 
of finite real integers: 1, 2, 3, ... v, ... corresponds @, the first infinite ordi- 
nal. However, to the set of finite real integers: 1, 3, 4, ... v + 1, 2... cor- 
responds @ + 1, the second infinite ordinal. Similarly, to the well-ordered 
set of finite real integers: 1, 3, 5, ... v, ... 2, 4 corresponds w + 2, and so 
on. The same infinite series can be measured by different infinite ordinal 
numbers, subject to different orderings. Yet any ordering of the elements 
of this series produces the same power. Of these infinite powers, No, the 
power of the set of all finite integers, is demonstrably the least. 

Cantor next shows that a set having the power of one class (say, the 
class of finite integers) would have ordinal numbers belonging to the next 
higher class (in this case, @, @ + 1, @ + 2, and so on). Not only were there 
many definite and distinct infinite numbers and distinct classes of them, as 
well as arithmetical laws which partially differed from those of finite num- 
bers, there were also different types of infinite numbers altogether (ordi- 
nals and cardinals), having definite relationships each to the other.”° 


8Cantor, “On Infinite, Linear Point-Manifolds,” §1. Cantor seems to mean by power 
what we mean by cardinal number. 

Tbid., §2. In fact, said Cantor, the set can be assigned any ordinal numbers in its corre- 
sponding number series, simply by changing this principles of ordering: “Every set whose 
power is of the first class is countable by numbers of the second number class and only by 
such, and it is always possible to give the set a succession of elements that is countable by any 
arbitrarily chosen number of the second number class.” Ibid., §2, 98. Cantor notes that the 
set must be a well-ordered one: there must be a first element in the set, and every other ele- 
ment (excepting, perhaps, the last) must followed by a determinate element, which is next. 

20 Cantor, “On Infinite, Linear Point-Manifolds,” § 2. For more detailed summaries of 
these relationships and their significance, see Russell, Introduction to Mathematical Philosophy, 
especially chapters 8-9, Hilbert, “On the Infinite,” and Dauben, Georg Cantor, especially 
chapters 4-5. 
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Cantor had provided the mathematical community with more infinity 
than they could possibly have expected.?! 

Mathematicians had varied reactions to Cantor’s published claims, 
from Bertrand Russell and David Hilbert, who defended them, to Ernst 
Kronecker” and Henri Poincaré, who strongly opposed them.’ As we 
noted above, Cantor was well aware of the inevitable objections his theory 
of transfinite numbers would raise among mathematicians and philoso- 
phers alike. Despite the sympathetic hearing of some, Cantor thought the 
philosophical objections simply had to be addressed. Though granting 
that the forthcoming justification of transfinite numbers was not a specifi- 
cally mathematical obligation, he nevertheless felt compelled to deal with 
the objections all the same.** The properly philosophical questions, Cantor 
saw, were of great importance even for mathematics itself. In truth, as the 
implications of Cantor’s work became clearer, Frege noted that the issue 
would result in a damaging internal conflict. 


Here is the reef on which it [mathematics] will founder. For the infinite will 
eventually refuse to be excluded from arithmetic, and yet it is irreconcilable 
with that [finitist ] epistemological direction. Here, it seems, is the battlefield 
where a great decision will be made.?° 


The objections began to surface, then, and other mathematicians joined 
the fray. Frege’s analogy of a battle was becoming all-too-true. Most 
famous, perhaps, is David Hilbert’s war-cry: “No one shall drive us out of 
the paradise which Cantor has created for us.”?° It is to his credit that 
Cantor anticipated the revolutionary character of his discoveries. What 
remained was whether he would successfully address the very root of many 
of the objections to his theory, Aristotle himself. 


21 Hilbert once described transfinite numbers as the “paradise which Cantor has created 
for us.” 

2 Kronecker was Cantor’s contemporary and a noted fimitist mathematician. Apparently, 
Kronecker’s criticism of transfinite theory was instrumental in leading Cantor to write the 
more philosophical sections of “On Infinite, Linear Point-Manifolds.” Their ongoing debate 
concerning infinity was often quite acrimonious. See Dauben, Georg Cantor, 13-138, for 
example. 

?3Dauben, Georg Cantor, 1. 

24 Cantor, “On Infinite, Linear Point-Manifolds,” §8. 

5 Quoted in Dauben, Georg Cantor, 225. 

26 Hilbert, “On the Infinite,” 191. 
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There is another, albeit secondary, legitimization of developments in 
number theory to which Cantor does give some weight, that is, its success- 
ful application to the physical world. 


There is no need, as I believe, of fearing any danger to the sciences in these 
principles, as many think: the conditions imposed under which the freedom 
of constructing numbers can be exercised are of such a kind that they permit 
very little room for arbitrary action (Spiolraum); for every mathematical 
concept carries within itself the necessary corrective; if it is fruitless and pur- 
poseless, that is soon seen and it will because of little success be abandoned.?” 


Cantor instances the “theory of functions” of Gauss, Cauchy, and oth- 
ers, “...which, although created and erected in full freedom without tran- 
sient purpose nevertheless reveals its transient meaning in applications to 
mechanics, astronomy, and mathematical physics, as was to be expected.”?8 
So, too, the theory of differential equations he ascribes to Fuchs and 
Poincaré and the “ideal” numbers introduced by Kummer into number 
theory. By Cantor’s account, then, the place of metaphysics in mathemat- 
ics is not to set a priori limits to the development of mathematically con- 
sistent systems of thought, but to establish the transient reality of concepts 
already shown to be real. 

As to his own specific contribution to number theory, Cantor sees a 
need not only to discover the relationships obtaining among his newly 
discovered infinities, but to address traditional and modern objections to 
the very motion of infinite quantities, the largest part of which come from 
philosophers.’? A considerable portion of the Grundlagen is devoted to 
addressing these objections.*° 


27 Cantor, “On Infinite, Linear Point-Manifolds,” 115. 

8 Tbid., 116. Emphasis mine. 

?°Note that such objections do not consist in denying transient correlates in the physical 
and intellectual world (unless secondarily), but bring the charge of inconsistency directly to 
the system of transfinite numbers. Among his opponents, Cantor saw Aristotle as being the 
first. See Dauben, Georg Cantor, chapter 5. 

3°The mathematical portions of Cantor’s “On Infinite, Linear Point-Manifolds” deal with 
the establishment of infinitely large numbers. In section four, Cantor raises, considers, and 
denies the possibility of a similar extension into the infinitely small. In the course of this 
discussion, he considers yet another view which “...denies the actual existence of any other 
numbers than the integers of our number-class ( I ).” Cantor, “On Infinite, Linear Point- 
Manifolds,” 103. It is here, in sections four and five, that Cantor raises and addresses so 
called finitist objections to his transfinite theory, beginning with Aristotle. 
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Reactions ranging from Hilbert’s to Kronecker’s “God made the inte- 
gers; all else is the work of man”*! lead us to ask: why such a divergence? 

Cantor himself acknowledges that some think mathematical freedom a 
dangerous notion. Finitists see developments declared legitimate on the 
basis of consistency alone as being subject to ervor.*” Some are concerned 
that Cantor’s consistent systems may only be veal in the established sense 
of the word—definite and distinguishable from other mathematical 
notions with which they have been shown to be in accord. For his part, 
Cantor insists that these objects have transient correlates (and so are real 
in a second sense also), but even he admits that discovering such connec- 
tions, the slow, hard work of metaphysics, is not a prior condition of math- 
ematical legitimacy. Presumably, such correlations might mever be 
established. 

That there ave prominent objections to infinite numbers we have 
already directly seen in Aristotle’s own words. Section four of Cantor’s 
Grundlagen contains his consideration of Aristotle.** 

Cantor first notes that some of those who deny transfinite numbers 
would admit the existence of the rationals, since they come directly from 
the integers and are expressed in terms of the integers.** He goes on to say, 
though, that traditional mathematicians are squeamish when it comes to 
the irrational numbers. 


The actual material of analysis is composed, in this opinion, exclusively of 
finite, real integers and all truths in arithmetic and analysis already discov- 
ered or still to be discovered must be looked upon as relationships of the 
finite integers to each other; the infinitesimal analysis and with it the theory 
of functions are considered to be legitimate only in so far as their theorems 
are demonstrable through laws holding for the finite integers. 


31 Quoted in Weber, “Leopold Kroenecker,” 19. 

3? Cantor, “On Infinite, Linear Point-Manifolds,” §4, 553-4. It is on the reef of mathe- 
matical truth that this particular controversy founders. 

33 Once again, Cantor sees Aristotle’s arguments against the actual infinite as the origin of 
the scholastic principle infinitum actu non datur. 

34 As we saw, the negative integers can be considered an extension of the integers, for 
example, by allowing subtraction in every case. 

35 Georg Cantor, “On Infinite, Linear Point-Manifolds,” § 4, 103. (I have substituted 
legitimate for legalized in Bingley’s translation.) Note that a relationship to finite integers is 
here taken as the source of mathematical legitimacy. 
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While admitting the benefits such a view brings to mathematics, Cantor 
finally discounts it as erroneous and overly restrictive.*° Not all numbers, 
then, can be reduced to the finite integers. 

Having raised the issue, Cantor takes up Aristotle himself, citing 
Metaphysics X1 as his reference for Aristotle’s arguments against the infi- 
nite.*” Cantor specifically addresses two of Aristotle’s arguments and then 
turns to the source of Aristotle’s error.*® The general problem, he claims, is 
that Aristotle begs the question—he assumes that all numbers must be 
countable by means of finite numbers and thereby proves that infinite 
numbers are not numbers. 


If one considers the arguments which Aristotle presented against the real exis- 
tence of the infinite (vid. his Metaphysics, Book XI, Chap. 10), it will be found 
that they refer back to an assumption, which involves a petitio principii, the 
assumption, namely, that there are only finite numbers, from which he con- 
cluded that to him only enumerations of finite sets were recognizable.” 


Cantor is referring to Aristotle’s argument that an actually infinite 
number is impossible, since every number, or whatever has a number, can 
be numbered.*° Of course, the actually infinite cannot be numbered in this 
way, that is, one cannot enumerate the members of an infinite number one 
at a time.*! This, says Cantor, is at the heart of finitists’ arguments against 


36Such a requirement does enable one to avoid the dangers associated with certain types of 
mathematical speculation, where anything is possible. Still, it does so at the expense of math- 
ematical freedom. See Cantor, “On Infinite, Linear Point-Manifolds,” §4. 

37 Aristotle’s arguments against the infinite in book eleven of Metaphysica are excerpted 
from the last five chapters of book three of Physica, his ex professo treatment of the infinite. 

38 The arguments themselves are taken up in §4 of “On Infinite, Linear Point-Manifolds,” 
while the source of the difficulty is dealt with in §6. 

»° Georg Cantor, “On Infinite, Linear Point-Manifolds,” §4, 104-105. 

*° Metaphysica, X1, 10, 1066b26-27. “dapi8untov yap 6 apiOndc H tO Exov apiOudv.” 

“1 The argument Cantor presents is a verbatim excerpt from Physica, W1 5 204b8, where it 
is followed by: “Now if what can be numbered is able to be numbered, one will also be able 
to go through the infinite.” ci obv td &piOuntov evdéxetar dpiOufjoa, Kai SiegeAOetv av ein 
dvuvatov to dteipov) Aquinas expands the argument in In Physicorum, U1 8 351: “Everything 
numerable can be numbered, and consequently is gone through by numbering; but every 
number, and everything which has a number, is numerable, and so everything of this kind 
can be gone through. If, then, some number were infinite (whether it be separate or existing 
in matter,) it would follow that it is possible to go through the infinite; but that is impossi- 
ble.” “Omne enim numerabile contingit numerari, et per consequens numerando transiri; 
omnis autem numerus, et omne quod habet numerum, est numerabile; ergo omne huius- 
modi contingit transiri. Si igitur aliquis numerus, sive separatus, sive in sensibilibus existens, 
sit infinitus, sequetur quod possibile sit transire infinitum; quod est impossibile.” 


174 ‘J. W. RIOUX 


the infinite: for they expect infinite numbers to have the same properties 
as do finite numbers.* On the other hand, and to their credit, neither 
Aristotle nor Thomas Aquinas take the argument in question as having 
much weight.** The argument is merely probable, says Aquinas, since it 
does not have a necessary conclusion. Moreover, he anticipates what 
someone defending infinite numbers (like Cantor himself) might say in 
response. 


These arguments are probable and proceed from things which are com- 
monly said. For they do not conclude of necessity: for... someone who said 
that some multitude is infinite would not say that it is a number or that it has 
a number. For number adds to multitude the notion of a measure: for num- 
ber is a multitude measured by the unit, as is said in the tenth book of the 
Metaphysics. And because of this number is said to be a species of discrete 
quantity, but not multitude, which pertains to the transcendentals.** 


Cantor insists upon keeping certain elements of the traditional notion 
of number when speaking of his transfinite numbers, yet he clearly wishes 
to dissociate from them the fundamental notion of being able to be gone 
through, of being enumerable in the traditional sense. Cantor sees Aristotle 
as allowing his first principle of generation alone when it comes to math- 
ematics. It would be no surprise, then, if such a one would see the infinite 


*” Cantor, “On Infinite, Linear Point-Manifolds,” $6. 

*3When presented in Physica, the argument is described by Aristotle as proceeding logi- 
cally, a manner which is contrasted to proceeding physically, or according to the principles of 
his physics. Physica, II] 5 204b4, 10. “AoytKdg pév obv okorovpévorc ék THV toldvde Sdge1ev 
dv ok eivat ... puoikds 5& p&AAOV Sewpodow ék tHvd_e.” Aquinas explains the difference: 
“He calls these first arguments logical, not because they proceed logically from the terms of 
logic, but because they proceed in the manner of logic, that is, from things which are com- 
mon and probable, which is proper to the dialectical syllogism.” In Physicorum, III 5 349. 
“Dicuntur autem primae rationes logicae, non quia ex terminis logicis logice procedant, sed 
quia modo logico procedunt, scilicet ex communibus et probabilibus, quod est proprium 
syllogismi dialectici.” The Ross edition of Aristotle uses the word dialectical to describe the 
argument. 

4 In Physicorum, III 8 352. “...istae rationes sunt probabiles, et procedentes ex iis quae 
communiter dicuntur. Non enim ex necessitate concludunt: quia ... diceret aliquam multitu- 
dinem esse infinitam, non diceret eam esse numerum, vel numerum habere. Addit enim 
numerus super multitudinem rationem mensurationis: est enim numerus multitudo mensu- 
rata per unum, ut dicitur in X Metaphys. Et propter hoc numerus ponitur species quantitatis 
discretae, non autem multitudo; sed est de transcendentibus.” 
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in quantity as essentially indeterminate and ultimately infinite in a merely 
potential way, as something similar to Cantor’s zdeal infinity, mentioned 
above. If the transfinite numbers are in fact real, Aristotle’s argument 
would certainly be subject to the charge of question-begging. For one 
might ask how Aristotle knows that there are no infinite numbers, to 
which his response, as Cantor reports it, would simply be because all num- 
bers are finite, which, of course, is the point in question. 

Still, and even as Cantor presents it, there is something more to 
Aristotle’s argument, namely, the claim that numbers are numerable. It is 
not so much Aristotle’s claim that all numbers are finite which Cantor 
attacks here, but the notion that all enumerations are finite ones, or are 
made in terms of finite numbers, or—most precisely—that one can make 
determinate (or measure) the quantity of some number using finite num- 
bers alone. The charge of petitio principii stands only on the supposition 
that one could show that not all numbers are finite ones. Cantor is well 
aware of this. 


I believe that I have proven above, and it will appear even more clearly in 
what follows in this paper, that determinate enumerations of infinite sets can 
be made just as well as for finite ones, assuming that a definite law is given 
the sets by means of which they become well-ordered.** 


Despite Aristotle, infinite sets can be measured, says Cantor, and their 
elements can be enumerated. They are not measured, however, in the way 
finite sets are, by means of the unit and in terms of some finite number of 
such units. Rather, they are measured by means of a limiting number 
which succeeds all in the set and which is greater than any finite quantity 
of units.*° Such a number is generated—discovered, Cantor would say—by 
means of a principle which is altogether different from that which gener- 
ates enumerations among finite numbers. This infinite enumeration 
depends upon the principle whereby the members of the set being num- 
bered are ordered; enumerations of finite sets, though they also require an 
ordering, are the same despite the particular ordering chosen.*” Members 
of the higher number classes differ from themselves in determinate ways 


45 Cantor, “On Infinite, Linear Point-Manifolds,” §4, p. 105. Emphasis mine. 

46 Recall Cantor’s second principle of generation, above. 

*” The essential difference between the finite and the infinite, says Cantor, is the simple fact 
that infinite sets have infinitely many ordinal numbers whereas finite sets have only one. 
Cantor, “On Infinite, Linear Point-Manifolds,” §4. 
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acceptable to mathematicians (@ + 1 is one greater than @) and laws of 
arithmetic can be formulated to deal with these numbers. Thus, Cantor 
would say, not all numbers are measured by counting up units, but only 
finite ones. Infinite numbers are measured by correlating a series of arith- 
metically different infinite integers with certain orderings of their mem- 
bers, such that a different ordering yields a different enumeration. These 
enumerations, being determinate, are a legitimate subject for a mathema- 
tician’s consideration. 


The assumption that besides the Absolute (which is not obtainable by any 
determination) and the finite there are no modifications which, although 
not finite, nevertheless are determinable by numbers and are therefore what 
I call the actual infinite—this assumption I find to be thoroughly untenable 
as it stands.*8 


The second Aristotelian argument is that “the finite would be dissolved 
and destroyed by the infinite if it (the infinite) existed, since the finite 
number is allegedly destroyed by the infinite.”*? As presented, the argu- 
ment has some cogency. How could one increase infinity? How could one 
go beyond that which is beyond all? In short, how could one infinite be 
greater than another? The greater implies the less and therefore has a defi- 
nite limit, or term. If something were less than infinite, how could it be 
infinite? Cantor is well aware that the this argument concludes to: were 
there an infinite, there could be only one. Nor would it be determinate or, 
especially, numerable, since to number it (or to measure it) would be to 
establish some point at which it ended, and beyond which it did not go. 


48 Georg Cantor, “On Infinite, Linear Point-Manifolds,” §5, 107. 

*Thid., §4, 105. If he has book eleven of the Metaphysics in mind, Cantor may be referring 
to the arguments given in lines 1066a28—32 and 1067a18-21 of chapter 10, though these 
more obviously deal with an infinitely large universe composed of a finite number of kinds of 
elements, the result being that one kind of element, being infinite in size, would destroy the 
others. (Similar arguments appear in book three of the Physics, chapter 5, at lines 204b13-19 
and lines 205a 24-25.) An analogous case might be made for numbers. Just as the addition 
of a finite amount of water, say, to a universe in which there was already infinite fire would 
not change the situation, so the addition of a finite number to an infinite number would not 
result in anything new. As Dauben expresses it: “Given any two finite numbers a and b, both 
greater than zero, their sum a+b >a,a+b>b. However, if b were infinite, no matter what 
finite value a might assume, a + % = 0.” Dauben, Georg Cantor, 122. 
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Cantor’s response comes down to asking whether an infinite number— 
though it measures an unlimited number of members in a series°°—need 
itself be unlimited in Aristotle’s sense of the word.*! As we saw earlier, 
though any number within the series of finite integers is a limit, in some 
sense, with respect to those which precede it, @ is not such a limit: it 
exceeds all numbers within the series, but is not itself a member of that 
series. So, a limit need not be finite. Nor is it the case that an infinite limit 
be itself without limits, for though it is the limit for integers in the first 
number class (and so is without a finite limit,) @ is itself surpassed by 
countless integers in its own number class, whose limit is the first number 
within the third number class (2@), and so on. There are many numbers, 
then, which are Jeyond w, though no finite number can surpass it. It is a 
limit (and so a definite quantity), and is itself both limited and unlimited, 
but in different respects.*? 

To return to the argument proper, then, while one could not add a 
finite quantity to Aristotle’s actually infinite number, that is, to a quantity 
which surpasses all quantities and is strictly unlimited—and in this sense 
the finite would be destroyed by the infinite—still, Cantor argues, to a 
determinate and complete infinite number, a finite number can indeed be 
adjoined and united without effecting its dissolution. The infinite number 
is itself modified by an adjunction of a finite number.*? 

What sense does Cantor make of adding a finite number to an infinite 
number? Recall his qualification of the commutative law for addition when 
it comes to infinite numbers. According to Cantor, 1 + @ = @, while @ + 1 
>. In fact, @ + 1 is the second of the infinite ordinal numbers. Returning 
to the example of the series of finite integers mentioned above, let us sup- 
pose the well-ordered series of finite integers: 1, 2, 3, ... v, ... which has, 
as its limiting number, the first infinite ordinal w. Let us now suppose that 


5° Recall that Cantor sees any infinite real integer created by means of the second principle 
of generation as a limiting umber. The first infinite ordinal, , is seen as the limit of the 
unending series of finite integers, ( I ). It is as such a limit that it can be called a measure of 
the number of members in that series. 

5! Aristotle’s term for the infinite, 10 dmte1pov, can be translated infinite, boundless, unlim- 
ited, or even indefinite. 

°° Cantor describes his discovery as “that which regards the infinitely great not merely in 
the form of that which increases without limit ... but also which fixes it by numbers in the 
determinate form of the completed infinite.” Georg Cantor, “On Infinite, Linear Point- 
Manifolds,” §4, 106. 

53 Georg Cantor, “On Infinite, Linear Point-Manifolds,” §5, 105. 
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we displace one member of the series, obtaining: 2, 3, 4,...v+1,... 1. 
Since we are dealing with a series in which there is no greatest, and since 
the numbers in the series are reciprocally well ordered (up to the last ele- 
ment of the second series, that is, to 1 in the first corresponds 2 in the 
second, to 2 in the first corresponds 3 in the second, to v in the first cor- 
responds, v + 1 in the second, and so on), there are as many members up 
to 1 in the second series as there are in the first series, taking their ordering 
as the operative principle. Therefore, the ordinal number of the second 
series is one greater than that of the first, or @ + 1.°* Nevertheless, it is 
crucial that the finite number be added to the infinite number, and not 
conversely. For, in comparing the well-ordered series of finite integers: 1, 
2,3,... v,... to the series 2, 1, 3, ... v, ... one can see that there is, in fact, 
a one-to-one correspondence throughout. In other words, v + ® = @ 
(where v is any finite integer).°° 


If @ is the first number of the second number class, then 1 + @ = @, but @ + 
1 = (@ + 1), where (@ + 1) is a number entirely distinct from w. Everything 
depends, as is here clearly seen, upon the position of the finite relative to the 
infinite; in the first case, the finite is absorbed into the infinite and vanishes, 
but if it modestly takes its place after the infinite it remains intact and unites 
with the infinite to form a new (since modified) infinite.°° 


Finally, Cantor addresses the very heart of Aristotle’s difficulties with 
infinite numbers in general, which Cantor calls the mpwtov pevdsoc—the 
initial falsehood—upon which all finitistic reasoning is based. 


All so-called proofs against the possibility of actually infinite numbers are 
faulty, as can be demonstrated in every particular case, and as can be con- 
cluded on general grounds as well. It is their mpwtov Wevdoc that from the 
outset they expect or even impose all the properties of finite numbers upon 
the numbers in question, while on the other hand the infinite numbers, if 


54 Tf ordering is not a concern, that is, if we simply establish a one-to-one correspondence 
between members of the series (i.e., 1 with 1, 2 with 2, and so forth,) the number will be the 
same. In this case, the series of finite integers has a number of No, the smallest infinite 
cardinal. 

> Russell defines greater than with respect to infinite ordinals in this way: “One serial 
number is said to be ‘greater’ than another if any series having the first number contains a 
part having the second number, but no series having the second number contains a part hav- 
ing the first number.” Introduction to Mathematical Philosophy, 90. 

5° Georg Cantor, “On Infinite, Linear Point-Manifolds,” §5, 109. 
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they are to be considered in any form at all, must (in their contrast to the 
finite numbers) constitute an entirely new kind of number, whose nature is 
entirely dependent upon the nature of things and is an object of research, 
but not of our arbitrariness or prejudices.*” 


Transfinite numbers are not extensions of the finite integers in the sense 
that an infinity has been added to a given finite integer to produce them. 
At the heart of Cantor’s charge of question-begging is that a transfinite 
number is a different kind of number. One cannot reasonably require that 
the properties of one species within a genus be applicable to another 
within that same genus. Aristotle’s basic error was in taking one species of 
number, the finite integers, to be the genus itself, number. One might just 
as mistakenly take the species of rectilinear figures to be the genus itself, 
thereby excluding the whole class of curved figures from consideration. 
But what holds for one among the species within a genus does not neces- 
sarily hold for the others: 


It is here [by finitists] tacitly assumed that properties which for numbers as 
we have previously understood them are disjunct, are equally so for the new 
numbers, and one accordingly concluded the impossibility of infinite num- 
bers. Who fails to see this fallacy at a glance? Isn’t every generalization or 
extension of concepts associated with the abandonment of certain special 
properties, even unthinkable without it?** 


As we have also seen, Cantor likens his introduction of the theory of 
transfinite numbers to previous extensions of the concept of number, such 
as the rationals, the irrationals, and the complex numbers.*? Such exten- 
sions, he notes, have been regarded as mathematically legitimate. 


57 “1 etter of Georg Cantor to Gustav Enestrém,” quoted in Dauben, Georg Cantor, 125. 

58 Georg Cantor, “On Infinite, Linear Point-Manifolds,” §6, p. 110. The properties in 
question are even and odd. The argument would go as follows: since an infinite number is 
neither even or odd, and since all numbers are either even or odd, then an infinite number 
cannot be a number. Cantor maintains that the property of being either even or odd belongs 
to finite numbers, not to all numbers. 

5°The very first sentence of “On Infinite, Linear Point-Manifolds” points out that any 
advance in the theory of sets depends upon extending the concept of real integer in this way. 
For more on extensions to the concept of number, see Russell, Introduction to Mathematical 
Philosophy, chapter 7. 
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It (mathematics) is obligated when new numbers are introduced to give 
definitions of them by which such a determinacy and, under certain 
conditions such a relationship to older numbers is granted them, that they 
can in any case be definitely distinguished from each other. As soon as a 
number satisfies all these conditions [consistency, and standing in determi- 
nate, orderly relationships to other numbers] it must be regarded as math- 
ematically existent and real. It is in this that I see the reason given in 
paragraph 4 why the rational, irrational and the complex numbers are to be 
considered as much existent as the finite positive integers. 


Cantor’s strategy is to defend transfinite numbers as legitimate exten- 
sions of the concept of real integer by establishing their consistency and 
definite relationships to the finite integers. To that extent, they would 
then be as legitimate as previous extensions of the same sort and included 
within a distinct species of number. 

The charge of taking the species to be the genus is a serious one, since 
the mistake would have occurred in the very principles of mathematics, 
affecting the remainder of that study. Yet how might this have occurred? 

Bertrand Russell offers a distinct account of mathematical reasoning in 
general. He recognizes, of course, the basic distinction between arriving at 
the general principles of a science and making deductions from such prin- 
ciples. Thus, one might arrive at Euclid’s axioms and postulates by gener- 
alizing from practices in land-surveying and then deduce other propositions 
from the principles so discovered. With respect to the question where 
mathematical reasoning begins, then, Russell gives a surprising answer: 
“The most obvious and easy things in mathematics are not those that 
come logically at the beginning; they are things that, from the point of 
view of logical deduction, come somewhere in the middle.”°! One would 
not naturally begin mathematical reasoning with the axioms, then, making 
deductions from these, rather, one might begin with some intermediate 
proposition, deduce something from it, or, conversely, ask on what prin- 
ciple that proposition itself is grounded. 

To apply this to Aristotle’s mpwtov pevdoc, one might imagine him 
abstracting the notion of finite integer—somewhere in the middle, logi- 
cally, between the genus, number, and the species of finite integer them- 
selves—and seeing it as the starting point of mathematical reasoning, much 
as one might mistakenly take a theorem to be an axiom. If finite number 


© Georg Cantor, “On Infinite, Linear Point-Manifolds,” §8, 115. 
1 Russell, Introduction to Mathematical Philosophy, 2. 
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is number, then infinite numbers cannot be numbers at all. If Russell is 
correct, however, to regard what one first arrives at in mathematical rea- 
soning to be logically first also is to neglect another form of mathematical 
thought altogether. Extending the concept of mwmber—originally taken to 
mean finite number—so as to include other types (such as the rationals and 
the mixed numbers) is simply a historical form of Russell’s second type of 
reasoning. 


We shall find that by analysing our ordinary mathematical notions we 
acquire fresh insight, new powers, and the means of reaching whole new 
mathematical subjects by adopting fresh lines of advance after our back- 
ward journey. 


Perhaps finitists mistakenly insist upon first—that is, ordinary—mathe- 
matical concepts as being /ogically first. In defining number as a multitude 
measured by the unit, Aristotle is associating properties belonging to a 
single species of number with the genus, taking finite numbers to be the 
genus of number itself. The fundamental error in Aristotle’s arguments 
against the actual infinite, then, would be a logical one. 

Finally, though, Cantor and Aristotle are speaking of different things. 
The actual infinite Cantor defends is not the actual infinite Aristotle denies. 
For one thing, Aristotle takes the actual infinite as being wholly 
unbounded. It is entirely without limits.°* This is why arguments such as 
that given against a finite number of elements in an infinitely large universe 
have the cogency they do. Cantor’s transfinite numbers, on the other 
hand, are not wholly unlimited: for since infinite numbers are generated in 


© Tbid. 

3 One would do well to contrast Russell’s account of mathematical learning with Aristotle’s 
own account of learning in the opening passages of the Physics. In reasoning, to proceed from 
the more known to the less known requires that one begin with the more universal and pro- 
ceed to the less universal. It would be impossible, then, to begin with a species, strictly speak- 
ing. An understood species must be seen as a species of some genus. If Aristotle rightly 
understood finite number, then, he would have to have a right understanding of number 
also. Note that Cantor does not claim that Aristotle misunderstood the nature of finite num- 
bers, only that he took such to be the genus. What seems to be the case, rather, is that infinite 
numbers and finite numbers are not species within a common genus. 

°* As he says in Physica: “For a body is something having extension on every side, while the 
infinite is an extension without limits, so that an infinite body would be extended infinitely 
in every direction.” III 5 204b20-22 “oda nev yap gotiw 10 névty Exov didotaotv, dre1pov 
dé TO dmtEpdvtws dieotHKdG, WoteE TO dnElpov oMpa mavtayy ~otor SreotyKos Eic dmEipov.” 
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classes, such that one advances from the second number class® to the third 
by applying the second principle of generation, numbers within such 
classes are arranged as a series. So, the numbers of the first number class 
are: @, @ + 1, @ + 2, and so on. Clearly, any of these is limited: @ + 1 > o, 
and so ® + 1 is a sort of limiting quantity for w. Further, the first number 
of the third number class, 2m, is set down as the limiting number for all 
numbers in the second number class. Therefore, there is always a number 
greater than any transfinite number, or no transfinite number has an 
unlimited quantity. This accords with what Cantor himself says. 


What I declare and believe to have demonstrated in this work as well as in 
earlier papers is that following the finite there is a transfinite (transfini- 
tum)—which might also be called supra-finite (suprafinitum), that is, there 
is an unlimited ascending ladder of modes, which in its nature is not finite 
but infinite, but which can be determined as can the finite by determinate, 
well-defined and distinguishable numbers.°° 


Aristotle’s arguments against an actually infinite number were not 
directed against transfinite numbers as Cantor describes them. Only a 
number which exceeded all limits would adsorb finite numbers added to it; 
transfinite numbers do not, precisely because they are limited in that 
respect. 

On the other hand, perhaps Aristotle’s arguments apply to any but 
finite numbers. For Aristotle sees number as a type of quantity, predicated 
in answer to the question how much or how many. How to answer such 
questions? Among discrete quantities, by counting. To determine attri- 
butes of things in other ways is to ask (and answer) other sorts of question 
about them, such as where, when, of what sort, and so on.” Extensional 
(enumerative) descriptions differ from intensional ones, that is, via speci- 
fying some proper characteristic. But in the case of infinite numbers enu- 
meration is not possible and we are left with intensional definitions alone.®* 
The difficulty is that intensional definitions seem to belong more properly 


° Recall that the second number class is the first class containing infinite numbers. The first 
number class is the class of finite integers. 

°° Georg Cantor, “On Infinite, Linear Point-Manifolds”, §5, 107. 

°7The names of several of Aristotle’s categories as given in the Greek are interrogatives 
such as these. For example, moodv, how much or how many, quantity, moiov, of what sort, 
quality, 106, where, place, and moté, when, time. 

8 Russell, Introduction to Mathematical Philosophy, 12-13. 
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to questions and manners of answering questions which differ from the 
how much or the how many. In truth, it is clear that an intensional defini- 
tion may be given independently of any considerations concerning the how 
much or the how many. The first infinite ordinal number, w, may say some- 
thing about the unending series of finite integers, but it is not clearly an 
answer to the question of ow many such integers there are.® Perhaps it is 
more akin to of what sort or in relation to what. If defining by extension, 
that is, counting, is how one answers the question how many, then prop- 
erly speaking only finite numbers could be found in the category of quan- 
tity—the category containing answers to that question. To insist that 
transfinites are a species alongside finites is to see them as numbers in the 
same sense. Going outside the very category of quantity to answer other 
kinds of questions is to equivocate on the term. 

Even apart from this, there is the issue of whether Cantor has in fact 
established that there are such things as transfinite numbers. For Cantor, 
existence is of two sorts.”” The sort with which mathematicians per se are 
concerned he calls intrasubjective or immanent existence. For mathemati- 
cians are concerned, not with transsubjective reality—what is actually 
found “in corporeal and intellectual nature”’!—but with consistency and 
with determinate relations among mathematical concepts in the mind. 


Mathematics, in the construction of its ideas, has ovly and solely to take 
account of the immanent reality of its concepts and has vo obligation what- 
ever to make tests for their transient reality.” 


It is on account of this distinction that mathematics deserves the name 
free mathematics.’* Even so, Cantor consistently insists that transfinite 
numbers are real in the second sense also, that the concepts in the mind 
are tokens of separate natural or intellectual realities. In truth, Aristotle’s 
arguments against an actual infinite would pose no threat to Cantor’s the- 
ory unless he were making such a claim also: for the arguments are clearly 
directed, not against the logical consistency of such concepts, but against 
their existence in the world. 


© The same would hold for infinite cardinals. 

See §8 of “On Infinite, Linear Point-Manifolds.” 

71 Georg Cantor, “On Infinite, Linear Point-Manifolds,” §8, 114. 
”?Tbid., 115. 

73 Tbid. 
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Transfinites are well-defined” and so have existence in the mind. As to 
their transsuljective reality: 


Reality can be ascribed to numbers in so far as they must be taken as an 
expression or image of the events and relationships of that outer world 
which is exterior to the intellect, as, for instance, the various number-classes 
(1) ( IL) ( 111) ete. are representative of powers which are actually found 
in corporeal and intellectual nature.’ 


Also, in the same place: 


In lieu of the thoroughly realistic but at the same time none the less idealis- 
tic basis of my considerations, there is no doubt in my mind that these two 
spheres of reality [intrasubjective and transsubjective| are always found 
together, in the sense that a concept said to exist in the first way always also 
possesses in certain and even in an infinity of ways a transient reality.”° 


His reason for this claim—which he immediately provides—takes 
Cantor the mathematician-turned-philosopher of mathematics to another 
level altogether. For it is the inseparable unity of all things which grounds 
his claim. “The connection of both realities has its peculiar foundation in 
the unity of the All, to which we ourselves belong.” He does not claim that 
the extra-mental existence of numbers is a thing easy to grasp’’—more the 
contrary—still, he is confident that they are there. 

Cantor made clear advances in establishing the legitimacy of transfinite 
numbers as concepts. They appear to be clearly distinct from the finite 
numbers and from the potentially infinite. They have a definite character 
and stand in definite relationships both to each other and to other num- 
bers, including finite numbers. They are more-or-less subject to mathe- 
matical laws. Even so, the transfinites have not been entirely free of 


™Cantor’s three conditions for the intrasubjective reality of our ideas are that they: (1) 
occupy an entirely definite place in our understanding on the basis of definitions, (2) can be 
precisely differentiated from all other parts of our thought, and (3) stand in determinate 
relationships to those parts, and so have a determinate effect on our thought. Ibid., 114. 

5 Tbid. 

©Tbid. 

77 Determining what the transient reality of such things is “becomes for the most part one 
of the most troublesome and profound problems of metaphysics and must frequently be left 
to times in which the natural development of one of the other sciences eventually reveals the 
transient meaning of the concept in question.” Ibid. 
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difficulty.”* Moreover, even granting the free use of transfinites at the con- 
ceptual level, does it follow that what one conceives of in this way 
thereby exists? 

Among the arguments given in favor of the infinite, Aristotle notes one 
for which he claims a special status. 


Most important of all [among the reasons for a belief in the infinite] is one 
which raises a difficulty for everyone: for it seems that number and mathe- 
matical magnitudes and what is outside the heavens are infinite because they 
do not cease in our thought.” 


Aristotle addresses this argument near the end of his account of the 
infinite, noting that thinking and what thinking is about may not 
correspond. 


To trust to thinking is absurd, for the excess or the deficiency is not in the 
thing but in the thought. For one of us might think that someone is bigger 
than he is, increasing him ad infinitum: but it is not because something 
thinks this that he is bigger than we are, rather, it is because he zs [bigger], 
and the thought is accidental.*° 


Number is real because there are a multiplicity of things which are 
numbered, which is why Aristotle calls the infinity of number a potential 
one, one consequent upon the division of continuous quantity. By one act 
of division I produce two things, by two acts three, and so on. Since the 
continuum is divisible ad infinitum—but never all at once—the number 
which is consequent upon such a kind of division is infinite in the same 


78 One would naturally take into account here the discovery of various paradoxes belong- 
ing to the very set theory Cantor sought to advance by the introduction of infinite numbers, 
as well as David Hilbert’s attempt to rescue mathematics through formalism, and the conse- 
quent, and disappointing, discovery of Kurt Gédel. We will be turning shortly to twentieth- 
century finitist/infinitist controversies and the schools of thought they produced. 

” Physica, U1 4 203b22-25. udArota dé Kai KUpIWTaTOV, O THV KOIVTIV Tolel drtopiav mol 
dia yap tO €v th vorjoet pr} broAkineww Kal 6 dpiOndc SoKet &rtetpos eivar Kal td paOnpatiKd 
ueyébn Kai to Zw tod odbpavod. 

8°Tbid., III 8 208a14-19. 10 S€ ti vorjoet motevew ctomov: ov yap Emi tod mpdyuatos 
UmEpoxr Kai 1 EAAEUIpic, GAN’ Eri Tis VorjoEwWS. EkaoTOV yap NUBV vorjoetev kv Tig MOAAATLAdoLOV 
Eavtod aviwv eic dneipov- GAA’ ov bia tobto Ew [tod oteds] tic Eotiv [7] tod tnAtKovtov 
uieyéBoug 6 ExonEV, Sti voei Tic, GAA’ Sti oti tobto Sé ovubEbyKev. 
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way.®! For Aristotle, there could not be such an actually infinite among 
numbers unless there were an actually infinite magnitude as well.*? The 
same is also clear when one considers Aristotle’s notion of the objects of 
mathematics. As we have seen, to study infinite numbers would be to 
study substance as having such a number, not as physical, but precisely 
insofar as there is a so many.®* 

If Cantor is right, there must first Je an unending series of finite inte- 
gers, else @ could not express “the idea that the entire assemblage ( I ) is 
given in its natural, orderly succession.”** But if the unending series of 
finite integers exists, where is it? Is even the first number series truly infi- 
nite, let alone the transfinites? For the mathematician as such, the question 
is not an important one.*® Yet Cantor has claims for transfinites that go 
beyond mathematics, even to the very limits of metaphysics. The answer 
to the question of where infinite numbers can be found which Cantor 
does ultimately supply—in the mind of God—is no adequate response to 
the Aristotelian objections. It is not in virtue of an intuition of the divine 
intellect that we are made aware of the unending series of finite integers— 
nor does Cantor claim this, to his credit. What does seem to be the case, 
rather, is that our everyday acquaintance with finite integers in counting, 
coupled with the mind’s ability to add ever one more, raises the question of 
infinite numbers in the first place. On the other hand, historically, the 
controversy over infinite quantities had just begun. 

We next turn to “the big three”—logicism, formalism, and intuition- 
ism—briefly describing how each view addresses the question of infinity, 
the difficulties each encountered, and how such difficulties might be 
avoided via observations and distinctions arising from the mathematical 
philosophies of Aristotle and Thomas Aquinas. 


8! See especially Physica, II, 6, 206a18-24 and III, 7, 207b10-14. 

82 See Joseph S. Catalano, “Aristotle and Cantor: On the Mathematical Infinite,” Modern 
Schoolman 46 (1968-69): 264-267. 

88 Although it appears, as we mentioned above, that one cannot rightly ask how many 
about an infinite number of things. 

84 Georg Cantor, “On Infinite, Linear Point-Manifolds,” §11, 132. 

85 See Hilbert, “On the Infinite,” 201. Though he claims the infinite does not exist in 
nature, nevertheless it is still mathematically legitimate to make a study of it. 
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THE Bic THREE 


The basic Jogicist position regarding mathematics is simple: math is logic. 
To the degree that logic itself is speculative, mathematics is speculative. 
The content of mathematics is the content of logic. Objects we have come 
to distinguish as specifically mathematical are merely abbreviations of more 
complex entities and expressions and can be reduced to them.*® 


According to Frege’s main thesis, arithmetic should be considered as a part 
of logic. The arithmetical notions—such as the notions of number, equality, 
sum—may be defined in purely logical terms; the theorems of arithmetic 
may be deduced from the principles of logic combined with the definitions 
of the arithmetical notions.*” 


Two distinct reductions, then, are required: that of mathematical 
notions to logical ones and that of mathematical propositions to logi- 
cal ones. 

Bertrand Russell who, along with Alfred N. Whitehead, followed 
Frege’s lead in the logicizing of mathematics, made bold to define the sci- 
ence in the following manner: 


Pure Mathematics is the class of all propositions of the form ‘p implies 7 
where p and g are propositions containing one or more variables, the same 
in the two propositions, and neither p nor q contains any constants except 
logical constants. And logical constants are all notions definable in terms of 
the following: implication, the relation of a term to a class of which it is a 
member, the notion of such that, the notion of relation, and such further 
notions as may be involved in the general notion of propositions of the 
above form.*® 


The only concrete matter in the mathematical sciences—expressed by 
constants—is logical: all other notions are expressed by variables, whose 
content is indeterminate. 


8°We shall see an example of this shortly when we take up Russell’s definition of number. 

87 Evert W. Beth, The Foundations of Mathematics (Amsterdam: North-Holland Publishing 
Company, 1959), 67-8. 

88Bertrand Russell, Principles of Mathematics (Cambridge: Cambridge University Press, 
1903), 3. 
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Russell’s definition of number hinges upon a logical relation: in this 
case, that of a one-to-one correspondence, which relation implies another, 
similarity. 


Two classes are said to be ‘similar’ when there is a one-one relation which 
correlates the terms of the one class each with one term of the other class, in 
the same manner in which the relation of marriage correlates husbands 
and wives.*? 


Similarity is then applied to the problem at hand: the definition of num- 
ber in purely logical terms. 


We may now go on to define numbers in general as any one of the bundles 
into which similarity collects classes. A number will be a set of classes such 
that any two are similar to each other, and none outside the set are similar 
to any inside the set. In other words, a number (in general) is any collection 
which is the number of one of its members; or more simply still: A number 
is anything which is the number of some class.°° 


A symbolic representation of a number (as Russell defines it, that is, 
purely in terms of logical constants alone) is exemplified in Rudolf Carnap’s 
expression of the number two. 

Let ‘2,,(f)’ mean that at least two objects fall under the concept f. 
Then we can define this concept as follows... 


2, (/) = De (Ax)(y)[~ (=) F(X) FY) 


or in words: there is an x and there is a y such that x is not identical with 
y and f belongs to x and f belongs to y. . . Then we define the number two 
itself thus: 


® Russell, Introduction to Mathematical Philosophy, 15-16. Russell’s reference to the mari- 
tal relation aids in the understanding of similarity. Assuming only monogamous marriages, 
one can say that the class of husbands is similar to that of wives without knowing—Russell’s 
precise point—how many of each there are. According to Russell, one has avoided the use of 
counting in determining this similarity through the establishment of a one-to-one relation- 
ship between the respective members of each class (in this case, the relationship of monoga- 
mous marriage.) 

Russell, Introduction to Mathematical Philosophy, 18-19. Russell provides an argument 
that his last expression of the definition of number, though apparently circular, is in 
fact not so. 
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2(f)=pr 2m (Ff) ~ 3n (F) 


or in words: at least two, but not at least three, objects fall under f.”! 

In general, the criticisms of logicism take two forms. First, logicization 
itself produces paradoxes. Secondly, to avoid the paradoxes, logicists 
(notably Russell himself) have had to adopt nonlogical axioms. 

The most famous of the logical paradoxes is called the Russell paradox, 
since it was discovered by the man himself. In short, it hinges upon logi- 
cists’ tendency to consider classes as objects—to substantialize classes. 

Call that class the Russell class which contains all, and only, classes which 
are not members of themselves. Of course, it is quite reasonable to speak 
of classes which are not members of themselves—why would anyone speak 
of them otherwise? What would it mean to say that a class 7s a member of 
itself? Perhaps nothing. Still, the paradox arises, not with respect to 
whether one can have classes which ave members of themselves, but with 
respect to whether classes can be considered members at all. Prior to 
deciding whether a given class is a member of the Russell class, one must 
determine whether it is a member of itself. The force of the paradox con- 
sists in recognizing that, because the notion of classes which ave members 
of themselves seems odd and unlikely, then there must certainly be a 
Russell class: for there are surely classes which are mot members of them- 
selves. But is the Russell class a member of itself? Either it is, or it is not. If 
we assume that it is a member of itself, it follows that it cannot be a mem- 
ber of itself (a contradiction), for the Russell class contains only those 
classes which are mot members of themselves. If we assume the opposite, 
that it is not a member of itself, then, since it contains all classes which are 
not members of themselves, it follows that it must be a member of itself 
(another contradiction). There seems to be no alternative, so the paradox 
presents as irresolvable.?” 

Russell sought to avoid the paradox by appealing to a principle whose 
basis in logic alone was at least questionable. 


°! Rudolf Carnap, “The Logicist Foundations of Mathematics” in Benacerraf and Putnam, 
Philosophy of Mathematics: Selected Readings, 42-3. Carnap is a later logicist. 

*? For an analysis of the Russell paradox, along with its symbolic representation, see Beth, 
The Foundations of Mathematics, 483. 
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In Russell’s opinion—which in this respect was shared by Poincaré—the 
paradoxes originate from a vicious circle. Consequently, he ensured their 
elimination by meticulously applying the so-called vicious-circle principle, 
which is stated as follows: “Whatever involves ail of a collection must not be 
one of the collection.”?* 


The Russell paradox bears upon the legitimacy of logicism itself to the 
degree that it takes classes to also be members—the substantialization of 
classes. As Russell’s definition of number requires that a class be an 
object—ultimately, a number is a class of classes—the paradox runs to the 
very root of mathematics. Moreover, the root claim of logicism is compro- 
mised by means of the measures taken to avoid such contradictions— 
through the use of an_ hierarchical theory of types,* for 
example—undermining itself in the process.”> Like paradoxes seem inher- 
ent to logicism’s attempts to define the continuum in strictly logi- 
cal terms.”° 

There is some dispute as to what formalism claims mathematics to be. 
According to Haskell Curry, formalism, much as its name suggests, con- 
siders mathematics as a study of systems of thought expressed in formal 
terms, i.e., apart from content. 


According to formalism the central concept in mathematics is that of a for- 
mal system. Such a system is defined by a set of conventions, which I shall 
call its primitive frame... The primitive frame specifies, independently of the 
representation, which elementary propositions are true, and therefore deter- 
mines the meaning of the fundamental predicates. ... The formalist defini- 
tion of mathematics is then this: mathematics is the science of formal systems.”” 


Beth, The Foundations of Mathematics, 497. 

°* A hierarchical theory of types is the concrete result of the application of the vicious-circle 
principle. It establishes a collection of classes in a definite order, such that a Jower class (i.e., 
a class which is contained by another) cannot, at the same time, contain a /igher class (i.e., a 
class which, mediately or immediately, contains it.) 

°5 Apart from introducing extra-logical notions, the vicious-circle principle appears to be 
self-referentially inconsistent: for it refers to all principles which involve collections. 
Therefore, it itself cannot be a principle which refers to all principles which involve collec- 
tions, for such principles constitute a class of propositions. 

°6These are taken up in Carnap, “The Logicist Foundations of Mathematics.” 

°” Haskell B. Curry, “Remarks on the Definition and Nature of Mathematics,” in Benacerraf 
and Putnam, Philosophy of Mathematics: Selected Readings, 203-4. 
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This understanding of formalist mathematics is echoed by one of its 
principal critics and the founder of <imtuitionist mathematics, 
L. E. J. Brouwer. 


For the formalist therefore mathematical exactness consists merely in the 
method of developing the series of relations and is independent of the sig- 
nificance one might want to give to the relations or the entities which they 
relate. And for the consistent formalist these meaningless series of relations 
to which mathematics is reduced have existence only when they have been 
represented in spoken or written language together with the mathematical- 
logical laws upon which their development depends, thus forming what is 
called symbolic logic.” 


What is key here is the Jack of significance assigned to the subject with 
which one is dealing.”? Brouwer places emphasis upon the formalist’s insis- 
tence upon empty—meaningless—concepts. 


The viewpoint of the formalist must lead to the conviction that if other 
symbolic formulas should be substituted for the ones that now represent the 
fundamental mathematical relations and the mathematical-logical laws, the 
absence of the sensation of delight, called ‘consciousness of legitimacy,’ 
which might be the result of such substitution would not in the least invali- 
date its mathematical exactness. To the philosopher or to the anthropolo- 
gist, but not to the mathematician, belongs the task of investigating why 
certain systems of symbolic logic rather than others may be effectively pro- 
jected upon nature. 


Meaning has so little to do with mathematics, says Brouwer, that for- 
malists are altogether unconcerned whether the systems they have con- 
structed coincide with reality or not; for the legitimacy of a formal system 


8. E. J. Brouwer, “Intuitionism and Formalism,” in Benacerraf and Putnam, Philosophy 
of Mathematics: Selected Readings, 78-9. 

°° When, for example, we are wont to express a typical Aristotelian syllogism, not in terms 
of a real example (even if this be symbolized) but using variables, we are said to formalize the 
argument. ‘Every a is b, every c is a, therefore every c is b’ would be an example of such a 
formalization, where a, b, and c are taken to stand for anything whatsoever (and thus for no 
determinate thing.) This usage of symbols as variables may be contrasted to Aristotle’s use of 
letters to stand for definite terms, as in the example he gives of a demonstration quia, at 
Analytica Posteriora, | 13 78a27-36. 

10 Brouwer, “Intuitionism and Formalism,” 79. 


192 ‘J. W. RIOUX 


is not in the least bit compromised by the representation which is subse- 
quently given to it. 

On the other hand, Kreisel is of the opinion that formalist mathematics 
is not so much concerned with formalization, as such, but with the reduc- 
tion of those theorems in mathematics which would require an infinite 
number of steps to prove to finite proof procedures, to a finitistic method 
of demonstration. 


We note at once that there is no evidence in Hilbert’s writings of the kind of 
formalist view suggested by Brouwer when he called Hilbert’s approach 
‘formalism.’ In particular, we could say that Hilbert wanted to eliminate the 
use of transfinite concepts from proofs of finitist assertions instead of refer- 
ring to symbols and formulae as above. The symbols were a means of repre- 
sentation. The real opposition between Brouwer’s and Hilbert’s approach 
was not at all between formalism and intuitive mathematics, but between (i) 
the conception of what constitutes a foundation and (ii) between two infor- 
mal ways of reasoning, namely finitist and intuitionist.1°! 


Kriesel sees the difference between the schools in a shift of emphasis: 
from the uninterpreted and disregard for intuition to whether one will 
depend upon consistency or constructability as a criterion for truth.’ 

This confusion about formalism runs deep. Even the founder of the 
school, David Hilbert, seems to have espoused different mathematical 
methods, depending upon the subject under consideration. 


Does material logical deduction somehow deceive us or leave us in the lurch 
when we apply it to real things or events? No! Material logical deduction is 
indispensable. It deceives us only when we form arbitrary abstract defini- 
tions, especially those which involve infinitely many objects. In such cases 
we have illegitimately used material logical deduction, i.e., we have not paid 
sufficient attention to the preconditions necessary for its valid use.'°° 


11 Georg Kreisel, “Hilbert’s Programme,” in Benacerraf and Putnam, Philosophy of 
Mathematics: Selected Readings, 207. 

102 Of course, intuitionists require the actual constructability of a mathematical object in 
addition to finite proof procedures. 

103 Hilbert, “On the Infinite,” 191-2. The translator’s footnote regarding ‘material logical 
deduction’ reads as follows: “Throughout this paper the German word ‘inhaltlich’ has been 
translated by the words ‘material’ or ‘materially’ which are reserved for that purpose and 
which are used to refer to matter in the sense of the traditional distinction between matter or 
content and logical form.—Tr.” 
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Hilbert seems not to have abandoned references to content in the math- 
ematical sciences. In fact, he seems to regard content-based—that is, 
material—logic as an absolute requirement in some areas of mathematics. 
When we consider exactly what Hilbert means by “arbitrary abstract defi- 
nitions, especially those which involve infinitely many objects” as well as 
what he means by mathematics as applied to the real world, however, what 
is most distinctive about formalism seems to be exactly what the name 
suggests: the necessity to regard certain propositions in a formal way. As 
to its application, that is markedly different from the study considered as 
such. On this point, Brouwer may be correct: an unconvincing application 
to the real world would not necessarily invalidate an otherwise valid for- 
mal system. 

With respect to the question of where mathematical formalizations must 
occur, we turn to Hilbert himself for clarification. 


Even when from our finitary viewpoint a formula is valid with respect to 
what it signifies as, for example, the theorem that always 


at+b=b+a, 


where a and b stand for particular numerical symbols, nevertheless we prefer 
not to use this form of communication but to replace it instead by the formula 


a+b=b+al% 


The distinction Hilbert makes here is equivalent to one we made ear- 
lier—the difference between the utilization of a symbol to stand for a term 
with a definite sense and the utilization of a variable. At this point we wish 
simply to note Hilbert’s preference for the latter—the formalization— 
over the former in cases where both are possible. Hilbert goes on to 
explain precisely what function the formula a + d=) + ahas in mathematics. 


This latter formula is in no wise an immediate communication of something 


signified but is rather a certain formal structure whose relation to the old 
finitary statements, 


24+3=3+42, 
5+7=7+5, 


104 Filbert, “On the Infinite,” 195-6. 
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consists in the fact that, when a and # are replaced in the formula by the 
numerical symbols 2, 3, 5, 7, the individual finitary statements are thereby 
obtained, i.e., by a proof procedure, albeit a very simple one.” 


Since one can arrive at the formulas themselves by way of finitary state- 
ments (such as 2 + 3 = 3 + 2) and return them back in a finite number of 
steps, it follows that formulas—ideal statements, in his parlance—can be 
utilized wherever finitary statements might be without violating the con- 
dition of using only finite proof procedures. One might ask, however, why 
one would prefer to use the formula for its corresponding finitary 
statements. 


A statement such as ‘there exists’ an object with a certain property in a finite 
totality conforms perfectly to our finitary approach. But a statement like 
‘either p+ lorp+2orp+3... or (ad infinitum) ... has a certain property’ 
is itself an infinite logical product.!°° 


In other words, universal judgments about numbers—for example, a + 
1 = 1 + a—require that we need to determine whether this holds for 1, and 
2, and 3, and 4, and so on, which reduces to a proposition with infinitely 
many parts, each of which must be true in order for the whole to be true. 
Why infinite parts? Because Hilbert regards the numbers as an infinite col- 
lection. A proposition in which a symbol stands for amy number becomes 
a proposition about a// numbers—‘an infinite logical product.’ 

To avoid this, ideal statements will be required wherever we make uni- 
versal judgments about numbers. A// even numbers are divisible by two 
without remainder must first be expressed as an ideal statement in order 
that we might prove (or disprove) it in a finite number of steps. Hilbert’s 
material logical deduction does not appear to characterize formalist math- 
ematics, rather, if we expect to generalize, we will need ideal statements to 
do so. This final passage from Hilbert, noting the relation between sym- 
bolic logic and his own formalization of mathematics, summarizes the 
overall intention and characteristics of formalist mathematics quite well. 


It is consistent with our finitary viewpoint to deny any meaning to logical 
symbols, just as we denied meaning to mathematical symbols, and to declare 
that the formulas of the logical calculus are ideal statements which mean 
nothing in themselves. We possess in the logical calculus a symbolic language 


105 Thid., 196. 
106 Thid., 194. 
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which can transfer mathematical statements into formulas and express logi- 
cal deduction by means of formal procedures. In exact analogy to the transi- 
tion from material number theory to formal algebra, we now treat signs and 
operation symbols of the logical calculus in abstraction from their meaning. 
Thus we finally obtain, instead of material mathematical knowledge which is 
communicated in ordinary language, just a set of formulas containing math- 
ematical and logical symbols which are generated successively, according to 
determinate rules. Certain of the formulas correspond to mathematical axi- 
oms. The rules whereby the formulas are derived from one another corre- 
spond to material deduction. Material deduction is thus replaced by a formal 
procedure governed by rules.!°” 


As to what mathematics zs, Hilbert could not answer episteme according 
to its proper sense, for its notion necessarily references some definite 
objects about which one is theorizing—leaving aside, for the moment, the 
question whether such objects are real. Formalist mathematics lives up to 
its name. It generally ignores references to content and focuses upon logi- 
cal form.'°% 

In addition to the requirements of finite proof procedures and formal- 
ization in the case of universal propositions about numbers, Hilbert sets 
forth two additional conditions for mathematical legitimacy: consistency 
and completeness. As to the first, any system allowing for valid contradic- 
tions is of little value: if a contradiction can be proved, then anything can. 
Moreover, legitimate systems must be complete: every formalism that can 
be expressed must be decidable. How else could we be assured of (inter- 
nal) consistency? Douglas Hofstadter summarizes Hilbert’s so-called pro- 
gram with respect to these two conditions. 


Was it absolutely clear that contradictory results could never be derived, by 
any mathematicians whatsoever, following the methods of Russell and 
Whitehead? This question particularly bothered the distinguished German 
mathematician (and metamathematician) David Hilbert, who set before the 
world community of mathematicians (and metamathematicians) this 


107 Hilbert, “On the Infinite,” 197. 

108 One might ask why we would take up the formalist position in considering the nature 
of arithmetic: for if the formalists regard mathematical propositions as statements without 
content, then what is to distinguish them as mathematical? Since formalism retains the 
notion of certainty in its insistence upon the rigor of proof and the certainty of conclusions, 
we consider it as having inquired into the science of arithmetic (and our own difficulty) to 
this extent. Furthermore, the formalists themselves claim to be doing arithmetic. 
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challenge: to demonstrate rigorously—perhaps following the very methods 
outlined by Russell and Whitehead—that the system defined in Principia 
Mathematica was both consistent (contradiction-free), and complete (i.e., 
that every true statement of number theory could be derived within the 
framework drawn up in P.M.)!°” 


We have noted, then, that both a symbolic form and completeness were 
conditions the formalist would require in mathematics. In the case of for- 
malization, we have seen one difficulty looming: for if mathematics is to 
be divorced from definite content, how might one justify calling it a sci- 
ence at all? A further and—for the formalists—more telling difficulty con- 
cerns the question of completeness. Historically, formalism suffered its 
severest setback at the hands of Kurt Godel, who proved that no ade- 
quate!’ formal system could possibly be complete and consistent, which 
is to say, no consistent formal system could decide all its validly expressible 
propositions. 

We will not go into Gédel’s incompleteness theorem in detail—let the 
following suffice. According to the proof, no adequate formal system 
could decide (prove true or false) a proposition equivalent to this system is 
consistent. Proving the internal consistency of all valid expressions within a 
system is impossible in principle. 

This objection to formalist mathematics is—in short—fatal. To be 
unable to show that mathematics is even internally consistent is a serious 
problem for a formalism—that is, for a system which has no other way to 
indicate the rightness of its claims.'"! It is relevant also to a consideration 
of the episteme of mathematics. No one would describe as a science a sys- 
tem of reasoning whose consistency we could never hope to establish. 

L. E. J. Brouwer founded intuitionist mathematics. As with the names 
given to logicism and formalism, the basis for this account of mathematics 
is intuition, a fundamental apprehension of the nature of primary mathe- 
matical objects. It is fair to say that it differs from formalism in supplying 
a scientific character to its study of things which are admittedly mathemati- 
cal, while it differs from logicism in its consideration of mathematical 


10 Douglas R. Hofstadter, Gédel, Escher, Bach: An Eternal Golden Braid, (New York: Basic 
Books, 1979), 23-4. 

110 Adequate, that is, for purposes of mathematics. 

111 Even an incomplete material system can ground a particular claim in fact and so come 
closer to the truth. A formalist would always remain uncertain whether any of its claims is 
consistent with a future unexpressed claim. 
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objects as such. Brouwer’s notion of mathematics, as he describes it here, 
is undeniably Kantian. 


However weak the position of intuitionism seemed to be after this period of 
mathematical development [the discovery of non-euclidean geometry,] it 
has recovered by abandoning Kant’s apriority of space but adhering the 
more resolutely to the apriority of time.!? 


With a resolute yes in answer to the question whether arithmetical state- 
ments are true, Brouwer would go further to say, following Kant, that 
propositions arising from the intuition of time are sczentifically true, are 
synthetic a priori. That scientific via Kant means something other than 
episteme becomes clear when we learn that intuitionists neither affirm nor 
deny the existence of separate mathematical objects.'!* 


I must still make one remark which is essential for a correct understanding 
of our intuitionist position: we do not attribute an existence independent of 
our thought, i.e., a transcendental existence, to the integers or to any other 
mathematical objects.!!4 


Brouwer goes on to explain the principles of intuitionist mathematics. 


This neo-intuitionism [which has abandoned the spatial a priori but not the 
temporal one] considers the falling apart of moments of life into qualita- 
tively different parts, to be reunited only while remaining separated by time, 
as the fundamental phenomenon of the human intellect, passing by abstrac- 
tion from its emotional content into the fundamental phenomenon of 
mathematical thinking, the intuition of the bare two-oneness.!5 


Since the notion of unity itself is insufficient to produce a series, the 
intuition fundamental to mathematics must be of the difference within our 
apprehension of time. Through a process of abstraction we retain the 


12 Brouwer, “Intuitionism and Formalism,” 80. 


13 Separate, not as existing midway between the Forms and physical things—as Plato would 
have it—but merely existing separately from our thinking of them. 

14 Arend Heyting, “The Intuitionist Foundations of Mathematics,” 
Putnam, Philosophy of Mathematics: Selected Readings, 53. 

5 Brouwer, “Intuitionism and Formalism,” 80. 
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notion of what is one (as continuous) yet many (as containing moments) 
which Brouwer calls the bare two-oneness.''° 


This intuition of two-oneness, the basal intuition of mathematics, creates 
not only the numbers one and two, but also all finite ordinal numbers, inas- 
much as one of the elements of the two-oneness may be thought of as a new 
two-oneness, which process may be repeated indefinitely; this gives rise still 
further to the smallest infinite ordinal number o.!!” 


Having explained these basal intuitions and the derivation of numbers 
from them, Brouwer sets a certain limit upon these activities, basing all 
construction proofs upon two operations: to construct a finite ordinal 
number, and to construct @.118 

Unlike formalism—where consistency substitutes for truth—intuition- 
ists insist upon construction-proof in mathematics. 


For this reason [that all mathematical sets of units which are entitled to that 
name can be developed out of the basal intuition, and <that> this can be 
done only by combining a finite number of times the two operations 
<already given>| the intuitionist can never feel assured of the exactness of a 
mathematical theory by such guarantees as the proof of its being 
noncontradictory.'!” 


For the intuitionist, every construction is a true mathematical object 
and every true mathematical object is either a construction or a basal intu- 
ition (which is an irreducible construction.) 

At this point a prominent difficulty arises, for how could an intuitionist 
disprove a mathematical statement? In Euclid’s Elements, for example, that 


116 This hearkens back to Plato’s same and other. 

"7Tbid. It is interesting to note that the smallest infinite ordinal number appears to be 
arrived at through the repetition of a process an indefinite number of times. 

118 “All mathematical sets of units which are entitled to that name can be developed out of 
the basal intuition, and this can only be done by combining a finite number of times the two 
operations: ‘to create a finite ordinal number’ and ‘to create the infinite ordinal number w’ ... 
The intuitionist recognizes only the existence of denumerable sets, i.e., sets whose elements 
may be brought into one-to-one correspondence either with the elements of a finite ordinal 
number or with those of the infinite ordinal number w.” Brouwer, “Intuitionism and 
Formalism,” 81. Note intuitionism’s emphasis upon constructability as a foundation. It is 
not at all clear that q is itself a finite construction. 

11° Unlike formalism. Ibid. 
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there can be but a single line drawn perpendicular to a given line through 
a given point is shown by assuming the contradictory and demonstrating 
that such an assumption would entail an impossibility or contradiction. 
Does the intuitionist not want to establish, not only that @ zs the smallest 
infinite ordinal number but also that three is not equal to two? 

Taking an example of a geometrical theorem’”° we can see that, first, 
the intuitionist will have difficulty with all negative propositions and, sec- 
ond, demonstrating the truth of a contradictory may not always be possi- 
ble. A circle is not square is shown to be true, not directly (for one could 
never construct such a thing,) but by supposing such a thing and deducing 
a contradiction from it. A circle is square can be shown to be false in the 
same manner. 


Consider the proposition ‘A square circle cannot exist.’ It is a proposition 
which Brouwer and Heyting admit as a theorem. ... Brouwer describes it as 
a construction which consists in first supposing that we have constructed a 
square which is at the same time a circle, and then deriving a contradiction 
from the supposition.!7! 


Two problems arise for intuitionist mathematics, then. The first looks 
to the proof of true negatives. How does such a process differ from the 
formalists’ own method of establishing the legitimacy of mathematical 
objects, given the absence of contradiction? It seems either that such a 
process as is used by the intuitionist to prove a true negative proposition 
is fundamentally the same as that which is employed by the formalist (and, 
incidentally, by the logicist also) to establish the truth of mathematical 
propositions, or that this process is not a construction at all: either way, 
intuitionist mathematics is compromised. 

Another, more serious, difficulty concerns the basal intuitions, specif- 
ically w. 


20 Our choice of example looks to the supporting quotation which follows. An arithmeti- 
cal example would have served as well, in principle. 

21 Korner, The Philosophy of Mathematics: An Introduction, 138. We might do well to note 
two implications of a strict construction-proof theory of mathematics. First, if, in certain 
cases, it is impossible to construct a mathematical entity and also impossible to disprove it, 
that is, to derive a contradiction from its supposed existence, then propositions about it will 
be neither true nor false: which is a denial of the Law of Excluded Middle. Further, as many 
mathematicians recognize the existence of certain mathematical entities which cannot be 
literally constructed (such as 7) the solvability of all mathematical problems is also called into 
question by the intuitionist. 
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A strict finitist would deny the (constructible) existence of infinitely pro- 
ceeding sequences [like @] in very much the same manner as the intuitionists 
deny the existence of actual infinities. Infinitely proceeding sequences, he 
might argue, unlike the finitely proceeding, outrun the human capacity for 
apprehension of the particular. We can imagine a process of stroke after 
stroke, up to a point; but there comes a point after which perception and 
intuition can no longer keep pace. To imagine ‘in principle’ that the process 
goes on without stopping, is no longer to imagine.!”” 


Perhaps a problem arises here because we tend to consider Brouwer’s 
construction operations (to create a finite ordinal number and to create 
the infinite ordinal number @) as, in fact, only one. Perhaps, in seeing that 
an infinite ordinal differs in no essential way from a finite ordinal (except- 
ing the number of members in each,) we regard the second operation as 
somehow building upon the first. In this case, the second operation would 
require an infinite number of steps, which is contrary to intuitionist prin- 
ciples, for they require (finite) constructions in mathematics. Thus, 
Brouwer’s two basic operations must be (1) essentially distinct, and (2) 
each a single operation (as opposed to a series of operations.) If this were 
not the case, creating an infinite ordinal number would require an infinite 
number of steps. 

But why would intuitionists admit an infinite act of construction—o— 
in the first place? Presumably, following Brouwer, this follows immediately 
upon our apprehension of the primary intuition of time as a continuum. 
Yet according to what capacity are we able to intuit something admittedly 
infinite? The crux of the objection is this: if intuitionists deny the legiti- 
macy of infinitely proceeding sequences on the grounds that they are infi- 
nite, why allow @ in one fell swoop, as it were? If we are mentally capable 
of intuiting @, what prevents our mentally intuiting the cardinal number 
of all denumerably infinite ordinals'?*—of which is but the first? 

It is possible that the mathematical philosophy of Aristotle and Thomas 
Aquinas can shed light on some of these difficulties—indeed, any legiti- 
mate explanation of mathematics would need to avoid paradoxes arising 
from a substantialization of classes, the incompleteness to which formal 
systems are prone as well as the difficulty in saying exactly what mathemat- 
ics is about, as well as the apparent arbitrariness of intuition as an 


2 Thid., 148. 
23) a number which the intuitionists deny. 
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in-principle explanation and the difficulty which Kantian, constructive 
intuitions bring to proving true negatives. We hope to show not only that 
the Aristotelian and Thomistic account can avoid these difficulties, but 
also that it can supply an explanation of why they arose in the first place. 

The single most fundamental notion in the logicists’ reduction of math- 
ematics to logic!** is that of class. This concept is included as the genus of 
number itself and is at the basis of the Russell paradox and the difficulties 
encountered in logicists’ attempts to avoid it. Is the episteme of mathemat- 
ics—the cornerstone of the Aristotelian and Thomistic account of mathe- 
matics—subject to the same or an analogous difficulty?!”° 

Number is a plurality measured by the wnit, yet there is also a sense in 
which one number might number another—certainly it can number itself. 
Thus, six is numbered thrice by two, but only once by itself. For any given 
number, x, it is the case either that x numbers itself or that « does not 
number itself. Let a be the number of numbers which do not number 
themselves and 4 the number of numbers which do number themselves.'7° 
Either a numbers itself or it does not. Let us assume that it does not: 
hence, a will be counted among those numbers which do not number 
themselves; and yet a is the number of numbers which do not number 
themselves, and thus it numbers those numbers. But a is also one of the 
numbers that it numbers, and thus a numbers itself, which is contrary to 
the assumption. Let us now assume that a does number itself. Hence, a 
will not be counted among those numbers which do not number themselves, 


24 Of course this reduction is not—to the logicist—real, but only nominal. That is, what 
was thought to be distinct from logical notions (numbers) is shown to be definable in terms 
of logical notions. The logicist would not admit that numbers were anything more than 
classes, or perhaps properties of classes, themselves, although their being thought of (accord- 
ing to common opinion) as distinct requires the reduction. 

5For a good discussion of paradoxes (with an emphasis on the impredicable paradox) 
from an Aristotelian perspective, see Henry Babcock Veatch, Intentional Logic, (New Haven: 
Yale University Press, 1952), 138-49. Veatch’s answer to the paradoxes, however, differs 
from our own. A more general critique of logicist-type arguments and positions, again from 
an Aristotelian perspective, can be found in Charles DeKoninck, The Hollow Universe 
(Toronto: Oxford University Press, 1960). 

26No claim is being made that a # 0. As will become evident, the paradox we are con- 
structing here is based upon a fallacy of equivocation and is thus not a true paradox. It does 
seem likely, however, (even necessary in this case,) that the answer to the question ‘how many 
numbers do not number themselves?’ is 0. I have introduced this seeming paradox, an illus- 
tration of how the Russell Paradox might be translated into Aristotelian terms, in order to 
demonstrate a fundamental difference between the logicist notion of arithmetic and that 
proposed by Aristotle and Aquinas. 


202 =+J.W. RIOUX 


and thus, since a does not number those numbers which do number 
themselves, a will not number a. Which is again contrary to the assump- 
tion. It seems, then, that in either case we meet with a contradiction. 
Beyond arising from Bertrand Russell’s notion of number as class, then, 
the Russell paradox also yields contradictory results when applied to num- 
ber as defined by Aristotle and Thomas Aquinas. Yet the seeming parallel 
brings out precisely the distinction we wish to make between the notion 
of a class and that of a mature. For the paradox just presented is merely 
apparent—as will become clear. 

When we speak of a as being the number of numbers which do not 
number themselves, we are considering that particular group which a 
numbers as a class. Indeed, predicating a number of some subject (the 
numbers which do not number themselves are a in number) is the clearest 
example we have of a subject which supposes collectively as opposed to 
universally. With collective supposition a logical subject is taken to refer, 
not to the individuals contained within it zzdividually, as would be the 
case in the proposition every dog is an animal, but to the individuals con- 
tained within it taken collectively, as would be the case in the proposition 
the legs of a spider are eight in number. Their difference is clearly seen in the 
different way they predicate something of the subject. In the first case, the 
predicate, animal, is taken to apply to each and every dog, while in the 
second case, the predicate, eight in number, is taken to apply, not to each 
leg of the spider, but to the legs of a spider taken as a certain kind of 
whole—and not a universal whole. For the sense is not this leg (of a spider) 
is eight in number for each of the legs. 

Just where the fallacy lies in our quasi-paradox is now apparent. In say- 
ing that a numbers those numbers which do not number themselves, we 
are regarding those numbers collectively—in no other way would we be 
able to say how many there are. Yet, in assuming that a either does or does 
not number itself, we are assuming that a either does or does not have a 
certain property in common with other numbers, which property (and its 
predication) has nothing to do with ow many such numbers there are. 
When we say that, on the assumption that a is among those numbers 
which do not number themselves, the subject supposes universally—it 
pertains to each and every such number that it does not number itself. 
Yet—producing the paradox—when we say that the numbers which do 
not number themselves are a in number, the subject does not suppose 
universally. Which is to say it is not the same subject. It is not the case that 
each of the numbers which do not number themselves are a in number (or 
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are numbered by a,) and so it is not the case that a—included with them by 
assumption—is numbered by a because it is the how many of the group. A 
similar explanation holds for the assumption that a does number itself, 
with the consequent paradoxical result. 

Classes are taken to include their members taken collectively, for in no 
case can the class itself be predicated of any of its members, even when we 
consider those classes which are members of themselves, though there 
might possibly be some class which is its sole member.!”” Thus, in no way 
can we assert that any dog 7s the class of dogs, or even that any particular 
class is the class of all classes—one of many members is not identical with 
its class. 

In mathematics as episteme, however, numbers are understood as 
natures, not classes. What it ts to be the number eight—the nature of eight— 
belongs to each and every instance of that number. Definitions are predi- 
cated of subjects supposing universally, not collectively. Nor is the nature 
of eight itself simply an expression of what it means to be eight units. As we 
saw earlier, the number eight is a single thing, or nature. It is not identical 
to an aggregate or collection of units. Were a number an aggregate, it is 
understandable that it would be defined as a class, for classes suppose col- 
lectively—indeed, the clearest instance of collective supposition is that 
involving number. 

We have seen why our quasi-paradox is not real through an understand- 
ing of the differences between a nature and a class, which are based upon 
a difference in supposition. As we recall, Russell himself proposed to cir- 
cumvent the paradox bearing his name through the application of the 
vicious circle principle, or, that one cannot define something merely in terms 
of a whole to which it belongs. This application produces a hierarchy of 
classes, or types—classes of individuals are of type one, classes of such 
classes are of type two, and so on. Even classes can be defined in this way 
by reference, not to a totality of members among which they are counted, 
but to a class which contains them but is not counted among them. On 
the other hand, the principle rendered the notion of class—previously 
regarded as intuitively simple and clear—somewhat muddled. For what 
has established this Aierarchy among the classes other than Russell’s desire 
to avoid the paradox? And why does logic alone require that one class not 
be defined in terms of a whole to which it belongs? Indeed, one author 
said, concerning the vicious-circle principle and the consequent theory of 


27Tn this case any predication would be a mere statement of identity. 
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types, that “Russell surely was exaggerating when he claimed that the the- 
ory of types was inherently reasonable. On the contrary, its character is 
that of an arbitrary makeshift device for stopping the paradoxes.”!”* Thus 
arises the claim that the logicist endeavor was preserved only by reference 
to nonlogical notions. 

If the episteme of mathematics considers numbers as natures of a certain 
sort, it will avoid the Russell paradoxes (and possibly others). For it is the 
collective supposition numbers as classes bring to mathematics which 
engenders the paradox (it defines a number as the collective whole of the 
many members it contains, including itself). If the distinction between the 
number eight as 1 + 1 + 1+ 1+ 141+ 141 andthe number eight as a 
certain nature is maintained, as evidencing the distinction between the 
techne and the episteme of arithmetic, respectively, paradoxes like Russell’s 
can be avoided.'”? His logical reduction of the number two to the class of 
twins reduces mathematics to its art, and excludes the episteme, for it con- 
siders two simply and entirely as made up of actually distinct parts. For 
Russell, two zs one plus one. 

As we saw, formalism discovered its fatal flaw via Kurt Gédel. 


Gédel’s way was to argue directly to the incompletability of elementary 
number theory, by showing how, for any given proof procedure P for ele- 
mentary number theory, a statement S, of elementary number theory can be 
constructed which will be true if and only if it is not provable by the proce- 
dure P. Either S, is provable, in which case it is false and so the general proof 
procedure P is discredited, or else S, is true and not provable, in which case 
the proof procedure P is incomplete.!*° 


28 Stephen F. Barker, Philosophy of Mathematics (New Jersey: Prentice-Hall, Inc., 1964), 
87-88. We are not claiming here that the vicious-circle principle is untrue, only that it 
appears to compromise the reduction of arithmetic to logic, particularly to the notion of a 
class—to which we have opposed the notion of a nature—which, we maintain, is the source 
of these antinomies. 

2° Cf. our discussion of the art and episteme of mathematics in Chap. 6. 

130Willard Van Orman Quine, Methods of Logic (New York: Henry Holt and Company, 
Inc., 1959), 246. So, too, Hofstadter: “In the thirty-first year, however, Gédel published his 
paper, which in some ways utterly demolished Hilbert’s program. This paper revealed not 
only that there were irreparable ‘holes’ in the axiomatic system proposed by Russell and 
Whitehead, but more generally, that no axiomatic system whatsoever could produce all 
number-theoretical truths, unless it were an inconsistent system! And finally, the hope of 
proving the consistency of a system such as that presented in P.M. was shown to be vain: if 
such a proof could be found using only methods inside P.M., then—and this is one of the 
most mystifying consequences of Gédel’s work—P.M. itself would be inconsistent!” 
Hofstadter, Godel, Escher, Bach: An Eternal Golden Braid, 24. 
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Though undeniably a problem for Hilbert’s formalism, is a real prob- 
lem otherwise? Is it also applicable to the episteme of mathematics, for 
example? 

There is a real problem here and one could quite reasonably expect 
Gédel’s finding to apply to amy systematic account of mathematics. On the 
other hand, the very difference we have highlighted between mathematics 
as episteme and formalism may very well render the former immune to 
Gédel’s discovery. 

The problem with incompleteness, for the formalists, is that any propo- 
sition expressible in their system is a mathematical object. In other words, 
in formalizing mathematics—reducing it to a study of symbols without 
content!*!—they have reduced constructive proof (corresponding in logi- 
cism to the reduction of the notion of number, say, to that of a certain class 
of classes, and in intuitionism to positive or negative construction) to the 
mere expressibility of a proposition in the symbols and syntax of a given 
system. Mere expressibility is the palest of constructive methods. A proper 
understanding of Gédel’s discovery requires that mathematical proposi- 
tions be symbolically expressed—thereby becoming mathematical objects 
themselves. 

The episteme of mathematics as described is analogous to this notion of 
a formalized system in some respects. For example, any number which can 
be constructed from the unit and whose assumption does not entail a 
contradiction zs a property of the unit and is thereby veal. Hence the prob- 
lem of completeness. For such numerical constructions correspond to 
symbolically expressible claims, while establishing noncontradiction and 
deducibility from the unit corresponds to formalist meta-mathematics— 
the establishment of noncontradiction in a given system. In this way, then, 
the Aristotelian and Thomistic account of mathematics may be found sub- 
ject to Gédelian undecidability. 

Upon closer inspection of the difficulty, however, undecidability fails to 
apply. As we just mentioned, were statements made about a given formal- 
ized system not expressible in terms of the system itself, Gédel’s conclu- 
sion would not follow. He himself, in his proof, assigns to each symbol, 


131 We note here, once again, that formalists do not generally maintain that the symbols did 
not originate within a material context—that content is implied—but rather that they are 
considered without content, in a sort of abstraction—that they are uninterpreted. 
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formula, and deduction found in the system!*? a unique number, which 
? ry q > > 


by assumption, is also expressible in terms of the system: for, as we saw for 
Russell, number itself is definable wholly in terms of logical notions. 

Establishing consistency in a formal system requires showing that a 
contradiction could not result. G6del’s proof shows, not that an arithmeti- 
cal contradiction (e.g., that 1 = 2) results, but that a meta-mathematical 
proposition—a symbolically expressed claim that the system is inconsis- 
tent—does. A complete system—where even sucha proposition is decided— 
is obviously inconsistent, whereas a system leaving such a proposition 
undecided is obviously incomplete—by at least one. 

Would Aristotle and Thomas Aquinas see meta-mathematical state- 
ments—claims made about mathematics—as being mathematical claims 
themselves? Is the episteme of mathematics is consistent expressible in math- 
ematical terms? 

It seems impossible. For arithmetic and geometry have determinate 
subjects. They are not groups of content-less, or—in fairness to the formal- 
ists—uninterpreted, sentences. Indeed, the content itself of mathemat- 
ics—continuous quantity in three dimensions and the mathematical 
unit—is taken from outside the mind not merely syntactically arranged, as 
are Hilbert’s ideal statements and symbols. It is precisely because symbols 
are considered formally that meta-mathematical statements themselves can 
be formalized. After all, taking a to stand for a given formal, syntactically 
correct expression, @ is 3 is the first prime number and this system is consis- 
tent indifferently. 


The reasoning in the Richard Paradox is evidently fallacious. Its construc- 
tion nevertheless suggests that it might be possible to ‘map’ (or ‘mirror’) 
meta-mathematical statements avout a sufficiently comprehensive formal 
system into the system itself. If this were possible, then meta-mathematical 
statements about a system would be represented by statements within the 
system. Thereby one could achieve the desirable end of getting the formal 
system to speak about itself—a most valuable form of self-consciousness.!*4 


132 Gédel takes as his own example the formalization found in Principia Mathematica, 
although any formalized system which can express addition, multiplication, and quantifica- 
tion with respect to the natural numbers suffices equally well. 

133 Ernest Nagel and James R. Newman, “Gédel’s Proof,” in The World of Mathematics, v. 
3 (New York: Simon & Schuster, 1956), 1687. Emphasis mine. The Richard Paradox results 
from considering statements about a system as being expressible within a system. Our point 
here is that the incompleteness proof avoids this paradox (and the fallacy it entails) by con- 
sidering only sufficiently formalized systems. 
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The formalization which gives this mathematical view its name is a nec- 
essary condition for expressing meta-mathematical statements in a math- 
ematical system—the very heart of the incompleteness proof of Kurt Gédel. 

Claims made about continuous quantities, numbers, and the unit, as 
such, are not claims about their logical relations: for these are neither 
numbers nor the arithmetical unit.'** It is precisely in requiring a definite 
subject of the episteme of mathematics that we avoid the incompleteness or 
inconsistency of formalized systems whose completeness and consistency 
David Hilbert and the formalist school sought to establish. 

One distinction remains to be made between formalist mathematics 
and that of Aristotle and Thomas Aquinas, one central to understanding 
the difference between episteme and Hilbert’s material arithmetic. It also 
serves to illustrate one source of the difficulties inherent in formalism. 

As we saw with Hilbert, a universal mathematical judgment made about 
the numbers entails an infinite logical statement, hence the need for cor- 
responding finite—albeit formalized—mathematical claims. Hilbert’s 
argument for such a requirement could not be better for our purposes, for 
he begins with a discussion of a Euclidean proposition about prime 
numbers. 


By a well-known method due to Euclid we can give a proof, one which 
remains entirely within our finitary framework, of the statement that between 
p+ land p! + 1 there exists at least one new prime number. The statement 
itself conforms perfectly to our finitary approach, for the expression ‘there 
exists’ serves only to abbreviate the expression: it is certain that p + 1 or p + 
2orp+3...orp! +1 isa prime number. ... Although this theorem is a 
much weaker statement in terms of content—it asserts only part of what the 
euclidean theorem asserts—and although the passage from the euclidean 
theorem to this one seems quite harmless, that passage nonetheless involves 
a leap into the transfinite when the partial statement is taken out of context 
and regarded as an independent statement.!*° 


Why such a leap? Because the Euclidean theorem is a universal judg- 
ment about an infinite totality, namely, the numbers. 


134For a good discussion of the Richard Paradox (engendered by the failure to make this 
distinction) and of the logical fallacy it entails, see Nagel and Newman, “Gédel’s 
Proof,” 1686-7. 

135 Hilbert, “On the Infinite,” 193. 
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A statement such as ‘there exists’ an object with a certain property in a finite 
totality conforms perfectly to our finitary approach. But a statement like 
‘either + 1 or p+ 2 or p +3... or (ad infinitum) ... has a certain property’ 
is itself an infinite logical product. Such an extension into the infinite is, 
unless further explanation and precautions are forthcoming, no more per- 
missible than the extension from finite to infinite products in calculus. Such 
extensions, accordingly, usually lapse into meaninglessness.1*° 


Because Hilbert takes the Euclidean theorem to mean that a prime will 
be found between p and p! + 1—where p is regarded as true for all prime 
numbers—we will inevitably be confronted with an infinite disjunctive 
proposition.'*” 

Hilbert is adamant about the need to excise infinite processes from 
mathematics—to the point of sarcasm. 


We find writers insisting, as though it were a restrictive condition, that in 
rigorous mathematics only a finite number of deductions are admissible in a 
proof—as if anyone had succeeded in making an infinite number of them.'** 


Barring such infinities, then, Hilbert reduces universal claims to ideal 
statements—which finite formalizations are the object of mathematical 
study. Even if zwterpreting a+ 1 = 1 + aentails an infinite proof procedure, 
the formula itself does not. 


We regard expressions containing letters as independent structures which 
formalize the material theorems of number theory. In place of statements 
about numerical symbols, we have formulas which are themselves the con- 
crete objects of intuitive study. In place of number-theoretic material proof, 
we have the derivation of a formula from another formula according to 
determinate rules.!* 


This limitation imposed upon mathematics is extreme. Material mathe- 
matics is only about ivdividual numbers and universal claims about numbers 
are reduced to formalizations, which thereby become mathematical objects. 


136 Thid., 194. 

187We shall consider this Euclidean proposition in detail later, in our discussion of intu- 
itionist mathematics. 

188 Thid., 184. 

13°Tbid. Emphasis mine. 
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Most importantly, properly universal mathematical claims are undecidable 
precisely because they are thought to have an infinite signification.’*° 

As we have seen, Aristotle and Thomas Aquinas approve of mathemati- 
cal infinities no more than does David Hilbert. Would they exclude univer- 
sal claiams—for example, the no greatest prime theorem—from the episteme 
of mathematics? 

Of course, they do not—indeed, episteme is all about the universal and 
the necessary, as we have seen. On the other hand, unlike Hilbert, they do 
not regard the numbers as an infinite totality in the first place. More the 
contrary—it is in any consideration a finite collection, to which one may 
add as many numbers as one chooses. In other words, in accordance with 
the distinction we made above, the logical subject of no prime number is 
the greatest prime number, supposes universally, not collectively. Thus, one 
can demonstrate—albeit indirectly—that the nature of prime number is 
incompatible with the nature of being quantitatively greatest. 

To take an example instancing how Aristotle and Thomas Aquinas see 
things, the universal affirmative proposition every number is measured by 
the unit is, for them, a self-evident principle, since it merely predicates the 
definition of that which is defined by it: a necessary condition of every 
definition. Even so, Hilbert would find the mathematical claim problem- 
atic. For though the claim might be formally expressed in this way— 


(a)[N(@) > M(a)] 


which expression he would easily grant—it is materially subject to the 
same concern he gave above, that is, it implies an infinite number of claims. 


For example, the statement that if a is a numerical symbol, then a+ 1 = 1 + 
a is universally true, is from our finitary perspective incapable of negation. 
We will see this better if we consider that this statement cannot be inter- 
preted as a conjunction of infinitely many numerical equations by means of 
‘and’ but only as a hypothetical judgment which asserts something for the 
case when a numerical symbol is given. From our finitary viewpoint, there- 


0 Thus Hilbert: “Consider one formula out of the rich variety of elementary formulas of 
number theory, e.g., the formula 

12 +22 + 32...+n2 =(1/6)n(n + 1)(2n+ 1) 

Since we may substitute any integer whatsoever for n, e.g., 7 = 2 or m = 5, this formula 
implicitly contains infinitely many propositions. This characteristic is essential to a formula.” 
Ibid., 186-7. Emphasis mine. 
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fore, we cannot argue that an equation like the one just given, where an 
arbitrary numerical symbol occurs, either holds for every symbol or is dis- 
proved by a counter example. Such an argument, being an application of the 
law of excluded middle, rests on the presupposition that the statement of 
the universal validity of such an equation be capable of negation.!*! 


This is, perhaps, the most important portion of Hilbert’s whole argu- 
ment. In essence, he is claiming that, if a+ 1 = 1 + ais to hold universally, 
that is, as a theorem of arithmetic, it is necessary that its opposite be capa- 
ble of negation, otherwise we could not apply the law of excluded mid- 
dle—a necessary condition for any proof which purports to establish the 
truth of ove proposition and the falsity of its opposite. In other words, in 
order to prove that either a + 1 = 1+ a holds for every a or there is some a for 
which a + 14 1+a,we must first establish that the opposite of this universal 
judgement can be expressed in finite terms. 

If we are to resort to finite proof procedures alone, says Hilbert, we 
cannot regard the universal claim that a + 1 = 1 + a@ holds as an infinite 
conjunction—(1 +1 =1+4+1).(2+1=1+42)....—but only as a hypo- 
thetical proposition testing whether the rule applies to individual instances 
or not. One cannot be certain that the negation of this judgment is 
expressible in fimitistic terms, for it may follow that some a cannot itself be 
so expressed. Thus, according to Hilbert, the impossibility of negating a 
+ 1=1+ a@ifit is taken as referring to numbers makes the statement itself 
meaningless. Our only recourse is to render such universal claims as for- 
mulas and resort to an intuitive study of them as the objects of mathematics. 

Returning to the Aristotelian and Thomistic claim that every number is 
measured by the unit. We have already noted the importance of differenti- 
ating a universally supposing subject from one which supposes collectively. 
But does the every in the claim commit us to an infinite numerical uni- 
verse? Not at all. The statement maintains that the ature of number— 
which, in fact, belongs to anything which is a number, howsoever many of 
these you might wish to consider—suffices for the property of being mea- 
sured by the unit. One might discern a difference between saying every 
number is measured by the unit and all numbers are measured by the unit; in 
the latter case, one might take the subject to suppose collectively, not uni- 
versally, as if we were speaking, not about the nature of number, but about 
a group or set of objects. Thus, following Aristotle and Thomas Aquinas, 


141 Hilbert, “On the Infinite,” 194. 
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we know with complete confidence that there is a number greater than 
every number, but not that there is a number greater than all numbers. 


a+l=l+a, 


if taken universally and as signifying something about numbers, presents 
difficulties for David Hilbert, as we have seen. Not so in mathematics as 
episteme, since it can be traced back to the nature of number, the nature of 
the process of addition, the nature of equality, and the nature of the unit. 
Since we do not regard the numbers as an infinite totality, but only the four 
natures specified, there is no problem with an infinite disjunctive proposi- 
tion: in fact, it is only because Hilbert regards the numbers as an infinite 
totality that an infinite disjunction arose. Disprovability in the episteme of 
mathematics is always feasible—there are only a finite number of natures 
relevant to any particular consideration. 

As to intuitionism, we have already noted that they need not deny the 
Law of Excluded Middle—even as selectively as they propose—to defend 
the place of constructability in mathematics.'*” Indeed, Aristotle’s solution 
to the Meno dilemma and Thomas Aquinas’ development of things virtu- 
ally known have their place in addressing the very mathematical complete- 
ness to which formalism aspires. 

Here, however, we wish to return to the acts whereby this school of 
thought acquires its name: intuition itself. The first point we should make 
is that mathematics as episteme is not founded upon intuition, as under- 
stood by the intuitionists. First, mathematics does have, in principle, a 
basis in reality—in the sensible world—even if we consider it in abstraction 
from that world. Secondly, the (subjective) structure of our apprehension 
of time does not found episteme at all, mathematical or otherwise. At issue 
also in this latter case is the fundamentally skeptical distinction between 
phenomena and noumena.'** 

How could our intuiting an infinite ordinal, @, be anything more than 
a problem peculiar to the intuitionists? It 7s a problem for them in that 
they readily assume an infinite whole in a single act of apprehension. On 
the other hand, it is a problem that underlies a// attempts at founding 


12 See, especially, Chap. 7. 

143 On the other hand, among the three schools, intuitionism is most like the mathematical 
realism of Aristotle and Thomas Aquinas, in that it deduces the whole from the apprehension 
of a principal subject. 
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mathematics in human apprehension—be that continuous quantity in 
three dimensions, the unit of mathematics, basal two-oneness, or @. 

Of more direct consequence is intuitionism’s inclusion of indirect, non- 
constructible proofs of true negatives. We shall consider this latter diffi- 
culty first. 

As we have seen, the intuitionists maintain that nothing can be consid- 
ered a valid mathematical object unless it can be finitely constructed— 
hence their exclusion of &,. As @, the least of the infinite ordinals, is known 
in principle, it might seem that other infinite ordinals would be known. 
The problem is that such ordinals (not being themselves intuited) would 
require an infinite construction process—constructed infinities cannot be 
made in a finite number of steps.!** 

On the other hand, what sort of construction does occur when we 
reject a mathematical proposition whose subject cannot be constructed, 
for example, an even odd number cannot be measured by the unit alone? The 
proposition is clearly true, yet the subject cannot be constructed, and thus 
it would seem impossible to show that the predicate is truly separated from 
the subject. The intuitionists, however, allow construction in this case, ot 
of the even odd number, but of the proof itself—deducing a contradiction 
from the supposition that an even odd number has been constructed. 

This is not construction in the same sense as constructing the rational 
number 4/5 or the whole number 101°. In fact—as we noted just above— 
such indirect proofs are part and parcel of the methods of amy of the math- 
ematical schools of thought. 

A similar argument might be made against the mathematics of Aristotle 
and Thomas Aquinas, who require that any number must be derivable 
from the unit, for example, without contradicting its nature—itself a sort 
of construction. How would they deal with the proposition an even odd 
number is not measured by the unit alone? 

Clearly, we cannot derive this number from the unit without contradic- 
tion. How, then, are we to establish the separation of predicate from sub- 
ject? In fact, however, the same problem arises with propositions like no 
prime number is the greatest prime number. How can one establish its 
(undeniable) truth absent a construction of that prime number about 
which it is necessarily false to say that it is greatest. In other words—once 
again—how can such a construction vot entail an infinite procedure? After 


4 Of course, w itself might seem to be an exception to this, but it is also a principle and 
not merely a construct. 
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all, we are able to construct any prime number we choose and establish 
that ztis not the greatest by way of constructing a greater. Yet—as Hilbert 
would be happy to point out—we cannot establish a universal proposition 
upon the basis of such an enumeration. 

Arguments whereby propositions are established in this way are reduc- 
tion arguments’ or indirect proofs. In fact, an excellent example of such is 
Euclid’s own no greatest prime theorem.'*° 

Suppose a certain number of primes, A, B, and C. It is required to show 
that there are more prime numbers than any given number.!*” Let the least 
number measured by A, B, and C be taken, and let us call it D. Then let E 
be equal to D+ 1. Either E is prime or it is not. Let us suppose it is prime. 
Then there are more prime numbers than the given number. Let us sup- 
pose it is not prime. We already know (from a previous proposition) that 
any composite number is measured by some prime number. Let E be mea- 
sured by the prime number G. Now Gis not equal to either A, B, or C. (At 
this point, the argument employs a reductio ad absurdum.) For, if it is 
possible, let it be so. Since A, B, and C measure D, then (by assumption) 
G will also measure D. But it is given that it measures E, and therefore it 
will also measure the difference between D and E. But this difference is a 
unit, and thus a number will measure the unit: which is absurd. Therefore, 
the prime number G is not equal to A, B, or C. Therefore, there are more 
prime numbers than A, B, and C. 

Focusing upon the latter part of the proof—where E is either prime or 
not—suppose a concrete instance, the given primes being 2, 5, 7, and 
11.!*8 The least number measured by these primes is 770, to which we add 
the unit, with a result of 771. 771 is not itself prime, for it is divisible by 
3. On the supposition of what is not true—that there are no more primes 
than 2, 5, 7, and 11—we can establish the opposite, that there must be an 
additional prime 


145 Different names are applied to these arguments, as reductio ad impossibile, reductio ad 
absurdum, and reductio ad contradictionem. They are instances of the general form modus 
tollens. 

146 Euclid, The Elements, IX, 20. 

47 That is, that no prime number is the greatest prime, since all prime numbers known at the 
time of proof could be the given primes, in which case any additional prime would be greater 
than the greatest given. 

488 Our choice of numbers is deliberate, for in a simpler example, such as 2, 3, and 5, the 
composite number + 1 is already equal to a prime number: hence the example would illus- 
trate the point only by establishing the simplest case. 
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770 is divisible into its factors and, since it is not prime, 770 must be 
measured by a prime. But—by supposition—only 2, 5, 7, and 11 are 
prime. Therefore, both 770 and 771 will be measured by, say, 2. It follows 
that 2 will also measure the difference between 770 and 771, which is the 
unit. But the unit is per se indivisible. Therefore the supposition that 2, 5, 
7, and 11 are the only primes is demonstrably false. (The proof is substan- 
tially the same for each of the four possible alternatives.) But why should 
the assumption of something we know—or at least suspect—to be false 
lead us to truth? 

The answer lies in the very nature of reasoning. False conclusions can 
arise only when our reasoning is faulty or at least one premise is false. 
Establishing validity is (largely) independent of meaning—let us assume 
that our reasoning is correct. Assuming this, we can only arrive at a false 
conclusion through (at least one) false premise. But the conclusion of the 
reduction is decidedly false—independently of the argument in which it is 
found.'*? Thus, the only way one could be validly led to this conclusion 
would be through a false premise. Since, in a reduction, we assume that 
what we intend to disprove is true, and since this then leads to a false con- 
clusion, a check of the truth of the alternate premise of the argument 
indicates what we had supposed all along: that the premise initially assumed 
contrary-to-fact must be the false premise. In this way, a reduction estab- 
lishes, not the existence or nonexistence of a given odyect, but the truth or 
falsity of a proposition. We do not make an oject but a true or false judg- 
ment, and so our making is of a different order altogether.®° 

It turns out that the very idea of construction is manifold. It can mean 
the actual production (by counting, or other such operations) of an object 
we would call a number, or it can refer to the production of a proposi- 
tion—after all, logic, too, is among the liberal arts. 

Finally, what of intuitionists’ specific—basal—intuitions? Why these 
principles? Recall that it is in light of assumed principles that certain 
notions are or are not included within mathematics. Intuitionists exclude 
certain ones, such as the non-denumerables and anything which cannot be 
derived from the two-oneness or @. In fact, Aristotle and Thomas Aquinas 
are even more restrictive, disallowing negatives, fractions, and even zero. 
After all, they say, such notions are incompatible with the unit, either as a 


4°Tt is absurd, a contradiction, impossible, or something of this sort. In any case, 
patently false. 

150For more on being as divided into the categories as against the being of truth, see 
Metaphysica, V 7 especially 1017a31-34. 
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principle or as indivisible. But—one might ask—why restrict the notion of 
the unit to this? Similarly, against the intuitionists, if one admittedly infi- 
nite number is allowed, namely, @, why not others? By what criteria are 
certain intuitions excluded and others allowed? 

Aristotle and Thomas Aquinas claim that mathematics is a sczence in the 
strict sense of that word. The answer to the present difficulty lies in what 
we take as the real basis for the truth of mathematical claims. In their case, 
it is continuous quantity in three dimensions and the mathematical unit. 
The unit is regarded as a measure and indivisible—they argue— because 
that is the nature it has in reality, of which nature we become aware 
through a process of formal abstraction. The intuitionists, for their part, 
claim that their principles arise immediately from sense apprehension 
through the a priori form of time. To be quite honest, this question applies 
to the other mathematical schools of thought—indeed, to amy claim to a 
philosophy of mathematics—as well. Why regard logical principles as 
immediately known and thereby a sufficient basis of all mathematics? Why 
consider logical form alone as a fitting object of mathematical study? 

The answer to this last question is beyond our capacity to formulate 
precisely. Obviously, a difference in principle supplies no common ground 
from which to proceed when arguing about principles. To the formalists’ 
objection that intuitionism unnecessarily restricts the field of valid math- 
ematical endeavors, the intuitionist replies that the restriction is not 
unnecessary, but only as necessary as the nature of the subject warrants. 

There may be some progress to be made, even so. Peculiar to this form 
of episteme is an included account of activities which fall outside it—con- 
sidered as such—yet pertain to and aid it in the completion of its work: 
mathematics as an art. Here one finds a truth and falsity proper only to art, 
along with the arbitrariness associated with the activities of that capacity. 
One can surely make s—one can think it, its relation to the natural num- 
bers, its name, and its symbol. On the other hand, such a (mere) assump- 
tion is inadequate to the requirements and purposes of episteme. 
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CHAPTER 12 


Mathematical Realism and Anti-Realism 


'THE CONTROVERSY 


We have seen recent, famous attempts at establishing mathematics on a 
secure foundation—indeed, the intense activity among mathematicians 
and philosophers of mathematics in the early part of the last century is 
often referred to as The Crisis in the Foundations of Mathematics.’ There is 
one distinction among the views to which we have given relatively lesser 
attention—whether logicists, formalists, and intuitionists are or are not 
realists. The question of mathematical realism vs. mathematical anti- 
realism, of course, has occupied us throughout—this book is about the 
mathematical realism of Thomas Aquinas, after all. Still, we have most 
recently focused upon the epistemological aspect of recent mathematical 
theories and not the ontology of mathematical objects. It is that topic with 
which we are directly concerned in this chapter. 

The distinction between mathematical realism and mathematical anti- 
realism is, of course, an ancient one. We need only recall our brief, initial 
review of Plato’s mathematical views—and Plato’s account is certainly not 
without its opponents.” Moreover, realism and anti-realism extend to 


‘Cf. the article of that name by José Ferreirés in The Princeton Companion to Mathematics, 
eds. Timothy Gowers, June Barrow-Green, and Imre Leader (Princeton: Princeton University 
Press, 2009), 142-56. 

?Some argue that Aristotle himself is a mathematical anti-realist, for example, though, as 
we have seen, he is a realist, albeit not of a Platonic sort. 
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areas beyond mathematics. Indeed, anti-realism makes its first appearances 
in natural philosophy—quite probably through the reductionism of 
Democritus or others like him.* 

In the mathematical realm it has received recent and widespread atten- 
tion via a 1973 article by Paul Benacerraf entitled Mathematical Truth.* In 
sum—and as Stewart Shapiro presents it—the question is not as simple as 
a simple realism vs. an anti-realism, but realism vs. anti-realism in ontology 
as well as realism vs. anti-realism in truth-value.® As with the Kantian anal- 
yses of analytic and a priori vs. synthetic and a posteriori, there are other 
possibilities—though one does expect a close mapping between the two. 


There is a prima facie alliance between realism in truth-value and realism in 
ontology. ... The ontological thesis that numbers exist objectively may not 
directly follow from the semantic thesis of truth-value realism. There may be 
objective truths about mind-dependent entities. However, the objective 
existence of mathematical objects is at least suggested by the objective truth 
of mathematical assertions.... 

There is another close alliance between what I call idealism in ontology 
and idealism in truth-value. The former contends that numbers, for exam- 
ple, are dependent on the human mind. This at least suggests that mathe- 
matical truth is also dependent on the human mind. The same goes for the 
other sorts of anti-realisms. Whatever one says about numbers at least sug- 
gests something similar about mathematical truth.° 


As to ontology, realisms and their corresponding anti-realisms are meta- 
physical in nature. Aristotle’s denial of Plato’s mathematical imtermediates 
(on the grounds, for example, that it is unclear what access sentient ani- 
mals might have to such immaterial realities or on the basis of a modified 
third man argument) is metaphysical in nature. At issue is not how we 
might give an account of the mathematical knowledge we have obtained— 
an epistemological question—but whether our knowledge is grounded in 
realities that exist independently of our thinking of them. 

Benacerraf poses his question at the juncture of these two realms. 


3 Democritus famously denies the external reality of sensible characteristics like color and 
flavor, reducing them 7 re to the shapes, arrangements, and positions of atoms. 

+ As Stewart Shapiro notes, this article “...continues to dominate contemporary discussion 
in the philosophy of mathematics.” Stewart Shapiro, Thinking About Mathematics (Oxford: 
Oxford University Press, 2000), 31. 

5Tbid., 25-33. 

Tbid., 31-2. 
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Accounts of truth that treat mathematical and non-mathematical discourse 
in relevantly similar ways do so at the cost of leaving it unintelligible how we 
can have any mathematical knowledge whatsoever; whereas those which 
attribute to mathematical propositions the kinds of truth conditions we can 
clearly know to obtain, do so at the expense of failing to connect these con- 
ditions with any analysis of the sentences which shows how the assigned 
conditions are conditions of their truth.” 


As Shapiro, Hart,® and others note, Benacerraf’s observation revisits 
the ancient question of access to abstract mathematicals vs. a priori 
truth-conditions. 

This part of the book is concerned with a brief consideration of recent 
mathematical realisms and anti-realisms—and where among them the realist 
mathematical philosophy of Aristotle and Thomas Aquinas might be found.’ 


ANTI-REALISMS 


As to the anti-realists, we have already looked to the tradition: intuition- 
ism itself. Small wonder that expressly adopting Kant’s intuition of time as 
one’s mathematical foundation leads to ontological anti-realism.'° 
Moreover, where could an insistence upon constructability—even in the 
face ofa denial of the law of excluded middle—lead but to mind-dependent 
objects? This sort of anti-realism—in ontology and truth-value alike—is a 
reasonable consequence of the synthetic a priori. 


7 Benacerraf, “Mathematical Truth,” 403. 

8Cf. W. D. Hart, “Benacerraf’s Dilemma,” Critica: Revista Hispanoamericana de Filosofia, 
23, no. 68 (August 1991): 87-103. 

°In Thinking About Mathematics, Shapiro supplies a helpful summary of prominent con- 
temporary views, arranged along realist and anti-realist lines. “In recent literature on philoso- 
phy of mathematics, Gédel (1944, 1964), Penelope Maddy (1990), Michael Resnick (1997), 
and myself (Shapiro 1997) are thoroughgoing realists, holding both realism in ontology and 
realism in truth-value. ... On the contemporary scene Hartry Field (1980), Michael 
Dummett (1973, 1977), and the traditional intuitionists L. E. J. Brouwer and Arend Heyting 
are thorough-going anti-realists, concerning both ontology and truth-value. Field holds that 
mathematical objects do not exist and that mathematical propositions have only vacuous 
truth values.” Shapiro, Thinking About Mathematics, 32. For our purposes in this chapter, 
we will focus upon Hartry Field’s anti-realism, as well as Quine-Putnam indispensability and 
Shapiro’s own structuralist realism. 

10To be fair, Kant does not insist that space and time are not real, since he only concludes 
that we do not—cannot—know of their extra-mental reality, space and time being precondi- 
tions for sensory experience itself. 


220 +J.W. RIOUX 


One version of truth-value anti-realism is that unambiguous mathematical 
statements get their truth-values in virtue of the human mind or in virtue of 
actual or possible human mental activity. On this view, we make some prop- 
ositions true or false, in the sense that the structure of the human mind is 
somehow constitutive of mathematical truth. The view here is an idealism of 
truth-value, of sorts. It does not follow that we decide whether a given prop- 
osition is true or false, just as an idealist about physical objects holds that we 
do not decide what perceptions to have.'! 


An idealism in truth-value, then, seems midway between a realism and 
an anti-realism, insofar as one can distinguish between truth and mere 
fiction.’ (When we bring this section on anti-realism to a close, we will 
take up the view which lies at an extreme—beyond such an anti-realism— 
namely, fictionalism.) 

Along with Hilary Putnam, W. V. O. Quine has the reputation of 
defending a kind of numerical realism.'* The indispensability argument is 
that one cannot do science without numbers and science is real, evgo num- 
bers are real.'* In response, Hartry Field published “Science Without 
Numbers,” a defense of his own mathematical fictionalism.! 


"Shapiro, Thinking About Mathematics, 29-30. 

? One finds a parallel to this in Berkeley’s idealism. Berkeley seems genuinely puzzled as to 
why the inability to distinguish reality from fiction would befall a man who holds that the esse 
of unthinking things is their percip7. See his defense of the distinction in Treatise Concerning 
the Principles of Human Knowledge, 8828-33 and Three Dialogues Between Hylas and 
Philonous, Dialogue Three. 

13.4 platonism, in fact. See Arthur W. Collins, “On the Question ‘Do Numbers Exist?’,” 
The Philosophical Quarterly 48 (Jan. 1998): 23-36, especially 25-28. We will turn to Quine- 
Putnam shortly. 

14 Real here means only that one’s ontological commitment to mathematical objects (like 
numbers) is at least as strong as one’s ontological commitment to the physical entities they 
measure. Such a commitment, notes Collins, is not incompatible with declaring the whole of 
mathematics—even the whole of physical science—a myth. 

15Paul Benacerraf supplied a different response in “What Numbers Could Not Be,” a 
defense of his own structuralist account of mathematics. Some writers eventually raised the 
question whether perhaps even Aristotle is a mathematical fictionalist—though that is not a 
conclusion to which one would be naturally inclined. While fictionalism is decidedly anti- 
platonist, it suggests an exclusion of any sort of realism, Aristotle’s included. Mathematical 
fictionalists often point to Science Without Numbers as a point-of-origin for the contempo- 
rary debate. Field argues that mathematics is an unnecessary extension to our physical theo- 
ries, that is, useful, but not required. Mathematical objects are therefore useful fictions. For 
more on Aristotle as realist or fictionalist, see Julia Annas, Aristotle’s Metaphysics Books M and 
N (Oxford: Clarendon Press, 1976), Penelope Maddy, Realism in Mathematics (Oxford: 
Oxford University Press 1990), and Edward Hussey, “Aristotle on Mathematical Objects,” 
in “Peri ton Mathématén,” ed. I. Meuller, Apeiron 24 (Dec. 1991): 105-34. 
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Field’s counter to the indispensability argument is simple: science can 
be done without reference to numbers. For their part, Quine and Putnam 
see mathematics as wecessary to the extent that scientific formulas reference 
abstractions and quantify over them.'®° Putnam supplies Newton’s law of 
gravitation as a case-in-point. 


If the numericalization of physical magnitudes is to make sense, we must 
accept such notions as function and real number; and these are just the 
notions the nominalist rejects. Yet if nothing really answers to them, then 
what at all does the law of gravitation assert? For that law makes no sense at 
all unless we can explain variables ranging over arbitrary distances (and also 
forces and masses, of course).'” 


As to whether science can do its work without invoking such abstrac- 
tions, Field is willing to concede that it, in fact, does use mathematics in its 
work; still, it weed not. 

It is beyond the scope of this book to delve much further into Field’s 
defense of his fictionalism. We can note that it entails reformulating at 
least one commonly held scientific formula in so-called nominalistic lan- 
guage and then showing that the nominalistic formulations follow from a 
physical theory, whether that theory is expressed mathematically or not.'® 
It is easy to see how this account reduces to a ‘useful fictions’ or ‘instru- 
mentalist’ claim. 

As with instrumentalism in science, Field’s anti-realism stands in sharp 
contrast to the claims laid down by Aristotle and Thomas Aquinas.'? The 
very genesis of Aristotle’s account of episteme lies in its connection to real- 
ity—one of the pre-conditions for epzsteme is that its subject must already 
be known to be real. 


It is necessary to have preexistent knowledge of two sorts: for in some cases 
it is necessary to assume that something is, in others what the term is, and in 
still others both. For example, of concerning everything, either the affirmation 
or the denial is true [we assume] that it is, of triangle [we assume] what it 
means, and of unit [we assume] both what it means and that it is.?° 


16 Putnam’s case-in-point is Newton’s law of gravitation. 

Putnam, Philosophy of Lagic (New York: Harper Torchbooks, 1971), 43. Emphasis mine. 

18 See Shapiro, Thinking About Mathematics, 229-37. 

Indeed, this applies to mathematical anti-realisms of whatever sort. 

20 Analytica Posteriora, 1 1 71al1-16. d1yxa¢ § dvayKaiov MpoytvMokelv- ta yev yap, Ott 
éotl, MpobmoAapPdverv dvaykaiov, ta dé, ti to AeyéueEvov got1, Evvievat det, to § dupa, oiov 
ou LEV Grav H Prout H anogfjoar dAnOéc, Sti Eot1, TO SE Tptywvov, Sti Todi onatver, trv SE 
povdda dupw, kal tt onuaiver Kal Sti gotww. 
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There is no episteme of mathematics without such a beginning in the 
real. Moreover, Aristotle incorporates both realisms: that of truth-functions 
(e.g., “concerning everything, either the affirmation or the denial is true,” 
we know to be true) and that of ontology (e.g., “of wnzt[we assume] both 
what it means and that it is”). While intuitionism, as we saw, is similar to 
the realism of Aristotle and Thomas Aquinas in one key respect—each 
begins with an apprehension fundamental to the doing of mathematics—is 
does matter whether that apprehension is measured by a mind-independent 
reality, or rather happens independently as a mere consequence of being 
the kind of mind that it is. Try as one might, it is not possible to describe 
both intuitionist mathematics and Aristo-Thomistic mathematics as knowl- 
edge without equivocation. This first difference, then, between mathemat- 
ical anti-realisms and the epzsteme of mathematics, could not be more 
fundamental. 


REALISMS 


Conversely, of course, the view defended by Aristotle and Thomas 
Aquinas—being itself a realism—will have much more in common with 
contemporary forms of mathematical realism. We will briefly present two 
of those realisms here—Quine-Putnam indispensability and the structural- 
ist account of Stewart Shapiro—with a view to showing (as above) in what 
respects the view we present and defend here is consistent with, or departs 
from, these other realisms. In the next chapter we will present professedly 
Aristotelian and Thomistic views of the philosophy of mathematics—views 
with which the present one will have more in common from the very outset. 

Quine-Putnam indispensability is, as we said, a kind of platonism.*’ The 
term was introduced by Putnam in Philosophy of Logic. 


So far I have been developing an argument for realism along roughly the 
following lines: quantification over mathematical entities is indispensable for 
science, both formal and physical; therefore we should accept such quantifi- 
cation; but this commits us to accepting the existence of the mathematical 
entities in question. This type of argument stems, of course, from Quine, 
who has for years stressed both the indispensability of quantification over 


2! This is unqualifiedly so for Putnam. For his part, Quine distinguishes between weak and 
strong indispensability. 
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mathematical entities and the intellectual dishonesty of denying the exis- 
tence of what one daily presupposes.” 


In his famous paper “Two Dogmas of Empiricism” and subsequent 
writings, Quine introduced his well-known “web of belief? analogy for 
scientific knowledge. Mathematics and logic lie near the center of this web 
though, famously, he grants that adjustments to the web—even complete 
inversions of its elements—are possible. Of course, the “web” contempo- 
rary and practicing scientists—as opposed to philosophers of science— 
have come to accept requires the use of mathematics, as we saw above in 
Putnam’s account of Newton’s law of gravitation—the inverse-square law. 
Thus the conclusion that one’s commitment to abstract, mathematical 
objects must be at least as strong as one’s commitment to distances, forces, 
masses, in short, to the physical objects of scientific study. 

That the marker abstract mathematical objects enters the discussion 
(with good reason, of course—review Putnam’s argument, above) is key. 
It implies, of course, a platonism in mathematics.”* 

It is not surprising that contemporary thinkers would look to the rea- 
son for the necessity and inalterability of mathematical claims elsewhere 
than in the physical universe—hence to a kind of platonism. While theo- 
ries come and go, the mathematics indispensable to their expression is 
relatively stable. Perhaps this is because of its central place in science’s web 
of belief. Still, there may be another explanation. 

Side-by-side with the episteme of mathematics is Aristotle’s account of 
the episteme of the natural world, given its general structure via the Physics 
and descending to particular areas of study viathe De Anima, Metereologica, 
De Caelo, and other works more specific than these. What the general 
episteme of natural things brings to human knowledge is, not a changeable 
account of changeable things, but an unchangeable one. Developments in 
the history of the experimental sciences might lead one to think that the 
best we can do in coming to know such things is to improve upon and 
revise past accounts. One need not go to the extreme of a “web of belief” 
to come to the conclusion that natural science—the ever-changing story 


Putnam, Philosophy of Logic, 347. For more on Putnam, Quine, Maddy, and indispens- 
ability, see L. Decock, “Quine’s Weak and Strong Indispensability Argument,” Journal for 
General Philosophy of Science / Zeitschrift Fiir Allgemeine Wissenschaftstheorie, 33, no. 2:231-50. 

?3 Again, science is decidedly a posteriori, whereas logic and mathematics are, by contrast, 
necessary and a@ priori. In our view, that practicing scientists tend to mathematical realism is 
due to arguments like the indispensability argument. 
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we have written over several millennia—is a contingent account of contin- 
gent things. 

Heraclitus has a special place among his contemporaries. It was his 
assertions ve the changeability of the natural world that led Plato to— 
more or less—abandon his pursuit of natural philosophy and focus upon 
the more stable undertakings of ethics and metaphysics.7* As Aquinas 
astutely points out, directly associating the object known and the character 
of our knowledge is an error. 


In this matter Plato strayed from the truth in that, having seen that all 
knowledge takes place by means of a kind of similitude, he came to believe 
that the form of the thing known is necessarily in the knower in the same 
way as it is in the thing. But the form of the thing known is in the intellect 
universally, immaterially, and unchangeably—as is clear from the very activ- 
ity of the intellect, which understands things universally and with a certain 
sort of necessity. This is because the mode of the activity corresponds to the 
mode of the agent’s form. So, he concluded that the things which we under- 
stand must exist in the same way, namely, immaterially and unchangeably. 

But this is not necessary. For even in sensible things we see that a form is 
in one sensible thing differently than it is in another. For example, a thing 
may be more or less intensely white, or in one thing we find whiteness con- 
joined with sweetness, whereas in another it is not. In like manner the sen- 
sible form exists in the external thing differently than it does in the senses, 
which receive the forms of sensible things without their matter—receiving 
the color of gold without receiving the gold, for example. So, too, the intel- 
lect, in its own way receives the species of material and changeable bodies in 
an immaterial and unchangeable way. For the received is in the receiver 
according to the mode of the receiver. We must conclude, then, that, 
through the intellect, the soul understands bodily things immaterially, uni- 
versally, and with necessity.”° 


?4There are several dialogues we can point to in support of this claim. Cf. the Cratylus and 
its discussion of the changeability of natural things, the Timaeus’ division of forms into eter- 
nal and passing, and—perhaps most obviously—the analogies of the sun, divided line, and 
cave in the Republic. 

25 Summa Theologiae, la 84 1 corpus. “Videtur autem in hoc Plato deviasse a veritate, quia, 
cum aestimaret omnem cognitionem per modum alicuius similitudinis esse, credidit quod 
forma cogniti ex necessitate sit in cognoscente eo modo quo est in cognito. Consideravit 
autem quod forma rei intellectae est in intellectu universaliter et immaterialiter et immobili- 
ter, quod ex ipsa operatione intellectus apparet, qui intelligit universaliter et per modum 
necessitatis cuiusdam; modus enim actionis est secundum modum formae agentis. Et ideo 
existimavit quod oporteret res intellectas hoc modo in seipsis subsistere, scilicet immateriali- 
ter et immobiliter. 
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Aquinas is simply following Aristotle’s response to the Heraclitean- 
Platonic argument. In fact, their fundamental changeability does not ren- 
der natural things incapable of being known—even at the level of episteme.”° 
Necessary and unchangeable knowledge on our part does not translate to 
a like unchangeability on the part of what we know. But this is precisely 
what mathematical platonists—anyone, really, who recognizes and respects 
the difference between the mathematical statements we use to define and 
describe natural things and the claims we make about those things them- 
selves—hold. Mathematical objects need not be separate from the physical 
order of things to be known with that special—even unique—sort of con- 
viction and necessity we find in mathematics. In final terms, then, the 
arguments leading to a platonic realm of abstract numbers, planes, and 
even sets, do not rightly conclude, since one can know even the change- 
able in an unchangeable way. Mathematical realisms need not be platonic, 
then. Indeed, the account presented and defended by Aristotle and 
Thomas Aquinas has a need neither to posit entities other than physical 
things nor to give an account of access to such entities.*” On the one hand, 
Putnam and Quine are entirely correct: one ought to afford to what is 
mathematically indispensable to science at least as much reality as to the 
things to which one applies them. Still, it may be that there is a deeper 
issue here—and so a deeper solution. In fact, mathematicals and physicals 
may be more alike than different when it comes to where such things exist, 
how we come to know them, and what the character of such knowledge 
might be. 

As to Shapiro’s own mathematical views, he is very clear, calling himself 
a “thoroughgoing realist[s], holding both realism in ontology and realism 
in truth-value.”*® While structuralists are all truth-value realists, not all 


Hoc autem necessarium non est. Quia etiam in ipsis sensibilibus videmus quod forma alio 
modo est in uno sensibilium quam in altero, puta cum in uno est albedo intensior, in alio 
remissior, et in uno est albedo cum dulcedine, in alio sine dulcedine. Et per hunc etiam 
modum forma sensibilis alio modo est in re quae est extra animam, et alio modo in sensu, qui 
suscipit formas sensibilium absque materia, sicut colorem auri sine auro. Et similiter intel- 
lectus species, corporum, quae sunt materiales et mobiles, recipit immaterialiter et immobili- 
ter, secundum modum suum, nam receptum est in recipiente per modum recipientis. 
Dicendum est ergo quod anima per intellectum cognoscit corpora cognitione immateriali, 
universali et necessaria.” 

?6 Recall among Aristotle’s conditions for episteme that what we know cannot be otherwise. 

27 The question of access, first raised by Aristotle regarding Plato’s forms in general, remains 
one of the most vexing difficulties faced by contemporary mathematical platonists. 

8 Shapiro, Thinking About Mathematics, 32. 
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agree about the reality of mathematical oljects.”” As to structuralism itself, 
it is—as its name suggests—about abstract patterns obtaining among 
numbers. Shapiro (and presumably all the structuralists) deny that the 
numbers themselves have a reality independent of one another.*° 

At issue with Shapiro’s structuralism—and with the Aristotelian realism 
of Franklin, to which we will turn in the next chapter—is whether one has 
simply substituted patterns for numbers, along with all the difficulties (for 
example, the problem of access), that accompany arithmetical realisms. 
On the other hand—and in favor of'a mathematics of structure—there is 
something to be said for a study of real relations (beyond equality and 
inequality) which are necessarily consequent upon continuous quantity in 
three dimensions.*! Even so, there is a difference between structure as a 
real relation consequent upon real quantities and structure as a real (i.e., 
independent) relation not consequent upon real quantities. The latter is 
Platonic, the former Aristotelian. 


Various positions in the extensive literature on universals delimit options for 
structuralism. One view, traced to Plato, is that at least some universals exist 
prior to and independent of any items that instantiate them. Even if there 
were no people and no red things, the properties of personhood and redness 
would still exist. This view is sometimes called ante rem realism, and univer- 
sals so construed are ante rem universals. Ante rem universals (if such there 
be) exist prior to (and so independent of) the objects that have the universal. 
On this view, a ‘one-over-many’ is ontologically prior to the ‘many’. ... An 
alternative to ante rem realism, attributed to Aristotle, is that universals are 
ontologically dependent on their instances. On this view, there is no more 
to redness than what all red things have in common. Get rid of all red things 
and redness itself goes with them. Destroy all people and there is no longer 
such a thing as personhood. Universals so construed are called in re univer- 
sals, and the Aristotelian view is sometimes called in re realism. Typical advo- 
cates of this view admit that universals exist, after a fashion, but they deny 
that universals have any existence independent of their instances. In a sense, 
the universals exist only in their instances. Ontologically, the ‘many’ comes 
first, and only then the ‘one-over-many.’* 


2° Shapiro notes that other structuralists, Benacerraf and Hellman, “...do not presuppose 
the existence of mathematical objects.” Ibid., 257. 

*Tbid., 258. Also 261: “...it is nonsense to contemplate numbers independent of the 
structure of which they are part.” 

3!We mentioned handedness from topology, earlier. 

2 Tbid., 262-263. 
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Shapiro is well aware that the issues and difficulties which arise in seeing 
pure mathematics as “the deductive study of structures as such”*? parallel 
those arising in amy realist mathematical account. 


There are two interrelated questions concerning the ontology of structural- 
ism. One concerns the status of structures themselves. What is the natural 
number structure, the real number structure, and so on? Do structures exist 
as objects in their own right? What of more earthly structures and patterns, 
like a chess configuration, a basketball defence, or a symphony? The other 
group of issues concerns the status of individual mathematical objects, the 
places within the structures. What is the structuralist to say about numbers, 
geometric points, sets, and so on?** 


We ourselves recognize the positive advance of extending mathematics 
to a consideration of structures—Shapiro places Euclidean geometry and 
topology side-by-side, as having specifically spatial structures in common. 
Still, what Shapiro sees as a strength we regard as weakness. True, defining 
mathematical objects wholly in terms of their ante rem structures sidesteps 
the question of platonic intermediates and their associated difficulties. 
Perhaps it is not a question of whether we study objects or structures of 
objects, rather, the distinction is finally a relative one. Whether we identify 
as the object a position within a structure (a bishop in a chess game, for 
example) or the structure itself (the game) is, says Shapiro, more or less 
arbitrary. Most importantly, structures can exemplify themselves. 


For the ante rem structuralist, then, the distinction between office and 
office-holder—and so the distinction between position and object—is a rela- 
tive one, at least in mathematics. What is an object from one perspective is a 
place-in-a-structure from another. In the places-are-offices perspective, the 
background ontology can consist of places from other structures, when we 
say, for example, that the negative whole real numbers exemplify the natural 
number structure, or that a Euclidean line exemplifies the real number 
structure. Indeed, the background ontology for the places-are-offices per- 
spective can even consist of the places of the very structure under discussion, 
when it is noted that the even natural numbers exemplify the natural num- 


3 Tbid., 259. 
**Tbid., 261. Beyond these problems, Shapiro turns to the access question immediately 
following his consideration of ante- and in-rem structuralism. 
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ber structure. In particular, each structure exemplifies itself. Its places, con- 
strued as objects, exemplify the structure. 


We mentioned above that the historical Plato is vulnerable to argu- 
ments of a certain form (i.e., the Third Man). Shapiro is well-aware of the 
objection—indeed, it is an objection Aristotle and Thomas Aquinas them- 
selves would raise—and responds accordingly. After all, structures do 
exemplify themselves. 


Michael Hand argues that ante rem structuralism falters on a version of the 
traditional Aristotelian ‘Third Man’ argument against ante rem universals. 
Both the von Neumann and the Zermelo reductions exemplify the natural 
number structure. From the ante rem perspective, the natural number struc- 
ture itself also exemplifies the natural number structure. Hand argues that 
the ante rem structuralist thus needs a mew structure, a super natural number 
structure, which the original natural number structure shares with the von 
Neumann and Zermelo systems. And a regress emerges. From the ante rem 
perspective, however, the sentence ‘the natural number structure itself 
exemplifies the natural number structure’ turns on the different orientations 
toward structures. The idea is that the places of the natural number struc- 
ture, considered from the places-are-objects perspective, can be organized 
into a system, and this system exemplifies the natural number structure 
(whose places are now viewed from the places-are-offices perspective). The 
natural number structure, as a system of places, exemplifies itself, as does 
every structure.*° 


Shapiro’s insight—and that of the structuralists in general, it would 
seem—is that mathematics does not really study objects at all, that struc- 
tures are a very different type of thing altogether—certainly different from 
standard universals—and so not prone to the type of arguments against 
Plato and platonists generally. It is not a question of wholes and parts, sets 
and members, types and tokens, but structures themselves (after all, each of 
the above zs a structure). Of course, to study the kimd of things structures 
are is to reenter a problematic realm (there would be structure as a univer- 
sal and particular structures which instance that universal, and so on). But 
studying what type of thing a structure is, is not the same as studying the 


35 Tbid., 269. Shapiro distinguishes his view as being less relativistic than that of Michael 
Resnick—with whom he nevertheless has much in common. Resnick apparently sees the 
position-structure distinction along the lines of a Quinean web of belief. Cf. ibid., 267. 

36Tbid., 269-70. 
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structure. We have seen where taking wholes as parts and sets as members 
can lead. Shapiro’s claim is that recognizing the sui generis character of 
structures both avoids those problems and provides mathematicians with 
a coherent foundation for their work.*” 

In what respects, then, is the mathematical realism of Aristotle and 
Thomas Aquinas like, and unlike, Stewart’s structuralism? In the first 
place, of course, it zs a realism, one more straightforwardly realist than 
Quine-Putnam indispensability, as we have seen. There is something about 
the study of structure via Shapiro’s examples of Euclidean geometry and 
topology that speak to and explain the unchangeability and necessity of 
spatial relations. As we noted above, however, there is a considerable dif- 
ference between structure as a real relation consequent upon real quantities 
and structure as an ante rem relation. Recall that, for Aristotle and Thomas 
Aquinas, the very truth behind the claims of an episteme lies in its founda- 
tion in the real—in its acknowledgment of the order of the real. As even 
Shapiro grants, structures are relational. But relations are accidents conse- 
quent upon other accidents, whether quantity (and so arises the episteme of 
mathematics) or action and passion (leading to such relations as cause and 
effect in natural philosophy). It is one thing to abstract from—to “ignore,” 
in Shapiro’s own words—aspects of a relation or set of relations that are 
accidental to the relation as such. It is quite another to distance such rela- 
tions from their real principles. It is not the case that—even given real 
space as a three-dimensional continuum and even given a platonic set of 
real numbers—there is an abstract structure exemplified in each, such that, 
were space and the set of real numbers not themselves real, the structure 
would remain. At issue is an z#version of the orders of thought and reality.** 

What of an Aristotelian—in Shapiro’s terms, an im re—structuralism?*? 


37For more on the uniqueness of structures, see Geoffrey Hellman, “Structures as Swi 
Generis Universals” in The Oxford Handbook of the Philosophy of Mathematics and Logic, ed., 
Stewart Shapiro (Oxford: Oxford University Press, 2005), chapter 17, §3, 541-6. 

38 Cf. Aquinas’ observation, above, regarding the platonists’ according to reality character- 
istics belonging solely to the intellect. 

3° Shapiro’s consideration of i# rem structuralism is quite brief and framed mostly in terms 
of set theory. Given the requirement of what he calls its background ontology (the rem of the 
in vem structures), his chief difficulty seems to be its size. “ 
account of arithmetic requires an infinite ontology. Similarly, an eliminative structuralist 
account of real analysis and Euclidean geometry requires a background ontology whose 


...an eliminative structuralist 


cardinality is at least that of the continuum. An eliminative account of set theory requires 
even more objects. Otherwise, the fields are vacuous.” Shapiro, Thinking About Mathematics, 
272. Shapiro does consider—but ultimately rejects—a modal option. 
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One school of thought showing up neither in Stewart’s Thinking About 
Mathematics nor in his Oxford Handbook of Philosophy of Mathematics and 
Logic is the so-called Sydney School, a group of Australian philosophers who 
propose and defend an explicitly Aristotelian and structuralist account of 
mathematics. Our guiding principle in presenting these recent mathemati- 
cal views has been to make our way from those whose account is—prima 
facie, at least—most dissimilar to the episteme of mathematics to those 
with whom it is likely to be more in accord. In the next chapter, then, we 
will turn to contemporary Aristotelian and then Thomistic accounts of the 
nature of mathematics, asking once again whether and to what extent the 
position we have presented and defended here is like or unlike those. 


BIBLIOGRAPHY 


Annas, Julia. Avistotle’s Metaphysics Books M and N. Oxford: Clarendon Press: 1976. 

Aquinas, Thomas. Summa Theologiae. Ottawa: Commissio Piana, 1953. 

Aristotle. Analytica Posteriora. Oxford: Oxford University Press, 1982. 

Benacerraf, Paul. “Mathematical Truth.” In Philosophy of Mathematics: Selected 
Readings, edited by Paul Benacerraf and Hilary Putnam, 403-20. Cambridge: 
Cambridge University Press, 1983. 

Collins, Arthur W. “On the Question ‘Do Numbers Exist?” The Philosophical 
Quarterly 48, (Jan. 1998): 23-36. 

Decock, L. “Quine’s Weak and Strong Indispensability Argument.” Journal for 
General Philosophy of Science / Zeitschrift Fiir Allgemeine Wissenschaftstheorie, 
33, no. 2: 231-50. 

Ferreirdés, José. “The Crisis in the Foundations of Mathematics.” In The Princeton 
Companion to Mathematics, 142-56. Edited by Timothy Gowers, June Barrow- 
Green, and Imre Leader. Princeton: Princeton University Press, 2009. 

Field, Hartry. Science Without Numbers. Princeton: Princeton University 
Press, 1980. 

Hart, W. D. “Benacerraf’s Dilemma.” Critica: Revista Hispanoamericana de 
Filosofia, 23, no. 68 (August 1991): 87-103. 

Hellman, Geoffrey. “Structuralism: Structures as Sui Generis Universals.” In The 
Oxford Handbook of the Philosophy of Mathematics and Logic, chapter 17, §3, 
541-6. Edited by Stewart Shapiro. Oxford: Oxford University Press, 2005. 

Hussey, Edward. “Aristotle on Mathematical Objects.” In Peri tén Mathématon. 
Edited by I. Meuller, Apeiron 24 (Dec. 1991): 105-34. 

Maddy, Penelope. Realism in Mathematics. Oxford: Oxford University Press 1990. 

Putnam, Hilary. Philosophy of Logic. New York: Harper Torchbooks, 1971. 

Shapiro, Stewart. Thinking About Mathematics. Oxford: Oxford University 
Press, 2000. 


CHAPTER 13 


Modern Aristotelian and Thomistic Accounts 


THE ARISTOTELIANS 


Some philosophers of mathematics argue that Aristotle himself is an anti- 
realist.. Among those who support an Aristotelian philosophy of mathe- 
matics, Jonathan Lear is quite clear as to the opposite view. 


Let us use the word ‘Platonist’ to describe the position in the philosophy of 
mathematics held by Plato and his followers in the Academy. Let us use 
‘platonist’ to describe anyone who believes that mathematical statements are 
true in virtue of the existence of abstract objects which exist outside space 
and time. (Kurt Gédel is an example of a platonist.) Finally, let us say that a 
‘mathematical realist’ is someone who believes that mathematical statements 
are determinately true or false independently of our knowledge of them. 
Then one can say that Aristotle defends a form of mathematical realism 
while denying both Platonism and platonism.? 


'We noted this above. We have not separately addressed this controversy, as our extensive 
consideration of Aristotle’s mathematical realism in the first part of this book resolves that 
issue—we think—from the very start. 

Lear, “Aristotle’s Philosophy of Mathematics,” 188 note 35. It turns out that Lear ulti- 
mately means by realism something different from what Plato and Aristotle, and even Quine 
and Putnam, mean. 
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Though Lear’s Aristotle does not support the existence of abstract 
mathematical objects as the basis of the truths of mathematics, there is 
nevertheless—in direct response to Field and other mathematical anti- 
realists—such a basis. On the other hand, by Lear’s account, the basis is 
not that its objects actually exist in physical reality, rather, Aristotle tries 
to show how geometry and arithmetic make true in a way which does not 
depend upon the singular terms having any reference or the quantifiers rang- 
ing over any separated mathematical objects. The key to explaining the 
truth of a mathematical statement, says Lear, lies in explaining how it can 
be useful.* 

There are two steps in Lear’s argument. The first entails the seemingly 
insuperable objection to amy sort of anti-platonic mathematical realism, 
the precision problem. The second is Lear’s observation that the precision 
problem—and questions of physical mathematical objects—is not to-the- 
point anyway. Indeed, Lear says it is unclear whether Aristotle requires 
physical lines, circles, and spheres to have the properties which are proved 
of their geometrical counterparts.° Regardless, he is unconcerned, as the 
question of mathematical truth does not lie in a correspondence between 
these two realms anyway: 


There are two features of mathematical experience to which Aristotle’s the- 
ory does not seem to do justice. First, much of mathematics, for example set 
theory, cannot easily be thought of as an abstraction from any aspect of 
physical experience. Second, there is the plausible belief that mathematical 
theorems are true irrespective of whether there is any physical instantia- 
tion of them.® 


Lear is right. Aristotle’s requirements for episteme do require that the 
subject about which we demonstrate necessary conclusions must first be 
known to exist. Moreover, he very clearly appeals to abstraction as being 
constitutive of the objects proper to mathematic, as evidence his seminal 
consideration of the difference between mathematics and natural philoso- 
phy in Physica I 2. 


3Lear’s ‘truth-value realism’ (to borrow a term from Shapiro) sees real applicability as a 
marker for which of our mathematical claims are true and which cannot (yet) be said to be 
true. Cf. Lear, “Aristotle’s Philosophy of Mathematics,” 191. 

*Tbid., 188. Emphasis mine. 

5Tn fact, the very opposite seems quite clear. Cf. Metaphysica, III 2 and XI 1. 

° Lear, “Aristotle’s Philosophy of Mathematics,” 186. 
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Lear eventually concludes that it is in virtue of ‘bridging’ that mathe- 
matical claims are true: 


Thus, to explain the usefulness and applicability of mathematics we have had 
to follow Aristotle and appeal far more strongly to the existence of a bridge 
between the physical world and the world of mathematical objects than we 
have to the fact that mathematics is a conservative extension of science. The 
conservativeness of mathematics was invoked by Field to explain why we 
need not think of mathematics as true, but only as consistent. But to explain 
why this particular consistent theory rather than others is useful we have had 
to rely rather heavily on the existence of bridges and thus, I think, to rezm- 
port the notion of truth. For, in an Aristotelian spirit, one can allow that ‘2 
+2 =4’ is true without having to admit that there exist numbers in a Platonic 
realm outside of space and time. That there must exist bridges between the 
physical world and those portions of mathematics which are applicable to it 
implies that the mathematics must reproduce (to a certain degree of accu- 
racy) certain structural features of the physical world. It is in virtue of this 
accurate structural representation of the physical world that applicable 
mathematics can fairly be said to be true.” 


Aristotle’s conception of episteme has been left far behind. For it begins 
with an apprehension of the nature of its ultimate subject, deducing uni- 
versal and necessary properties of that subject in due fashion. Truth in 
such a system is not established post hoc but a priori. One’s principles are 
true, one’s subject is real, and one’s reasoning is valid. There need Je no 
subsequent check upon the results in a sound argument. 

One direct consequence of Lear’s bridging condition is that we can 
only deem a given mathematical claim true once we have demonstrated 
the ‘marker’ of its applicability. True, mathematics has as its basis in the 
structure of physical reality, but as we do not see perfect circles, lines, and 
spheres instantiated there, that their properties really express that struc- 
ture cannot be assumed but must be shown, by way of the bridge of appli- 
cability. It follows, says Lear, that the line between fictional and true is 
ever-changing and—for all we know—cannot be finally drawn. 


Where is one to draw the line between the truth of mathematics and the 


parts of mathematics that are consistent with them, but neither true nor false? 
Nowhere: for there is no demarcation between applicable and nonapplicable 


7Tbid., 190-1. 
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mathematics that can be made with any certainty. One cannot determine a 
priori that a portion of mathematics is not applicable. It is conceivable, 
though unlikely, that we should discover that the world is sufficiently large 
and dense that we need a large cardinal axiom to describe it. But this does 
not mean that we should treat all of mathematics as true or all of it as merely 
consistent. That we cannot draw a distinction precisely does not mean that 
there is no distinction to be made: it means only that any suggested bound- 
ary will remain conjectural and subject to revision. Thus, the question of 
how much of mathematics is true can only be answered a posteriori.® 


This is clearly mot the mathematics Aristotle describes. Episteme need 
not await such a contingent judgment to pronounce mathematical conclu- 
sions to be true and known to be so. For his part, Lear acknowledges this. 


Though not Aristotle’s, this philosophy of mathematics is Aristotelian. One 
of its virtues is that it does provide a harmonious account of truth and 
knowledge. Of those portions of mathematics that are not true, the ques- 
tion of knowledge does not arise. Of those portions that are true, there exist 
bridges of a fairly direct sort between the physical realm and the mathemati- 
cal. And it is in virtue of our understanding of how these bridges link the 
mathematical and the physical that we can be said to know mathemati- 
cal truths.? 


The problem is clear. Both Lear’s applicability criterion and Quine- 
Putnam indispensability propose to defend mathematical realism in the 
light of a perennial difficulty, but each does so at the expense of its real- 
ism. For our part, while we acknowledge the precision problem,'? we deny 
that either applicability (or indispensability) is a condition both necessary 
and sufficient for mathematical truth—to say that a thing is real because 
it works or is needed for other things to work is certainly not to speak 
of the real in its plain sense.'’ As we have argued above, one can avoid 
fictionalism and maintain the conditions required for episteme. No 
small part of the solution lies in distinguishing among types of the 
veal. Not only is it mot the case that mathematical realism waits upon 


8Tbid., 192. 

° Ibid. 

10We have proposed its solution in Chaps. 5 and 6, above. 

1 See Quine’s own account of the matter in W.V.O. Quine, “On What There Is,” 21-38. 


13. MODERN ARISTOTELIAN AND THOMISTIC ACCOUNTS 235 


applicability—nathematics becomes true only a posteriori—but, the con- 
clusions of demonstrations are already virtually contained in their prin- 
ciples, as are subsequent odjects of demonstration. As we argued above: 
mathematics is already virtually complete. 

In April 2014 James Franklin published a brief apologia for Aristotelian 
realism in mathematics via the online source Aeon.'? Clearly written for a 
popular audience, Franklin draws the rough outlines of a philosophy of 
mathematics which we find very familiar. Midway between Plato and nom- 
inalism, an Aristotelian account of mathematics, says Franklin, “...empha- 
sises the way in which mathematical properties crop up in the actual 
world.”'* Briefly addressing both the epistemological and ontological ben- 
efits of such a realism, he even alludes to the notion of episteme, in that 
“fa] version of it, holding that mathematics is the ‘science of quantity’, 
was actually the leading philosophy of mathematics to the time of Newton, 
but the idea has been largely off the agenda since then.”!* 

The points of comparison between this narrower episteme of quantity 
and Franklin’s broader—albeit Aristotelian—view are many. There are 
real, that is extra-mental, accidents inhering in physical substances. Our 
capacity to re-present (imagine) such aspects of things in abstraction from 
their concrete conditions ushers us into the mathematical real. That we 
can then demonstrate certain properties of such subjects brings us to epis- 
teme proper, along with its accompanying necessity. Indeed, for Franklin, 
itis the necessity and objectivity of mathematical claims and theorems which 
argue most favorably for this kind of realism. Access is pia sensation (much 
like the empirical sciences). Imagination—coupled with demonstration— 
yields results immune to the most common objections brought against 
necessity in the standard empirical realm. 

On the other hand, Franklin extends Aristotle’s historical realism to 
realms the Stagirite might have excluded. Besides those belonging to 
quantity as such, mathematical subjects, notes Franklin, include “...many 
other quantitative and structural properties that are not themselves physi- 
cal but can be realised in the physical world (and any other worlds there 
might be): flows, order relations, continuity and discreteness, alternation, 


2 James Franklin, “The Mathematical World,” 2014, Aeon, accessed December 29, 2022, 
https: //aeon.co/essays /aristotle-was-right-about-mathematics-after-all. 

8Tbid. 

M4 Tbid. 
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linearity, feedback, network topology, and many others.”!® As he briefly 
delves into two of them—ratio and symmetry—he notes of the latter that 
“ [it], like other mathematical properties, can have causal powers, unlike 
abstracta as conceived by Platonists.”’® Of course, this is significant as a 
response to nominalists and platonists alike, in that the very wnreality—in 
the first case—and immateriality—in the second—of mathematicals is tied 
to their having no causal relationships, either with any existing things or 
with certain (i.e., physical) existing things. 

We noted above when addressing modern extensions to the episteme of 
continuous quantity in three dimensions—topology, specifically—that, 
should topological properties accrue to such a quantity, abstractly and as 
such, then this sort of extension would be a prima facie legitimate addi- 
tion to the Aristotelian and Thomistic account as we have presented it. 
That Franklin approves of this extension in a presentation of this decidedly 
Aristotelian account allows us to investigate this question directly, now. 
On the other hand, Franklin does seem to grant that the istorical Aristotle 
has been left behind.!” Key to our own question here, then, is whether 
Aristotle’s ‘science of quantity’ is wn-Aristotelian in restricting the epis- 
teme of mathematics to quantity itself, abstractly and as such, and the rela- 
tions of equality and inequality alone. Perhaps Franklin’s reasons for the 
extension are true to Aristotle’s principles and not, as with Lear’s account, 
Aristotelian, though not Aristotle’s. 

Like Shapiro, Franklin advocates a kind of structuralism."® 


Aristotelian, or non-Platonist, realism holds that mathematics is a science of 
the real world, just as much as biology or sociology are. Where biology stud- 
ies living things and sociology studies human social relations, mathematics 
studies the quantitative or structural aspects of things, such as ratios, or pat- 
terns, or complexity, or numerosity, or symmetry.” 


'STbid. 

16 Tbid. 

17 See the above quote regarding the science of quantity. 

18 Qn the other hand, Franklin self-describes his structuralism as Aristotelian: 
Shapiro would never do. 

James Franklin, “Aristotelian Realism,” in Handbook of the Philosophy of Science: Philosophy 
of Mathematics, ed., Andrew Irvine, gen. eds., Dov Gabbay, Paul Thagard, and John Woods 
(Amsterdam: Elsevier, 2007). 


something 
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Recognizing that earlier efforts to define mathematics as a science of 
structure ran into problems of vagueness, Franklin proposes that its gen- 
eral principles are conceptual: 


A property is purely structural if it can be defined wholly in terms of the 
concepts same and different, and part and whole (along with purely logical 
concepts). ... What has been asserted is that there are properties, such as 
symmetry, continuity, divisibility, increase, order, part and whole which are 
possessed by real things and are studied directly by mathematics, resulting in 
necessary propositions about them.”° 


Franklin’s notion is decidedly Aristotelian. Since mathematics is to be 
the science (episteme) of structures, Aristotle’s requirements would include 
an apprehension of the essence of that ultimate subject. Mathematics, 
then, is—not the study of the accident of quantity, as Aristotle would have 
it, but the study of sameness and difference and part and whole. 

One important advantage to a more general subject (and definition) is 
inclusion as its natural result. We have seen many historical attempts to 
extend—never to contract—the consideration of the traditional mathe- 
matical sciences. Natural numbers to integers to rationals to reals to imagi- 
naries to complexes to transfinites—each step in the process broadens the 
consideration of the mathematician and renders the definition of number 
more inclusive.! 


A typical mathematical truth is that there are six different pairs in four 
objects ... The objects may be of any kind, physical, mental or abstract. The 
mathematical statement does not refer to any properties of the objects, but 
only to patterning of the parts in the complex of the four objects. If that 
seems to us less a solid truth about the real world than the causation of flu 
by viruses, that may be simply due to our blindness about relations, or ten- 
dency to regard them as somehow less real than things and properties. But 
relations (for example, relations of equality between parts of a structure) are 
as real as colours or causes. 

The statement that there are 6 different pairs in 4 objects appears to be 
necessary, and to be about the things in the world. It does not appear to be 
about any idealization or model of the world, or necessary only relative to 


Tbid., 113, 121. 
?1 Logicism is an obvious case in point, moving from numbers as quantities to numbers 
as sets. 
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axioms. Furthermore, by reflecting on the diagram we can not only learn the 
truth but understand why it must be so. 77 


The six pairs in four objects theorem does seem independent of whether 
the objects in question are points, people, relations, or even concepts. 
Much like the abstraction which makes the episteme of mathematics pos- 
sible—abstracting continuous quantity in three dimensions and the math- 
ematical unit from physical substances—Franklin argues that we need not 
consider which objects are paired or any of their properties, but only the 
fourness and the pairings, which are relations. Can this property be defined 
wholly in terms of the concepts same and different and part and whole, 
along with logical notions? Assuming so, 


There is nothing in this proof except what Aristotelian mathematical phi- 
losophy says there should be—no arbitrary axioms, no forms imposed by the 
mind, no constructions in Platonist set theory, no impredicative definitions, 
only the necessary relations of simple structural universals and our certain, 
proof-induced insight into them.”* 


On the other hand, there is more to an Aristotelian philosophy of math- 
ematics than these. There is good reason why some Aristotelians reject the 
mathematical legitimacy of extensions to number theory, non-euclidean 
geometries, and (possibly) topology and graph theory on Aristotelian 
grounds. Nor is Franklin ignorant of the difference between his view and 
the historical Aristotle. 


The first theory, the one that dominated the field from Aristotle to Kant and 
that has been revived by recent authors such as Bigelow, is that mathematics 
is the ‘science of quantity.’ The second is that its subject matter is structure. 

The theory that mathematics is about quantity, and that quantity is 
divided into the discrete, studied by arithmetic, and the continuous, studied 
by geometry, plainly gives an initially reasonable picture of at least elemen- 
tary mathematics, with its emphasis on counting and measuring and manip- 
ulating the resultant numbers.”* 


2 Tbid., 101. Emphasis mine. 
3 Ibid., 138. 
4 Tbid., 108. 
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Why go beyond Aristotle’s science of quantity to a science of structure? 
While Franklin is not certain what relation obtains between quantity and 
structural relations, he is clear that symmetry and other such real-world 
patterns require a mathematical consideration. 


The relation between the concepts of quantity and structure are unclear and 
have been little examined. The position that will be argued for here is that 
quantity and structure are different sorts of universals, both real. The sci- 
ences of them are approximately those called by the (philosophically 
somewhat unsatisfying) names of elementary mathematics and advanced 
mathematics. That is a more exciting conclusion than might appear. It 
means that the quantity theory will have to be incorporated into any accept- 
able philosophy of mathematics, something very far from being done by any 
of the current leading contenders. It also means that modern (post eighteenth- 
century) mathematics has discovered a completely new subject matter, creating 
a science unimagined by the ancients. 


At issue for us is, not whether there can be a scientific study of relations 
other than equality and inequality—as they arise among continuous spaces 
in three dimensions and pluralities of units—but whether such studies 
share a common name.”° Why call Franklin’s two sciences mathematics in 
the first place??” 


*5Tbid., 109. Emphasis mine. 

?6Not the mere name, of course. The real question is whether Franklin’s science of struc- 
ture is the same episteme as the one so carefully defined by Aristotle (and later by Aquinas). 
It is important also to learn whether a science of structure—as understood by structuralists 
themselves—is compatible with the very notion of episteme in the first place. Might it not be 
that the proper consideration of certain real relations (including purely structural ones) 
belongs to one or another existing science? After all, Aristotle himself addresses the nature of 
relations in (at least) two separate works—the Categories (logic) and the Metaphysics. We will 
develop this notion further in the concluding chapter. 

27We remain undecided about relations that belong to quantity, abstractly and as such, 
beyond those of equality and inequality. On the one hand they are arguably quite real—in 
this we agree with Franklin. Does a consideration of them belong properly to mathematics? 
Even Euler was in doubt about this. Interestingly enough, Aristotle considers at least some of 
the spatial relations in Physica LIT 5, connecting them to the nonmathematical realm of sen- 
sible substances. On the other hand, he establishes such a connection on the basis of his 
account of proper—natural—places, and it is not at all clear that symmetry, handedness, ori- 
entation, and rotational direction are defined in terms of natural places in the universe. Some 
work is currently being done on this question by John Brungardt. Cf. J. G. Brungardt, 
“World Enough and Form: Why Cosmology Needs Hylomorphism,” Synthese 198, Suppl 
11, (2021): 2795-827. 
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To say nothing of the novelty of a new—anciently unimagined—science 
of structure, Franklin has much to say about the original sciences of quan- 
tity themselves. For even they must be altered so as to accommodate what 
we have learned about quantity itself since Aristotle’s day. 

In the first place, then, Franklin is full-willing to grant that some “quan- 
tities ... seem to have nothing inherently to do with structure,””* supply- 
ing discrete quantities themselves and their numerical relations (ratios) as 
his examples. This suffices to show that the science of quantity is not sim- 
ply a part of the newly discovered science of structure. Still, the ancient 
science of quantity must itself be expanded. Arithmetic must be altered so 
as to include ordinals and the ancient, irreducible divide between the 
continuous and the discrete must be abandoned. We now know there are 
discrete spaces (indeed, space itself may be discrete) and there is continuity 
among numbers. We have even achieved the reduction of real quantity to 
number in measurement theory. 


The theory of the ancients that the science of quantity comprises arithmetic 
plus geometry may be approximately correct, but needs some qualification. 
Arithmetic as the science of discrete quantity is adequate, though as the 
Benacerraf example shows, the study of a certain kind of order structure is 
reasonably regarded as part of arithmetic too. ... But geometry as the sci- 
ence of continuous quantity has more serious problems. It was always hard 
to regard shape as straightforwardly ‘quantity’—it contrasts with size, rather 
than resembling it—though geometry certainly studies it. From the other 
direction, there can be discrete geometries: the spaces in computer graphics 
are discrete or atomic, but obviously geometrical. Hume, though no math- 
ematician, certainly trounced the mathematicians of his day in arguing that 
real space might be discrete. Further, there is an alternative body of knowl- 
edge with a better claim to being the science of continuous quantity in 
general, namely, the calculus. Study of continuity requires the notion of a 
limit, as defined and made use of in the differential calculus of Newton and 
Leibniz, and made more precise in the real analysis of Cauchy and Weierstrass. 
On yet another front, there is another body of knowledge which seems to 
concern itself with quantity as it exists in reality. It is measurement theory, 
the science of how to associate numbers with quantities. ... In summary, the 
science of quantity is elementary mathematics, up to and including the cal- 
culus, plus measurement theory.”? 


?8James Franklin, “Aristotelian Realism,” 110. 
°Tbid., 111-112. 
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These alterations to the ancient ‘sciences of quantity’ are needed if we 
are to accommodate these historical advances. 

Finally, there are the new sorts of quantitative relation, called struc- 
tures—the domain of advanced mathematics. 


That leaves the ‘higher’ mathematics as the science of structure. It includes 
on the one hand the subject traditionally called mathematical ‘foundations’, 
which deals with what structures can be made from the purely topic-neutral 
material of sets and categories, using logical concepts, as well as matters 
concerning axiomatization. On the other hand, most of modern pure math- 
ematics deals with the richer structures classified by Bourbaki into algebraic, 
topological and order structures.*° 


It is clear that what Franklin means by Aristotelian mathematical real- 
ism is not Aristotle’s historical account of mathematics, but an account 
that is neither xominalistic (i.e., quantities, ratios, and purely structural 
properties are real, and in things) nor platonistic (quantities and their pure 
properties are not abstract realities and universals are im re not ante rem).*" 
To our way of thinking, however, though Franklin has made a good case 
for the reality of relations beyond those of equality and inequality, it is also 
clear that his mathematics does not remain an Aristotelian one—Aristotle 
had much more to say about the third speculative episteme than that its 
objects are real accidents in things. 

There is one point of departure from the historical Aristotle that 
Franklin sees as more fundamental and decidedly in his favor, which is the 
necessity of mathematics. Taking this as a sort of distinctive difference 
between mathematical and other forms of reasoning, Franklin takes 
Aristotle to task for a failure in addressing the question that matters most: 
whence its necessity? 


An essential theme of the Aristotelian viewpoint is that the truths of math- 
ematics, being about universals and their relations, should be both necessary 
and about reality. Aristotelianism thus stands opposed to Einstein’s classic 
dictum, ‘As far as the propositions of mathematics refer to reality, they are 
not certain; and as far as they are certain, they do not refer to reality.’... 


Tbid., 112. 
31 Franklin contrasts his own structuralism to Shapiro’s own on precisely this point. See 
Ibid., 108. 
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Mathematics provides, however, many prima facie cases of necessities 
that are directly about reality. One is the classic case of Euler’s bridges, men- 
tioned in the previous section. Euler proved that it was impossible for the 
citizens of Kénigsberg to walk exactly once over (not an abstract model of 
the bridges but) the actual bridges of the city.*? 


For Franklin, it is the absolute necessity of its claims that makes math- 
ematics to be mathematics. In this he is in accord with Aristotle, who says 
in many places that the certitude of mathematical claims distinguishes 
them, even from the claims made in the other forms of episteme. Franklin’s 
account has a superiority over the limited account Aristotle provides on an 
epistemological basis. 


What exactly is the relation between the mind and universals, the relation 
expressed in the crude metaphor of the mind ‘grasping’ universals and their 
connection? ‘Insight’ (or ‘eureka moment’) expresses the psychology of that 
‘grasp’, but what is the philosophy behind it? Without an answer to that 
question, the story is far from complete. It is, of course, in principle a diffi- 
cult question in epistemology in general, but since mathematics has always 
been regarded as the home territory of certain insight, it is natural to tackle 
the problem first in the epistemology of mathematics. 


Absent a cogent account of the mecessity of mathematical claims, 
Aristotle is in an awkward position. After all—as Franklin points out— 
being a realist, Aristotle sees no fundamental difference between the epis- 
teme of natural philosophy and that of mathematics. Indeed, as we 
ourselves saw, he needs to argue for a distinction between the two, since 
they are about the same real things. 


Aristotle says that mathematicians differ from physicists (in the broad sense 
of those who study nature) not in terms of subject-matter, but in terms of 
emphasis. Both study the properties of natural bodies, but concentrate on 
different aspects of these properties. The mathematician studies the proper- 
ties of natural bodies, which include their surfaces and volumes, lines, and 
points. The mathematician is not interested in the properties of natural bod- 
ies considered as the properties of natural bodies, which is the concern of 
the physicist. Instead, the mathematician is interested in the properties of 
natural bodies that are ‘separable in thought from the world of change’. 


2Ibid., 113. 
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But, Aristotle says, the procedure of separating these properties in thought 
from the world of change does not make any difference or result in any 
falsehood.** 


This is as fair an account of Aristotle’s own distinction between math- 
ematics and natural philosophy as one might wish. Still, says Franklin, why 
should a consideration of these aspects of natural things rather than those 
result in a higher degree of certitude in the one case? It is Aristotle’s episte- 
mology of the real that Franklin calls into question. Franklin is quite doubt- 
ful of the cogency of what has come to be called intentional reception as an 
explanation for knowing things as they are. 


...Based on Aristotle’s dictum that ‘the soul is in a way all things’, the scho- 
lastics maintained that the relation between the knowing mind and the uni- 
versal it knows is the simplest possible: identity. The soul, they said, knows 
heat by actually being hot (‘formally’, of course, not ‘materially’, which 
would overheat the brain). 

That theory, possibly the most astounding of the many remarkable theses 
of the scholastics, can hardly be called plausible or even comprehensible.** 


On the assumption that the knower is identical with the known, 
Aristotle and the scholastics argue, objects abstracted from the changeable 
would be more certain, prima facie, than those whose abstraction includes 
changeability.*° For his part, Franklin sees this identity account as being 
implausible, to say the least. 

Still, if mathematics is a study of quantities and structures, the identity 
account becomes more plausible and supplies an (at least workable) expla- 
nation for the very thing that distinguishes mathematics from other stud- 
ies: its absolute necessity. 


That [identity] theory, possibly the most astounding of the many remark- 
able theses of the scholastics, can hardly be called plausible or even compre- 
hensible. What could ‘being hot formally’ mean? Nevertheless, it [the 
theory] has much more force for the structural universals of mathematics 
than for physical universals like heat and mass. The reason is that structure 
is ‘topic-neutral’ and so, whatever the mind is, zt could in principle be shared 


33 Tbid., 103-104. 
**Tbid., 138-139. 
35 Cf. Aquinas’ account of the platonists and changeability, above. 
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between mental entities (however they are conceived) and physical ones. While 
there seem insuperable obstacles to the thought-of-heat being hot, there is 
no such problem with the thought-of-4 being four-parted (though one will 
still ask what makes it the single thought-of-4 instead of four thoughts).*° 


It is here that Franklin’s account goes beyond being merely realist and 
ventures once again into the Aristotelian realm. For the principle that epis- 
temological necessity follows upon necessity in the known if the identity 
theory holds is, after all, Aristotle’s own. Taking Franklin’s epistemologi- 
cal route: what constitutes mathematics is the absolute necessity of its 
claims, and knowledge which is necessary is the result of an identity with 
what is in itself necessary. But such an identity is only plausible for things 
which can be instantiated in the physical and mental world alike—quanti- 
ties and structures—and not for ordinary physical characteristics, like heat 
and mass. Ergo the study of quantities and structures—being necessary in 
this way and known to be so—is a mathematical one. 

Returning to Franklin’s example of the six pairs in four objects theorem, 
his point is clear. “A typical mathematical truth is that there are six differ- 
ent pairs in four objects... The objects may be of any kind, physical, mental 
or abstract.”*” The theorem itself can be mentally duplicated. If identity is 
the principle of knowledge—certain knowledge—then it is no wonder that 
we insist upon the absolute necessity of the theorem. We see it, as it were, 
with our mind’s eye. 

We have already stated—on Aristotelian grounds—our objections to 
some of the extensions Franklin accepts. Still, there is one such extension 
we have held in abeyance to this point—the real structural relations stud- 
ied in topology. Franklin introduces the historical novelty of topology via 
the same example we used earlier, the bridges of K6nigsberg. As we left 
the question in Chap. 10, it comes down to whether topological relations 
are quantitative space-relations. Do orientation, handedness, and rota- 
tional direction follow upon continuous quantity in three dimensions, 
abstractly and as such? 

Let us scrutinize Franklin’s new four objects must be in six pairs theo- 
rem. Prescinding from the issue whether the objects in question are really 
topic neutral, let us assume—like Franklin—four points in Euclidean space 


% Tbid., 139. 
37Tbid., 101. 
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as our instance.** Beginning with the claim that there are four objects, we 
can find an analogy (at least) to a number of parts of space as it is treated 
in Euclidean geometry.® After all, for Euclid, all geometrical figures are 
bounded (solids by surfaces, plane figures by lines, and lines by points). A 
triangle is a plane figure bounded by three straight lines. A square is a 
plane figure bounded by four equal straight lines set at right angles.*° 

Taking the square as our example, then, it is defined by boundaries of 
two sorts, points and straight lines. In both cases there are four. Franklin’s 
theorem is therefore instanced in a Euclidean square in two ways: the four 
points bounding its sides must be in six pairs and the four sides bounding the 
square itself must be in six pairs. We might have just as easily chosen the 
triangle as our figure to draw the conclusion that the points bounding its 
straight sides must be in three pairs and that the three sides bounding the 
triangle itself must be in three pairs. So, too, with a five-sided rectilinear 
figure—the five points bounding its straight sides must be in ten pairs. So 
too for its five sides. 

It turns out that Franklin’s four objects must be in six pairs theorem is a 
particular case of a general pairing theorem, which is itself a particular 
case of a general grouping theorem. Indeed, one need not look even as far 
as pairs and other groupings to discover the necessity of theorems not 
included among Euclid’s own, for example, an ngon has n sides and n 
vertices. Importantly, we think, this last is just another way of saying that 
n-gons are necessarily grouped into ” groups of singletons—irrespective of 
whether we count vertices, edges, or angles. Given Euclidean space and 
any four objects within it, the notion that there will be only four singleton 
groups is already known by way of the definition of the polygon in ques- 
tion. This is to say that something obvious can be deduced from the defi- 
nitions (those of the polygons) given—whether Euclid saw fit to deduce 
it or not. 

It is unclear whether our theorem—an n-gon has n sides and n vertices— 
is just the sort of thing Franklin has in mind. Clearly, it would take more 
thought to generalize from the singleton theorem to theorems about 


38 ved flag that immediately arises is that the discipline of topology does not restrict itself 
to Euclidean spaces—it is very much unclear what topological theorems would find their 
‘necessity in truths directly about the real world’ outside the topology of Euclidean space. We 
are assuming that Franklin would restrict the science of structure—to the extent that it is 
really instanced in space—to Euclidean spaces and not all topological spaces. 

®° Taking the word parts very broadly. 

40Cf. Euclid, The Elements, I Definition 22 and I 46. 
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pairings to theorems about 7-groups in general. Our point here is only 
that our theorem seems already to be contained in Euclid’s geometrical 
principles. Perhaps topology is not so much a new science unimagined by 
the ancients as new conclusions that follow from the same principles as 
before. After all, the xecessity of the singleton theorem is rooted in the very 
same reality of three-dimensional space which Franklin allows. 

Of course, Franklin might not say he is constructing a quadrilateral in 
his four objects have six pairings theorem. After all, he insists that the struc- 
tural theorem is independent of its instance—in his words, it is “topic- 
neutral.” While he instances the theorem in four points on a Euclidean 
plane, he might very well have made the same point—he would say—with 
the four attributes of knowledge considered by Immanuel Kant in the 
Introduction to his Critique of Pure Reason: a priori, a posteriori, synthetic, 
and analytic. There are six and only six ways these attributes can be paired. 
So, too, with the group a concept, right-handedness, bauxite, and m. Any 
group of four—including an arbitrary group of four—admits of six and 
only six pairings. On the other hand, when we try to instance our singleton 
theorem by this example, we get a strange result. It is entirely wnclear what 
type of four we are counting here. Four whats, exactly? Objects, presum- 
ably. Which is where—in our judgment—Franklin’s account of the science 
of structures begins to break down. While the term ome (or object, or even 
structure, for that matter) may seem in this context to be univocal—after 
all, the four objects have six pairings theorem begins with four objects, 
which presupposes each object is ome—there does not seem to be a unit 
among the members of the group we just proposed. One could argue that 
Kant’s foursome have a kind of unity—perhaps they are in the same genus 
as being qualities of thought—it is not clear that they are four in the math- 
ematical sense: four units. As to our intentionally arbitrary group, one 
cannot discern any sort of unity among the members—as we said, four 
whats, exactly? 

It is an Aristotelian commonplace to require univocal language in dem- 
onstrations.*! It may be that the terms employed in Franklin’s mathematics 
of structure are not really instanced in various ways. They are directly 
instanced in continuous quantity in three dimensions and pluralities of the 
mathematical unit, but it seems only by way of extension of the terms that 
they arise elsewhere. 


41 Else one encounters the fallacy of equivocation. 
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We have already seen a sense of the word handedness that would be 
excluded from consideration by Aristotle and Aquinas.*? The notions 
whereby Franklin distinguishes purely structural properties as such from 
concretely structural ones—like a Tartan pattern or a basketball game—are 
very broad, it is true, and seemingly obtain transcategorically. On the 
other hand, same different, part, and whole are notoriously ambiguous. 
Indeed, Aristotle conceives of the same as a kind of unity within a cate- 
gory, namely, quality. Unity of substance, on the other hand, he calls 
identity, while—as we would expect, of course—unity among quantities is 
equality, while quantitative differences are inequalities. It is not clear in 
what respect four points in space as a stand-in for any four objects at all 
instances the same notions of same, different, part, and whole, along with 
logical notions. 

In sum, at issue is whether Aristotle himself failed to recognize the 
greater inclusivity of the episteme of mathematics. Had he seen the com- 
monality shared by the quantitative relations of equal and unequal with, 
say, topological relations proper to continuous quantity in three dimen- 
sions, even to the sameness-and-difference and whole-and-part relations 
shared by everything and anything, would he have seen mathematics as 
the episteme of sameness-and-difference and whole-and-part, among which 
are found quantitative relations of equality and inequality? Did Aristotle 
mistake trees for the forest? 

First, we note that Franklin’s own principle whereby modern exten- 
sions to the ancient ‘science of quantity’ are legitimated is epistemological 
necessity—the unsophisticated recognition, for example, that four objects 
have six pairings. And, while Aristotle himself takes such necessity as a 
point-of-difference between mathematics and other studies, he does not 
affirm the consequent—if mathematics then necessary does not equate to if 
necessary then mathematics. After all, the first principles of each form of 
episteme admit of the same sort of necessary—that is, they are known to be 
so—as do even the theorems of mathematics. What makes mathematics 
distinctive—and so admitting of the kind of necessity we all know it to 
possess—is the way it abstracts its objects. The royal pathway to mathe- 
matics lies along an abstraction from matter and motion. To the extent that 
topological properties do so, then, one might admit them into the 


“That is, if right-handedness and left-handedness are intended, these are merely mental 
when seen as relations belonging to space, in abstraction and as such. 
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episteme of mathematics. On the other hand, we have seen that they may, 
in fact, be deducible from the principles which are already in place. 

Second, we think that, finally, it is not true to say that quantities and 
purely structural properties are—in Franklin’s words—“topic-neutral,” 
that the structural universals of mathematics can be J/iterally shared 
between physical objects and the mind. And key to this observation is the 
Aristotelian account of equivocation. 


THE THOMISTS 


We turn, at last, to some of the modern Thomistic accounts of the nature 
of mathematics with a view, once again, to finding what we may have in 
common and where we may differ. 

Historically, mathematical developments have run parallel to develop- 
ments in other areas of human knowledge. Relatively conservative views 
give rise to thinkers who successfully challenge the rigid notions of their 
day. This trend is instanced in number theory, beginning with its narrow- 
est scope in the natural numbers, followed by the hard-fought inclusions 
of zero, the integers, the rationals, the transcendentals and reals, and infi- 
nite and complex numbers.** Arguing for the /egitimacy of such develop- 
ments has become an integral part of mathematics itself, which we saw 
clearly when we considered the discovery of transfinites by Georg Cantor. 
It would be helpful to briefly review Cantor here, most especially as regards 
his view of free mathematical inquiry. 

As we saw, Cantor holds that mathematics consists in developing meth- 
ods for the construction of its objects and discovering the mathematical 
rules governing their relationships. His notion of the reality of mathemati- 
cal objects* is twofold: they have both an intrasubjective (immanent) real- 
ity and a transsubjective (transient) reality. As to the construction of 
mathematicals, Cantor emphasized the Jack of restrictions under which the 
mathematician ought to be placed as of paramount importance. 


On account of this singular position which differentiates it from all of the 
other sciences and affords an explanation for the comparatively easy and 


43 There is some evidence for a broader scope even in ancient times. Still, this paper is about 
attempts by mathematicians and philosophers to justify a freer range of legitimate mathemat- 
ical objects, hence hard-fought. 

44Tndeed, he applies the distinction to the reality of all conceptualizations. 


13. MODERN ARISTOTELIAN AND THOMISTIC ACCOUNTS 249 


unrestrained manner with which one may operate with it, it particularly 
deserves the name of free mathematics (freien Mathematik), a designation 
which, if I had my way, would take precedence over the usual expression 
‘pure’ mathematics. ... There is no need, as I believe, of fearing any danger 
to the sciences in these principles, as many think: the conditions imposed 
under which the freedom of constructing numbers can be exercised are of 
such a kind that they permit very little room for arbitrary action (Spiolraum); 
for every mathematical concept carries within itself the necessary corrective; 
if it is fruitless and purposeless, that is soon seen and it will because of little 
success be abandoned.** 


Restrictions placed upon free mathematical inquiries, then, are unwar- 
ranted. Moreover, such restrictions are commonly found in the philoso- 
phy of Aristotle and in scholastic developments of that thought.*° Some 
agree with Cantor, while others argue that at least Thomas Aquinas—and 
possibly Aristotle—might very well have embraced such developments.*” 

Are these scholastic restrictions Cantor fears necessarily consequent 
upon the principles of traditional philosophy, or is it possible to legitimize 
more recent developments in number theory in light of those very prin- 
ciples? What is it 27 Aristotle and Aquinas which lead mathematicians like 
Cantor to reject them? As we saw, both argue that mathematics is episteme, 
and we arrive at mathematicals via a special form of abstraction. Once 
again, from Aristotle: 


The mathematician makes a study of things which result from abstraction, 
for he studies things by taking [from them] everything sensible, such as 
heaviness and lightness... and he leaves only quantity and the continuous 


45 Georg Cantor, On Infinite, Linear Point-Manifolds, 115. 

*°We have seen this specifically in regard to his development of the transfinite numbers, 
but the same point can be made for other such developments, for example, the real or imagi- 
nary numbers. 

‘7 As examples of the former, see Small, “Cantor and the Scholastics,” 407-28 and Robert 
J. Spitzer, New Proofs for the Existence of God, (Grand Rapids, MI: Eerdmans, 2010), espe- 
cially chapter 5, 177-80. Spitzer sees the rejection of actual infinities as the basis for a modi- 
fied kalam argument for the existence of God—one which, he contends, Aquinas himself 
would have embraced. As examples of the latter, see Anderson, “Aristotle and Aquinas on the 
Freedom of the Mathematician,” 231-55, Maurer, “Thomists and Thomas Aquinas on the 
Foundation of Mathematics,” 43-61, and Drozdek, “Number and Infinity: Thomas and 
Cantor,” 35-46. 
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(according to one, two, or three dimensions) and the attributes of these as 
quantity and as continuous.*® 


To be honest, constraints upon the free inquiry of the mathematician— 
constraints Cantor fears—follow quite readily. If traditional philosophy is 
right, mathematicians need justify imagined—even if consistent—exten- 
sions to a simple, foundational theory are, in addition, real attributes of 
the physical world. Establishing such a correlation between legitimate 
mathematics and external reality may be more or less feasible when we 
consider early developments (e.g., the rationals), but it becomes increas- 
ingly (and obviously) less feasible as we move to the transcendentals, reals 
numbers, and (enter Cantor) transfinites.*” 

Some philosophers—even Thomists—argue that Cantor’s scholastic 
fears (the fears of anyone desiring to avoid philosophical constraints to free 
mathematical inquiries) are unfounded and claim that traditional philoso- 
phy is very much open to the historical developments in mathematics of 
which its founders would have been unaware, but which they would have 
embraced had they been aware. 

In making this case for the mathematical philosophy of Thomas Aquinas 
and perhaps even Aristotle, Thomas Anderson begins by raising the 
question. 


If mathematical quantities are nothing more than abstracted real quantities; 
if they are gained simply by ‘stripping away’ all nonquantitative attributes of 
things, does this mean that for Aquinas and Aristotle the mathematician is 
limited in his science to treating objects which in their quantitative features 
resemble the quantitative attributes of physical things? It is true that both 
men give as examples of geometrical objects rather elementary figures, cir- 
cles, triangles, angles, etc., which could easily be gained by abstraction from 
similarly figured sensible things. But does this mean that they believe that 


48 Metaphysica, XI 3 1061a29-35. 6 paOnpatiKds mepl ta EF apoipgoews tHV BEewpiav 
TOleita(mEepleAw@v yap md&vta ta atoOnta OEwpei, oiov B&pog kai Kovpdtnta ... Hdvov Sé 
KOTOAEITEL TO MOGOV Kal oUvEXES, THV LEV Eg’ Ev THV 8 Emi S00 THV 8 Ent Tpta, Kal To M&ON To 
TOUTWY f] Mook Eotl Kal ouveyxf}...) See also Physica, II 2 193b31-35. Aquinas provides an 
extended treatment of mathematical abstraction in his Im De Trinitate, V 3. 

4# As we have seen, Cantor insists that the transfinite numbers exist outside our mind (as 
ideas in the mind of God). Still, establishing this connection is not presupposed to discover- 
ing the truths of mathematics. On the other hand, such constraints do not arise via ancient 
and scholastic philosophers alone. The big three mathematical philosophies of the late nine- 
teenth and twentieth centuries arose as a result of this very issue. 
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mathematics is limited to just such quantities, quantities which bear almost 
a one-to-one relation to real quantities? If this is the case, then clearly the 
freedom of the mathematician is severely restricted. 


Anderson concludes that though Aristotle might have had difficulty 
accepting such developments, Aquinas may not have—and even here, 
much depends upon the role Aristotle would have given to the zmagina- 
tion. While Anderson does find the imagination mentioned in Aristotle’s 
writings, it is entirely unclear what place it has in mathematical reasoning, 
for him. Aquinas does see the imagination as the basis for resolutions to 
mathematical judgments: 


Our judgments about some things do not depend upon what we perceive by 
sense because, though they really do exist in sensible matter, they are 
abstracted from it according to their defining ratio, and we make our best 
judgment of a thing in accordance with its defining ratio. As to their defin- 
ing ratio, since they do not abstract from just avy matter but only sensible 
matter, and with matter removed from sensible conditions there remains 
something imaginable, therefore in such things we must judge according to 
what the imagination reveals. Mathematics is about such things. Therefore, 
in mathematics, what we know by way of our mathematical judgments must 
terminate in the imagination and not the senses, because a mathematical 
judgment goes beyond the apprehension of sense. So it is that sometimes a 
judgment we make about a mathematical line is not the same as one we 
make about a sensible line, for example, that a straight line touches a sphere 
at only one point, which is true of a separate [abstract] straight line but not 
of a straight line in matter, as is said in the first book of De Anima.*! 


50 Anderson, “Aristotle and Aquinas on the Freedom of the Mathematician,” 233-4. 
Emphasis mine. 

5! In De Trinitate, VI 2.corpus. “Quaedam vero sunt, quorum iudicium non dependet ex 
his quae sensu percipiuntur, quia quamvis secundum esse sint in materia sensibili, tamen 
secundum rationem diffinitivam sunt a materia sensibili abstracta. Iudicium autem de 
unaquaque re potissime fit secundum eius diffinitivam rationem. Sed quia secundum ratio- 
nem diffinitivam non abstrahunt a qualibet materia, sed solum a sensibili et remotis sensibili- 
bus condicionibus remanet aliquid imaginabile, ideo in talibus oportet quod iudicium 
sumatur secundum id quod imaginatio demonstrat. Huiusmodi autem sunt mathematica. Et 
ideo in mathematicis oportet cognitionem secundum iudicium terminari ad imaginationem, 
non ad sensum, quia iudicium mathematicum superat apprehensionem sensus. Unde non est 
idem iudicium quandoque de linea mathematica quod est de linea sensibili, sicut in hoc quod 
recta linea tangit sphaeram solum secundum punctum, quod convenit rectae lineae separatae, 
non autem rectae lineae in materia, ut dicitur in I De anima.” 
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At root, this account of mathematical abstraction seems not to differ 
from what we have already said about Aristotelian separation. Indeed, the 
difficulties brought to Aristotle’s philosophy of mathematics by idealiza- 
tion and the precision-problem find their solution in constructive demon- 
stration—an explicitly Aristotelian tenet, as we saw above. Aquinas’ 
reference to I De anima suggests that he, at least, discovers the same view 
in Aristotle’s writings. Anderson leaves the question open: 


Since individuals are attained directly only by sense and not by mind which 
is directly of the universal, individual mathematicals could be grasped 
directly only by a sense faculty. But since the quantities studied in mathe- 
matics are not possessed of any proper sensible features, they cannot be 
grasped by the exterior senses. Would it, then, be imagination which grasps 
them? To be sure, Aristotle does speak in the Metaphysics of individual math- 
ematicals as known by ‘intuition.’ ... But is this intuition imagination? Some 
have so interpreted it; Aristotle himself does not say.*? 


But why make the point of departure the imagination? Anderson sees 
in the imagination a direct link to freedom of mathematical inquiry—the 
sort of freedom Cantor deemed so important to the mathematical process. 


...if individual mathematical objects have their locus in imagination, it 
would follow that there is a certain degree of freedom on the part of the 
mathematician in regard to his objects. The Stagirite himself refers in various 
places to the freedom men have in imagining. If the locus of individual 
mathematicals were the imagination it would seem to follow that the math- 
ematician would be free to deal with objects which do not closely corre- 
spond to anything found in the physical world. There would be no reason 
to limit him to simply studying abstracted quantities which resemble the 
quantities of things, but he could treat quantities which he himself had 
devised in imagination which have no one-to-one correspondence to any 
physical quantities. Indeed, an epistemological basis could be provided for 


52 Anderson, “Aristotle and Aquinas on the Freedom of the Mathematician,” 236. 
Anderson explicitly names Aquinas as being among those who have ascribed such a view to 
Aristotle. As to Aquinas himself on the importance of imagination in mathematics, see Im De 
Trinitate, V1 2. 
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the tremendous development in modern times of nonrepresentational 
mathematical systems such as the nonEuclidean geometries.** 


The reasoning seems to be: the imagination has a certain amount of 
freedom in constructive demonstrations, whereas the abstraction of math- 
ematicals along the lines required by Aristotle and Aquinas requires a con- 
formity of the mind—or imagination—to the real object. On the other 
hand, if the (constructive) imagination is the foundation of mathematical 
judgments, then, mathematical judgments need not be limited to those 
mathematicals we can directly abstract from sensible substances. 
Mathematicians are thereby free to found legitimate conclusions on what 
the imagination reveals, which ranges far beyond what we directly 
experience. 

Anderson continues: 


Our question is then is the mathematician free to use these basic elements to 
construct (and hence demonstrate the existence of) any figure he desires— 
any figure that is, whose very existence is not self-contradictory (like square 
circles)? Certainly the most basic abstracted elements, those whose existence 
is simply posited, are so general as to be able to form any figure or number. 
And yet the Stagirite never states that the mathematician has the freedom to 
construct these elements into any non-self-contradictory objects he pleases. 
In fact, it is just the opposite as we have said, the only objects of geometry 
he cites are those which closely resemble physical magnitudes. Could this 
indicate that he never thought of allowing the mathematician freedom to 
construct and treat objects not resembling quantified physical things? On 
the other hand, it might be suggested that Aristotle would never have 
intended such a limitation of mathematics since numbers by their very 
nature as more abstract than magnitudes are clearly not able to be closely 
bound to physical quantities.* 


In the end, Anderson believes that Aquinas developed Aristotle’s 
account of the mathematical sciences significantly. One such advance 
would be founding mathematical judgments on acts of the imagination, 
an indication of Aquinas’ openness to free, even creative, inquiries on the 


53 Anderson, “Aristotle and Aquinas on the Freedom of the Mathematician,” 237. 
*Tbid., p. 238. 
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part of mathematicians.** Another such development is referenced in the 
Scriptum Super Sententiarum passage we considered above.*° Following 
Maurer, Anderson, too, takes this singular text to indicate a possible devel- 
opment in Aquinas’ account of the mathematical sciences—a departure 
from the rigid mathematical philosophy of Aristotle. 


I would like to suggest a contrast, or at least a difference in emphasis, 
between Aquinas and Aristotle on this point. The difference as I see it is 
that, compared to St. Thomas, Aristotle tends to view the mathematician as 
more passive in his act of abstraction. To be sure, he ‘strips away’ all the 
non-quantitative features of physical things—and this ‘stripping’ itself is an 
activity on his part. Yet when it comes to the actual grasping of physical 
quantity, the connotation is that the mathematician simply grasps what 
remains after all nonquantitative features are removed. He simply ‘liberates,’ 
so to speak, the real quantities of things from their sensible, mobile, material 
existence, and proceeds to study them—real quantities but not qua real. 
Now it is certainly true that Aquinas in many places, especially his 
Commentaries, speaks of the mathematician’s abstraction in the same terms 
that his Greek predecessor uses. (See, for example, texts cited in my first 
Section.) Nevertheless, in the passage discussed in the previous paragraph he 
shows, I believe, more recognition of the activity of the intellect in the actual 
production of mathematicals. The mathematician does not just grasp real 
quantity stripped clean, he does not simply study a likeness of real quantities, 
rather his object is directly a product of his intellect’s own activity—granted 
that the activity has its remote foundation in the experience of physical 
quantities.°” 


Maurer and Anderson, then, are of like mind: 


There are natural lines and circles but these are not the lines and circles of 
mathematics. There are also numbered or numerable multitudes in reality 
but they are not the numbers of mathematics. The objects of mathematics, 
though remotely based on the sensible world and abstracted from it, are 
products of a mental activity which alters their definitions and natures. 


55Thus Anderson, regarding Aquinas: “As for the freedom of the mathematician in his 
demonstrations of existence, it would seem that he is at liberty to construct in imagination 
any mathematicals he can, and this would apparently mean any quantities whose existence is 
not self-contradictory.” Ibid., p. 252. Emphasis mine. 

5° Again, cf. Maurer, “A Neglected Thomistic Text on the Foundation of Mathematics” 
and Maurer, “Thomists and Thomas Aquinas on the Foundation of Mathematics”. 

57 Anderson, “Aristotle and Aquinas on the Freedom of the Mathematician,” 243-4. 
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Nothing like them exists in the external world. Aquinas was clearly aware of 
this from his knowledge of contemporary mathematics. Had he known 
modern types of mathematics, he would have seen the almost unlimited 
range of the mind’s mathematical inventiveness.* 


As is often the case, we should ask what is at stake in this controversy. If 
Aquinas does go beyond Aristotle in grounding mathematical judgments 
in the imagination, why vot pronounce as legitimate whatever is imagin- 
able? If the mathematicals are like logical intentions, entia rationis, why 
place any restrictions upon mathematical discoveries other than that such 
constructs be self-consistent? 

Moreover, the direct importance of the imagination to mathematics is 
evident in Aquinas. 


Now there are certain things, our judgment of which does not depend upon 
what we perceive by sense, because, even though they exist in sensible mat- 
ter in reality, nevertheless they are abstracted from sensible matter according 
to their defining ratio: but we make our best judgment of anything in accor- 
dance with its defining ratio. Now since they do not abstract from just any 
matter according to their defining ratio, but only from sensible matter, and 
with matter removed from sensible conditions there remains something 
imaginable, therefore in such things we must judge according to what the 
imagination reveals, and mathematics is about things of this sort. Therefore 
in mathematics the knowledge we have according to judgment must termi- 
nate in the imagination, not the senses, because a mathematical judgment 
goes beyond the apprehension of sense. So it is that sometimes a judgment 
we make about a mathematical line is not the same as one we make about a 
sensible line, for example, that a straight line touches a sphere at only one 


58 Maurer, “Thomists and Thomas Aquinas on the Foundation of Mathematics,” 58-9. 
Emphasis mine. More recently, Adam Drozdek echoes the same sentiment: “If infinity is 
God’s attribute and if it also can be found in the world, then there is a distinct difference 
between these two kinds of infinity, to the extent that the infinity to be found in the world is 
really not infinity at all (as in Wyclif). But infinity does not necessarily have to be God’s attri- 
bute. If it is not, infinity can have free reign in the world; it can actually exist and yet not 
contradict the supremacy of God since he is above infinity—he is the Absolute. This is the 
stance taken by Cantor, and it is quite possible that Thomas himself, had he known Cantor’s 
theoretical accomplishments, would not have opposed it.” Drozdek, “Number and Infinity: 
Thomas and Cantor,” 46. 
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point, which is true of a separate straight line, but not of a straight line in 
matter, as is said in the first book of De Anima.*° 


Maurer and Anderson have a point. If, Aquinas and Aristotle see a 
marked difference in what we can assert of sensible, physical lines, as 
opposed to the mathematical lines we have abstracted—which they do, as 
we observe in the precision-problem—ten the ready conclusion we drew 
above may have been premature. Indeed, the issue may only indirectly 
concern the imagination, for if mathematical lines can be shown to have 
properties which differ from their physical counterparts, then there is no 
need for mathematical objects to be legitimized beyond establishing that 
their inclusion leads to no zmternal inconsistencies. This is something both 
Aristotle® and Thomas Aquinas admit. Still, Anderson’s conclusion is ten- 
tative, at least as far as Aristotle is concerned. 


Our question is then is the mathematician free to use these basic elements to 
construct (and hence demonstrate the existence of) any figure he desires— 
any figure that is, whose very existence is not self-contradictory (like square 
circles)? Certainly the most basic abstracted elements, those whose existence 
is simply posited, are so general as to be able to form any figure or number. 
And yet the Stagirite never states that the mathematician has the freedom to 
construct these elements into any non-self-contradictory objects he pleases. 


°° In De Trinitate, VI 2 corpus. “Quaedam vero sunt, quorum iudicium non dependet ex 
his quae sensu percipiuntur, quia quamvis secundum esse sint in materia sensibili, tamen 
secundum rationem diffinitivam sunt a materia sensibili abstracta. Iudicium autem de 
unaquaque re potissime fit secundum eius diffinitivam rationem. Sed quia secundum ratio- 
nem diffinitivam non abstrahunt a qualibet materia, sed solum a sensibili et remotis sensibili- 
bus condicionibus remanet aliquid imaginabile, ideo in talibus oportet quod iudicium 
sumatur secundum id quod imaginatio demonstrat. Huiusmodi autem sunt mathematica. Et 
ideo in mathematicis oportet cognitionem secundum iudicium terminari ad imaginationem, 
non ad sensum, quia iudicium mathematicum superat apprehensionem sensus. Unde non est 
idem iudicium quandoque de linea mathematica quod est de linea sensibili, sicut in hoc quod 
recta linea tangit sphaeram solum secundum punctum, quod convenit rectae lineae separatae, 
non autem rectae lineae in materia, ut dicitur in I de anima.” This translation is mine, as are 
all subsequent translations from Thomas. Unlike Anderson, Aquinas does not appear to 
associate the imagination with mathematical freedom. Importantly, both Aristotle and 
Thomas differentiate the representational function of the imagination from its creative func- 
tion. Anderson seems to be assuming that it is the creative imagination which is at issue when 
speaking of mathematics. Indeed, the creative imagination can be a source of falsehood in 
mathematics. See George, “Imagination a Source of Falsehood According to Aquinas,” espe- 
cially 193-4, 196. 

60 Aristotle, De Anima, (Oxford: Oxford University, 1979), I 1 403a10-15. 
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In fact, it is just the opposite as we have said, the only objects of geometry 
he cites are those which closely resemble physical magnitudes. Could this 
indicate that he never thought of allowing the mathematician freedom to 
construct and treat objects not resembling quantified physical things? On 
the other hand, it might be suggested that Aristotle would never have 
intended such a limitation of mathematics since numbers by their very 
nature as more abstract than magnitudes are clearly not able to be closely 
bound to physical quantities.°! 


Beyond the place of the creative imagination in Thomas Aquinas is the 
disputed question from Aquinas’ Commentary on the Sentences of Peter 
Lombard, introduced above.” 


Conceptions in the intellect have a threefold relation to something outside 
the soul. For sometimes the intellect conceives the likeness of a thing exist- 
ing outside the soul (for example, what it conceives about the word ‘man’), 
and such a conception of the intellect has a foundation in the thing imme- 
diately, insofar as that very thing, through its conformity with the intellect, 
causes the intellect to be true and the name signifying that thing to be 
properly said of it. At other times, what the name signifies is not a likeness 
of a thing existing outside the soul, rather, it is something which follows 
upon the way [the intellect] understands a thing outside the soul: and the 
intentions which our intellect discovers are of this sort (for example, what 
the name ‘genus’ signifies is not a likeness of some thing existing outside the 
soul, rather, because the intellect understands ‘animal’ as divided into many 
species, it attributes the intention of ‘genus’ to it). Now, although the proxi- 
mate foundation of this sort of intention is not in the thing but in the intel- 
lect, still, its remote foundation is the thing itself. And so the intellect which 
discovers these intentions is not false. And so it is with all other things which 
follow upon the mode of understanding, such as the abstraction of mathe- 
maticals, and the like. At still other times, what a word signifies has neither 
a proximate nor a remote foundation in a thing (for example the concept of 
a Chimera, since it is neither a likeness of some thing existing outside the 


®! Anderson, “Aristotle and Aquinas on the Freedom of the Mathematician,” 238. 

© Maurer, “A Neglected Thomistic Text on the Foundation of Mathematics,” 185-92. 
See also Maurer, “Thomists and Thomas Aquinas on the Foundation of Mathematics,” 
43-61. Antoine Dondaine established the origin and authenticity of this quaestio in “Saint 
Thomas et La Dispute des Attributs Divins (I Sent. d. 2, a. 3): Authenticité et Origine,” 
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soul, nor does it follow upon [the intellect’s] way of understanding a natural 
thing): and therefore this conception is false.°? 


If Aquinas consistently sees the mathematical sciences as concerned 
only with abstractions having direct correlates to physical aspects of reali- 
ties existing outside the mind, then why would he have grouped mathe- 
matical abstractions along with the /ogical intentions (to use Aquinas’ 
example, the notion of genus)? Ifa geometer considers the physical circle, 
though abstractly, as was said, then why would he not have classified such 
conceptions along with those having an immediate foundation in ‘a thing 
existing outside the soul’? The conclusion follows quite readily. 


From one point of view, therefore, the objects of mathematics are real, but 
from another, and perhaps more significant point of view they are devised by 
the intellect. ... mathematical abstractions are not totally independent of 
experience, nor are they found ready made, so to speak, in reality. The 
importance of the Scriptum text lies in the fact that it shows St. Thomas’ 
awareness of the central role in mathematics of the creative work of the intel- 
lect, by locating the immediate foundation of mathematics not in reality but 
in the activity of the intellect.“ 


°3 Scriptum Super Sententiarum, | 2 3. “...ipsa conceptio intellectus tripliciter se habet ad 
rem quae est extra animam. Aliquando enim hoc quod intellectus concipit, est similitudo rei 
existentis extra animam, sicut hoc quod concipitur de hoc nomine homo; et talis conceptio 
intellectus habet fundamentum in re immediate, inquantum res ipsa, ex sua conformitate 
ad intellectum, facit quod intellectus sit verus, et quod nomen significans illum intellectum, 
proprie de re dicatur. Aliquando autem hoc quod significat nomen non est similitudo rei 
existentis extra animam, sed est aliquid quod consequitur ex modo intelligendi rem quae est 
extra animam: et hujusmodi sunt intentiones quas intellectus noster adinvenit; sicut signifi- 
catum hujus nominis genus non est similitudo alicujus rei extra animam existentis; sed ex hoc 
quod intellectus intelligit animal ut in pluribus speciebus, attribuit ei intentionem generis; et 
hujusmodi intentionis licet proximum fundamentum non sit in re sed in intellectu, tamen 
remotum fundamentum est res ipsa. Unde intellectus non est falsus, qui has intentiones 
adinvenit. Et simile est de omnibus aliis qui consequuntur ex modo intelligendi, sicut est 
abstractio mathematicorum et hujusmodi. Aliquando vero id quod significatur per nomen, 
non habet fundamentum in re, neque proximum neque remotum, sicut conceptio Chimerae: 
quia neque est similitudo alicujus rei extra animam, neque consequitur ex modo intelligendi 
rem aliquam naturae: et ideo ista conceptio est falsa.” 

“*Maurer, “A Neglected Thomistic Text on the Foundation of Mathematics,” 192. 
Emphasis mine. 
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Maurer develops this account further in his article “Thomists and 
Thomas Aquinas on the Foundation of Mathematics,” a sort of status 
quaestionis for those interested in Thomas Aquinas’ philosophy of math- 
ematics. He begins by summarizing accounts given by Joseph Gredt, 
Jacques Maritain, Edward Maziarz, Yves Simon, Thomas Anderson, and 
Vincent Smith, as to Aquinas’ view of the nature and reality of mathemati- 
cal objects. Though Thomists—in the broad sense—they do not agree.® 
Some incline more toward saying that recent developments in mathemat- 
ics are consistent fictions, while others are comfortable with saying that 
Aquinas, too, would have judged objects resulting from the creative imag- 
ination to be true and legitimate. In the end, Maurer himself, like 
Anderson, is more liberal in his view. 


There are natural lines and circles but these are not the lines and circles of 
mathematics. There are also numbered or numerable multitudes in reality 
but they are not the numbers of mathematics. The objects of mathematics, 
though remotely based on the sensible world and abstracted from it, are 
products of a mental activity which alters their definitions and natures. 
Nothing like them exists in the external world. Aquinas was clearly aware of 
this from his knowledge of contemporary mathematics. Had he known 
modern types of mathematics, he would have seen the almost unlimited 
range of the mind’s mathematical inventiveness.© 


If Aquinas goes beyond Aristotle in grounding mathematical judg- 
ments, not in the senses but in the imagination, then why not allow legiti- 
macy to whatever mathematical objects we can imagine? If, as both 
Anderson and Maurer insist, he ascribes to mathematical concepts a status 
not unlike those of the logical intentions, entia rationis, why place any 
restrictions upon mathematical discoveries other than that such constructs 
be self-consistent? 

Recall Benacerraf’s challenge to mathematical realism: one could either 
give an account of the extra-mental existence of numbers or supply a con- 
sistent epistemology for human knowledge, not both. A realist account 
would inevitably founder in its attempt to explain how mathematical state- 
ments are true and false in the same way non-mathematical statements are, 


6 “From this brief survey of some of the leading Thomistic interpretations of Aquinas’s 
conception of mathematics it is readily apparent that there are significant differences among 
them.” Maurer, “Thomists and Thomas Aquinas on the Foundation of Mathematics,” 47. 

6 Tbid., 58-59. Emphasis mine. 
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or it would succeed there, but be unable to account for the existence of 
non-empirical, abstract entities. Recall that Benacerraf’s own proposal was 
a specific form of mathematical nonrealism.*” 

I believe the attempts Anderson and Maurer make at reconciling the 
clear sense of Aristotle and Aquinas philosophy of mathematics with mod- 
ern and contemporary developments to mathematics do not provide an 
adequate account of mathematical truth—they run afoul of the epistemo- 
logical horn of Benacerraf’s dilemma. Given the freedom now afforded 
mathematical investigations, ow might we establish that some mathemati- 
cal constructions are false and others true? 

Recall also that Aquinas’ threefold distinction—a key part of Anderson 
and Maurer’s argument—is in place precisely to distinguish true concep- 
tions from false ones. If a remote connection to things existing outside the 
mind sufficiently distinguishes a true conception from a false, and all 
mathematical constructs ipso facto possess such a connection, then all 
would be ipso facto true. (Even Cantor, who argued vehemently for the 
legitimacy of his transfinite numbers, gave to metaphysics the task of dis- 
covering their transient relations to the external world.) What of otherwise 
consistent mathematical systems which contradict one another?®’ On the 
other hand, Anderson and Maurer might, like Cantor, further insist that 
subsequent developments not contradict mathematical concepts already 
established.© They do not say. Still, we can ask the question ourselves: are 
the restrictions traditional philosophy would seemingly place upon math- 
ematical inquiry justified? Are Cantor’s scholastic fears warranted? Some 
make the case that they are not, at least as far as Aristotle and Thomas 


67 Benacerraf, “What Numbers Could Not Be,” 47-73 and “Mathematical Truth,” 661-79. 

68 Anderson includes non-Euclidean geometries among the legitimate developments of 
mathematics. Presumably he would include Euclidean geometry as well. See Anderson, 
“Aristotle and Aquinas on the Freedom of the Mathematician,” 238. 

© As Cantor says: “The procedure for the correct construction of concepts is in my opinion 
everywhere the same; one sets up a thing [ Ding] having no properties, which at first is noth- 
ing more than a name or sign A and gives this according to some law, different and even an 
infinite number of properties, whose meaning is known through ideas already existent which 
may not contradict one another; in this way the relations of A to concepts already existent is 
determined; if the process is complete, then all the conditions for awakening the concept A 
[zur Weckung des Begriffes A] which was slumbering within us, are present and it emerges 
into being [Dasein], equipped with intrasubjective reality, which is all that can be demanded 
of concepts; to establish its transient meaning is then the business of metaphysics. Cantor, On 
Infinite, Linear Point-Manifolds, 148-9, note 7 of §8. There is an irony to Cantor’s words 
“if the process is complete” when seen in the light of Kurt Gédel’s undecidability theorems. 
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Aquinas are concerned. Even if extensions to number theory beyond the 
natural numbers are not required to have physical correlates,”° are they 
free of internal contradictions and consistent with previously established 
conceptions? 

To this extent, then, mathematical operations freely, and successively, 
applied to the natural numbers provide an adequate explanation for con- 
structing the numerical extensions. No doubt—and apart from what we 
have already seen in Aquinas’ account of the threefold relation of concepts 
to things’'—there are passages in both philosophers indicating that math- 
ematical objects are not merely discovered in mathematical form in the 
external world, but are constructed by the mind. If this is so for mathemati- 
cal objects in general, then why would they restrict the application of the 
arithmetical operations to the natural numbers? Is not our very notion of 
the number twenty-five tied to its being the square of five? Do we not 
actually arrive at the notion of the number two by adding the unit to 
itself—the simplest possible operation? Are not all numbers made, any- 
way? Why can we not make them as we please? 

The disallowance of such extensions is based upon another principle 
altogether, for, as we have argued above, the answer lies in math’s princi- 
ple. “The unit is indivisible, whatever it may be (for example, a man is one 
man and not many,) but number is many ones and a certain quantity.” 
Aquinas, too, notes that “#umber signifies that there are many things in 
one.””? It is of the essence of number that it be a plurality, yet not a mere 
plurality—it has an essential connection to unity as well. “Plurality is a 
sort of genus of number: for number is a4 plurality measured by the unit.””* 


We do not take it as a given that they need not; we take it as obvious that they do not. 
We intend to make the case that even these minimal conditions for declaring such free con- 
structions mathematically legitimate and admissible by the standards of traditional philoso- 
phy are not met. 

71 Note that Aquinas’ distinction already implies a sort of creative act on the part of the 
intellect, as Anderson and Maurer make clear. 

? Physica, I 7 207b5-7. “...td Ev éotw adiatpetov, 6 ti mep dv Ev ft (olov &vOpwmos etc 
dvOpwIos Kai Ov MOAAoT), 6 8’ dpiOpds Eotww Eva MAEtw Kal 10° crt...” 

73 In Physicorum, U1 12 392. “Numerus enim hoc significat, quod sint aliqua plura uno.” 

7* Metaphysica, X 7 1057a2-4. 6 8 MAfO0¢ oiov yévoc Eoti Tod apOpod: Lott yap dpOpdc 
TAG Evi pEtpNTOV. See also In Metaphysicorum, X 8 2080. The emphases are mine. Aquinas 
refers to the unit as the principle of number in many places, especially when distinguishing 
the one which is convertible with being from the numerical unit, which adds to mere undi- 
vided being the ratio of being a measure. 
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If we seek a foundation for the episteme of numbers as traditional phi- 
losophy presents it, we need look no further than the numerical unit 
which, though not itself a number, is the measure of all numbers.”* Note 
that this is Cantor’s measure, too: if we are to legitimize developments to 
number theory on the basis of the only restrictions Cantor allows, we have 
to determine whether such constructions are self-consistent and consistent 
with mathematical concepts already in place. But the first such concept is 
the unit. The same would follow for creative extensions to the episteme of 
continuous quantity in three dimensions. 

While Aristotle distinguishes art from science, and even distinguishes 
between the constructive and demonstrative aspects of a scientific proof, it 
is Aquinas who supplies an account of the mathematical arts as distin- 
guished from the mathematical sciences.”° No doubt, we make two by add- 
ing the unit to itself—even if addition is not of the nature of two. A 
number is not essentially a result of mathematical operations. 

Beyond that, Aristotle and Thomas do not see artificial things as essen- 
tial realities, meaning that they have no natures in and of themselves, but 
are merely identical to what composes them.’” Legitimacy—again, for 
them—goes well beyond internal and external consistency. 

The mathematical arts provide us with constructions (numbers and 
such) whose properties we investigate. Sometimes these constructions are 
legitimate, we have said, ‘natural,’ while at other times they are not. How 
can we decide which is which? 

The legitimacy of any construct depends upon the nature of its princi- 
ple. If we are scientifically to know the properties of numbers, we must 
first construct those necessitated by the arithmetical unit—omly these can be 
called numbers in the proper sense. It is not sufficient merely to employ the 
tools of the art of arithmetic, one must also demonstrate that such con- 
structs are self-consistent and consistent with concepts already-established, 
a fortiori with the ultimate subject and principle of the science itself. In 
this way alone can one assure scientific demonstration as opposed to 


75 Both Aristotle and Aquinas deny that the unit is a number. Note, too, that a principle 
can, but need not, be of a kind with that of which it is the principle. Matter, for example, is 
a principle both of substance and of change, but is itself neither substance nor change. On 
the other hand, the motion of the moon about the earth is a principle of the motion of the 
tides: yet each is an instance of a change in place. 

76We summarize in brief here what we developed extensively in Chaps. 6 and 8. 

77 One clear Jocus for this distinction is Physica, U1 1. 
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artistic fabrication.”* Despite Anderson, Maurer, and Drozdek to the con- 
trary, we think Aristotle and Thomas Aquinas would not be open to exten- 
sions in the system of numbers that are incompatible with its ultimate 
subject and first principle, the unit. The same holds for extensions in the 
study of continuous quantity in three dimensions. We have made the case 
above just how far such extensions can be legitimated. 

So far, then, as we have ranged over the history of prominent mathe- 
matical views, we have discovered no contemporary view that maps to the 
view we have presented here: that mathematics consists of the episteme of 
arithmetic and the corresponding episteme of geometry. From Plato to the 
big three through anti-realisms and realisms—whether Aristotelian or 
Thomistic—there seems to be no account of mathematics which meets all 
the conditions we have found in the writings of Aristotle and Aquinas. 
None comports so closely as authentically Aristotelian and Thomistic as 
does the current account. What remains is to compare the narrow concep- 
tion of mathematics—te prime analogate, one might say—with, and dif- 
ferentiate it from, its extended senses, which is our concern in the final 
chapter. 
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PART IV 


Conclusion 


CHAPTER 14 


Mathematics Is a Mixed Bag 


Nearly all the philosophers of mathematics we have read, considered, and 
quoted in this book have one question in common: what 7s mathematics? 
Like Augustine’s inability to define with precision what is so obvious 
otherwise,' those who esteem mathematics—among which we must count 
these philosophers and many, many more (and who but a lover would 
remain with such a question through such twists and turns as these?) have 
read, considered, and quoted others in their own turn. That some people 
have been able to sift through sundry accidental connections to arrive at 
the essence of the matter is a great gift to us all. We believe that the math- 
ematical observations of Aristotle and certain developments of those by 
Thomas Aquinas not only drill down to (or close to) the essence of what 
everyone knew mathematics to be, but also avoid the many difficulties 
encountered by other thinkers along the way. 

As nearly as we can see, mathematics is a mixed bag. This may be a bit 
generous if we are speaking of whatever things have gone by the name of 
mathematics up to the present day. It’s not at all clear that there is some 
commonality even among the Big Three—that is, it may be that they 


'At issue for Augustine is the nature of time, “What, then, is time? I know well enough 
what it is, provided that nobody asks me; but if Iam asked what it is and try to explain, I am 
baffled.” Augustine, Confessions, trans. R. S. Pine-Coffin (New York: Penguin Books, 
1961), XI 14. 
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cannot even be placed into the same lag. On the other hand, if we limit 
mathematics to certain real and well-defined activities of the mind regard- 
ing their common subject, mixed bag seems an underdetermination, in 
that the term mathematics seems really to denote mental capacities sur- 
rounding the apprehension of quantified substances. When used properly 
and not metaphorically, mathematics signifies mpdc Ev.” Aristotle famously 
introduces this notion in the Metaphysics, when speaking of the subject of 
this form of episteme, being as such. 


Being is said in many ways—not univocally, but in relation to one [sense] 
and one certain nature. The healthy is related to health, one [sense] being 
that which safeguards health, another that which causes it, a third that which 
signifies it, and still another that which can receive it. So, too, the medical in 
relation to [the art of] medicine (for in one [sense] the medical is what pos- 
sesses [the art], in another what is naturally related to it, in a third it is its very 
activity. Other words are used in the same way. So, too, there are many ways 
in which being is said, yet all [the other senses] are said in relation to a single 
principle. 


All—even Russell*—are agreed that mathematics is a kind of knowing 
about something. But there are different ways to know,” first among which 
is episteme.® 


? Pros hen equivocation is a specific type of ambiguity, one rooted in a real difference 
among the things so named. 

* Metaphysica, IV 2 1003a32-b23. 10 dé dv A€yetat HEV ToAAAXGG, GAAG Tpdg EV Kari pio 
TIva QvoW Kal OVX OHWVKUWS GAA WoTEp Kal TO DylELvOV dav Mpdg bytelav, TO LEV TH 
ovAdttew 16 Sé tH noreiv TO 5é TH onpEiov Eivat thc bytetac TO 8 &ti SexttKov avTiIG, Kal TO 
iatpikov mpdc iatprKrv (tO Lev yap TH Exe iatprKhy A€yetar iatpiKdv tO SE TH EvPvss eivat 
Tpdg abtiyy tO SE TH Epyov eivat tij¢ iatprKi|s), Oporotpénws dé Kai cAAa Anipoyeba Acyopeva 
TOUTOIG, OUTW SE Kal TO Ov A€yetor TOAAAXHG HEV GAA Grav TpdG Utav apxriv. 

“Bertrand Russell famously described mathematics as ... the subject in which we never know 
what we are talking about, nor whether what we are saying 1s true. “Mysticism and Logic” in 
Mysticism and Logic and Other Essays, (London: Allen & Unwin, 1910), 75. 

> Here again, Aristotle supplies a most helpful insight. That knowing is said in many ways 
is one of his most important contributions to material logic. We saw above how it was crucial 
to solving Meno’s paradox. Here, it serves to explain why mathematics would be so many 
different things to different people. 

° First, that is, not in the order of knowing (we certainly do not begin with episteme in our 
intellectual journeys) but in the order of perfection. Recall that it supplies that deepest form 
of explanation, as an answer to the question why. Among the forms of episteme is sophia, an 
understanding of the ultimate reasons why. 
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...in all inquiries which have principles, causes, or elements, knowledge and 
episteme come about from apprehending these (for we think we know each 
of them when we know its first causes and first principles, all the way down 
to its very elements).” 


While Aristotle uses this observation to introduce the general episteme 
of natural things, the same would apply to any of the various forms of 
episteme. Its very conditions—that one know the causes of a thing, that 
they are the causes, and that they cannot be otherwise*—require such a 
connection to the question why. 


Having determined these matters we ought to investigate the causes—both 
what and how many they are. For our inquiry is for the sake of knowledge, 
and we do not think that we know a thing until we grasp the why of it (which 
is to grasp its first cause).? 


Apart from the question whether we are even capable of such depths in 
our knowledge of the world, it is reasonable to at least expect philoso- 
phers?® to grant this point—such ultimate explanations are at least consis- 
tent with philosophy as it is commonly regarded. If this is so, then 
mathematical knowledge would also find its apex in episteme. Even our 
philosophical temperaments confirm this—evidence the relatively lesser 
regard we afford indirect proofs over direct ones. It is one thing to become 
convinced of the fact of the equality of a triangle’s angles to one-hundred- 
eighty degrees, but that does not compare to the satisfaction of seeing it 
demonstrated in such an elegant way.'! The ztch of wonder is left unsatis- 
fied with mathematical facts but requires mathematical explanations. 


” Physica, 1 1 184a9-14. ... t0 eidévai Kai 16 Entotacbar ovpPatver mEpi méous tdG UEBdSoUG, 
Ov eloiv dpxai Hf atti H otoryeia, éx tod tadta yvwpilew (téte yap oidpeba ylyvwoketv 
EkaoTOV, Stav TH altia yvwpiowuEV TA TPMTA Kal Tho dpXas Tao Mpwtas Kol LEXI THV 
OTOIXEtWv). 

8Cf. Analytica Posteriora, 1 2 71b8-12. 

° Physica, II 3 194b17-20. Aiwpiopévwv 5€ toUTwv EmoKEntéov TEpi THV aitiwv, Moid te 
Kai doa TOV dpLlOpdv Eottv. Enel yap tob eid€var xcpwv 1} Mpayyateia, eidévar dE ob Mpdtepov 
oidpeBa Exaotov mpiv av AdBwuev tO did ti mEpi Exaotov (tobto 8 Eoti tO Aabeiv tHv NpwTHV 
aitiav). 

10 That is, lovers of wisdom. 

"Cf. Euclid, The Elements, 1, 32. 
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For, as we said, we begin by wondering that things are as they are before we 
know their causes, as we do when wondering about automatons or the turn- 
ings of the sun (solstices) or the incommensurability of the diagonal—for it 
seems wonderful to all who do not know the reason that there is something 
which cannot be measured, even by the smallest part. But we must finish up 
in the opposite and—so says the proverb—better condition, as happens with 
those who learn [Wé@wow ]. For nothing would cause the geometer to won- 
der as much as if the diagonal turned out to be commensurable.” 


Wonder drives mathematical inquiries, as it does all our endeavors to 
know. If the Greek thinkers passed along any wisdom to us—which, in my 
view, they surely did, and abundantly—it is that we can begin to learn 
upon recognizing that we do not know. The episteme of mathematics rep- 
resents the ultimate attempt at slaking our intellectual thirst, to apprehend 
the riches of the seemingly mundane realm of the how much. 

Extending our analogy of the mixed bag, then, we would regard the 
episteme of mathematics as one necessary inclusion, to be sure, but more. 
Being mathematical knowing in its most perfect sense, it is the one sense of 
the word mathematical in relation to which other senses get their meanings. 

But what other senses are there? We discern at least four: as practical 
knowledge it is (1) a method for the mixed sciences as well as (2) a liberal 
art. We see also a sense in which it is (3) a creative—even a fine—art. 
Lastly, it is (4) a hewristic—one among many possible methods whereby to 
achieve a given result. 

The Quine-Putnam indispensability argument attempts to secure the 
realism of mathematics on a foundation taken to be antecedently real, 
namely, the empirical sciences. The episteme of nature developed by 
Aristotle via the Physics and his other works in natural philosophy are 
notably different from post-Enlightenment sciences in at least one obvious 
way: they do not employ a mathematical method.'* On the other hand, 


2 Metaphysica, 1 2 983a14-20. d&pxovtar pév yap, donep eimouev, a0 tod Oavudtew mavteg 
el obtws Exel, KaOdTEP MEPL THV BavEdTWV TavtToLaTa ToIs UMW TEPEWPNKSOL TIYV aitiav H 
nept tas Tod HAtov tpondc 4 ti tic Siapétpov dovppetpiav(Savpaotov yap eivar Soxet néor 
ToIg prMwW TeVewprKdoL TV aitiav ei tL TH EAaXtotw pn pETpEttar): dei Se Eig TOUVaVTIOV Kal 
TO GUELVOV KATH TIV Tapotiav dmoteAEvtijon, KaOdTEp Kal Ev TOUTOIG dtav UdOWot: ovOEV 
yap av ottws Savudoetev dvnp YEwHETPIKOS We Ei yEvolto 1 SiduETpOS WETPNTI. 

13 For the most part. 
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modern science as practiced is unthinkable’* apart from it. This is where 
Aristotle’s account of the middle sciences comes in. If there is an episteme 
of mathematics, then mathematicals are to be found among physical sub- 
stances in principle. While one abstracts from the physicality of these sub- 
stances in doing mathematics proper, it remains that the physical universe 
is mathematically arranged, 77 concreto. No wonder that theorems—begin- 
ning and ending with abstract considerations of quantity—find an applica- 
tion among those very things from which our mathematical apprehension 
arose. This is another sense of mathematics then: mathematics as applied. 
Its place im the middle is easy to see. It is not pure, so to speak, in that its 
very raison detre is not to put our philosophical wonderings about quan- 
tity to rest, but to bring about a good result, which could itself be either 
speculative or practical. 

Take optics. Were we to wonder why it is that our mirror image is a 
mirror image, geometry—as instanced in the propagation of light—brings 
our questioning to rest. Here, one applies mathematical theorems to a 
physical reality to achieve episteme—itself a pure knowledge.’ But the con- 
clusions of optics can themselves be applied so as to bring about some defi- 
nite physical result, such as constructing a mirror whose reflection is not a 
mirror image.'° Another—albeit approximate—term for this fruitful inter- 
change among the sciences is swbalternation.'” 

That mathematics as applied differs from pure mathematics is a com- 
monplace. To those who see the empirical sciences as presenting a true 
view of the world—scientific realists—it is important that mathematics be 
first an episteme. After all, to what extent is the /aw of reflection true if there 
really are no such things as angles? On the other hand, scientific non- 
realists—so-called instrumentalists—have no concern as to whether the 


14 Pace Hartry Field. 

15 or its part, natural philosophy does not find an application to mathematics, since it is 
would be applying those very apprehensions and truths from which mathematics—to be math- 
ematics—abstracts in doing so, whereas mathematics brings to a consideration of sensible 
substances something which is already present in them. 

'6 Assuming that is even possible. Even if not, its impossibility would be discovered by the 
application of theorems in optics which are the result of the theorems of pure geometry. 

’The terms are closely related but not interchangeable. See Bernard Mullahy, 
“Subalternation and Mathematical Physics,” Laval Théologique et Philosophique 2 no. 2 
(1946): 89-107. Mullahy’s article is an excellent source for the distinction between episteme 
and mathematics in application. 
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models of pure mathematics are descriptive 77 ve—after all, even the scien- 
tific models achieved through their application are regarded as mere 
models.'® 

Different thinkers, then, take applied mathematics quite differently, 
depending upon what they intend in the application. If knowing why is the 
goal, it matters that the mathematics which is applied be an explanation. 
If not, not. 

To be fair, there are such things as—to borrow Field’s term—useful fic- 
tions. It is unlikely that many empirical scientists regard any aspect of the 
physical universe as being 7-like, though 7 is a crucial part of certain physi- 
cal descriptions. Similarly, a story is told about a modern-day sailor whose 
responsibilities included tidal predictions. When questioned about the geo- 
static model he used to do so, he is said to have responded: “Yes, I know. 
But it’s just easier that way.” It is far easier to render balance sheets on the 
assumption of negative numbers than not, just as it is far easier to speak of 
fractional parts when stress-testing materials and continuous changes 
when using satellite positioning. On the other hand, round-off errors are 
errors, and approximations—though good enough—are still not good. 

As we think the notion of applied-mathematics-as-mere-model deserves 
its own consideration, we next turn to our third sense of the word, math- 
ematics as a7t. 

The notion central to any art is maintained in our current use of the 
associated term, technology.'? While connoting the more sophisticated and 
complicated among them, the term really does apply to anything which is 
the product of human making. Aristotle describes the source of such prod- 
ucts—art—as a capacity within us, right reason as regards making things. 
As we pointed out above, the traditional /iberal arts are divided into two 
groups: the trivium and the quadrivium.*® The arts constituting the triv- 
ium are (roughly) linguistic, while the four arts of the quadrivium are 
mathematical: arithmetic, geometry, astronomy, and music. As Aristotle is 
careful to distinguish episteme from techne when he gives an account of 
these capacities within, one might wonder how the same knowing could be 
classified as both. Which, of course, is precisely true. Mathematics as 


18 To illustrate, it is of great concern to the physical realist that spacetime Je non-Euclidean 
in the specified manner, whereas the concern of the physical non-realist is only to discover 
that geometrical model of space—instanced or not—which produces correct predictions 
most consistently. 

1 Art is techne-téxvn—in Greek. 

0 Literally, the three ways and the four ways, respectively. 
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episteme is not the same acquired capacity as mathematics the art. Their 
ends differ—one is a capacity to demonstrate why, the other is a capacity to 
produce a human artifact. We know all about the episteme, but what do the 
arts of mathematics make? 

As we saw earlier, Aristotle and Thomas Aquinas have a solution to the 
precision-problem, to which, honestly, they are especially prone. That solu- 
tion lies in distinguishing the ultimate subjects of mathematics—continu- 
ous quantity in three dimensions and the mathematical unit—from those 
properties we mentally construct and about which we go on to establish 
properties of their own. It is no accident that many of the theorems one 
finds in Euclid’s Elements end with the initialism QEF—quod erat facien- 
dum.*' We pointed out earlier that even some of the postulates in geometry 
are makings. The art of construction goes hand-in-hand with the episteme 
of mathematics. After all, as part of the very requirements of episteme, one 
must first know that the subject of a conclusion exists before one can dem- 
onstrate anything about it. Construction-proofs are mathematical 
existence-proofs—demonstrations that a given mathematical composition 
necessarily result from, and is consistent with, mathematical principles. As 
we saw with Aquinas earlier, what sensation is to natural philosophy, the 
constructive imagination is to mathematics. It is here—among the liberal 
arts of mathematics—that the groundwork necessary for any perfect study 
of quantity must occur. The mathematical arts are also the gatekeeper, so 
to speak, to the mathematical episteme. Just as a demonstrated constructa- 
bility yields a legitimate mathematical subject for which to find the reason 
why, a demonstrated inconstructability achieves the opposite: for there is 
no science of things that do not exist. 

Imagination is often wrongly pointed to as the line-of-demarcation 
between fiction and fact. Imaginings are fanciful and fantastic. There are 
no @ priori restrictions as to what we can imagine, whereas reality is a 
restriction when it comes to what is true. This is why the mathematical 
constructions of the liberal arts are not mere imaginings. Note that 
Aristotle includes right reason in his definition of art—right reason as 
regards making things. Mental constructions are presumed to happen by 
the action of our imaginations. That much seems obvious. That we would 
take our imaginings as being true or as being fictions does not stem from 
the imagination, properly and as such. The criterion—the Jine-of- 
demarcation—must originate elsewhere. It is obviously in conjunction 


2! Which is what had to be made. 
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with right reason, then, that a proper use of our imaginations lies. This 
applies to amy artistic use of the imagination. But there is a difference. 

Fictitious imaginings we know to be fictitious are creative. Right reason 
has its place in making them—but right reason must first know they are 
fictions. There is no art of confusing the world of fiction with reality. That 
is, rather, a psychotic disorder, delusion. The rational maker—and there is 
no other sort—must be first aware of the nature of the making, and the 
imagination is a powerful means to that end. 

The use of the imagination with a view to true makings differs from its 
use with a view to fictitious makings. The one pertains to the liberal arts, 
the other to the creative, or even fine, arts. 

Are fictitious mathematical makings legitimate? Apart from their util- 
ity—which we have addressed, above—it is hard to say, speaking precisely, 
that they are not. After all, how could one possibly say that a work of fic- 
tion is ilegitimate, in some absolute sense? A making is what it is, no 
more, no less. What matters is that we recognize the kind of making it is. 
It is as tiresome to call into question the legitimacy of mathematical works 
of (pure) art on the grounds that they are fictions as to call into question 
the legitimacy of triangles on the grounds that they are not. The legiti- 
macy of each is the result of right reason in the making. In discovering the 
incompatibility between 7 and real and true mathematical principles, right 
reason cannot then declare its compatibility and still be right. Similarly, in 
discovering that real and true mathematical principles suffice for the con- 
structive demonstration of an equilateral triangle, right reason would be 
untrue to itself were it to call its reality into question. 

Mathematical constructability through the imagination, then, can be 
liberal or merely creative—both fall within the scope of right reasoning. 

Assuming that the products of the fine arts are (precisely speaking) fic- 
tions, the question arises whether we might even regard mathematical 
constructions as works of art in this common sense. The realm of the beau- 
tiful is vast, and extends far beyond what human imaginations, in conjunc- 
tion with reason, can produce.”? To the degree that mathematical 
constructs, bodies of proofs, and even individual theorems admit of 
beauty—and we take it as a matter of common experience that they 


2 Aristotle observes that, given the beauty of the painter’s or sculptor’s creations, one 
would naturally also find beauty in the “original realities” after which they are patterned. 
Aristotle, De Partibus Animalium (Oxford: Oxford University Press, 1986), I 1. 


14. MATHEMATICS IS A MIXED BAG) 275 


do—there does seem to be a sense in which mathematics can be taken as 
one of the arts of the beautiful. 

Our final consideration has to do with a remaining question, which is, 
what of mathematical models which are assumed false, yet which produce 
consistent results—the counterpart to applying the episteme of mathemat- 
ics to physical problems? 

In the Gorgias, Socrates takes up a question regarding the art of rhetoric 
or oratory. At issue is whether it is a true art or merely a knack—empeiria, 
experience. By Socrates’ account, the difference is that a knack aims at a 
short-term good, like pleasure, whereas a true art takes into account the 
nature of what it is perfecting. A use of rhetoric to persuade another to 
evil, then, would be a knack, aiming at the short-term goal of mere persua- 
sion and not the truth. Persuasion, of course, is not (in itself) perfective, 
since one can also be persuaded of falsehood. 

There is an analogous situation when we apply fictitious mathematical 
constructions and models. We call such a use heuristic, which is to say one 
is employing a method toward a determinate result, either prescinding 
from the question whether it is or is not a legitimate method, or even 
knowing that it is illegitimate but adequate to the short-term goal. One 
good example is haggling. There is no expectation (on either side) that the 
process of haggling determines an objectively fair price. Yet a fair price is 
exactly what (good-willed) participants want. The actual means of arriv- 
ing at a fair price, however, is difficult and time consuming. What haggling 
achieves is the estimation, on the part of each party to the transaction, that 
‘IT have been fairly dealt with.’ Of course, a price known to be objectively 
fair price would (or should) produce that same estimation, though the 
converse is not true. Still, we haggle. It is a heuristic. 

Certain applications in mathematics seem to be heuristic, as described. 
We mentioned 2, above, as an instance. The tedium of constantly reducing 
7 to its nonimaginary roots—especially if its use seems not to compromise 
the truth of the matter under consideration—is a high price to pay. It is 
likewise possible to render balance sheets without including negative 
numbers in the calculations, or to recast stress tests in terms of ever- 
changing units so as to avoid fractional numbers. Still, what a high price to 
pay, especially if we do not thereby compromise the truth. Mathematical 
heuristics, then, is another sense in which we commonly use the term. 

In conclusion, again, mathematics is a mixed bag. Perhaps some of the 
ancient and recent confusion surrounding its foundations can be traced 
back to this reality. Just as the sultan’s blind advisors returned from their 
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travels with the conviction that an elephant is like a snake or an elephant is 
like a whip or an elephant is like a wall, perhaps some philosophers of 
mathematics have sought to reduce the whole of it to a single reality, for- 
mula, or expression, to one kind of knowing or to knowing in only a cer- 
tain way. Finally, then, to know 7s said in many ways, and this applies as 
much to knowing mathematically as to any other area. 
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